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A note on a theorem of Dwyer and Wilkerson

By

SEMRA OzTURK KAPTANOGLU

Abstract. We prove a version of Theorem 2.3 in [1] for the non-elementary abelian
group Z, x Z, n = 2. Roughly, we describe the equivariant cohomology of (union of)
fixed point sets as the unstable part of the equivariant cohomology of the space localized
with respect to suitable elements of the cohomology ring of Z, x Z.

Introduction. There are many results in the literature for structures related to
elementary abelian p-groups that fail for abelian p-groups. This article arose in finding
out the use of being elementary in Theorem 2.3 in [1]. Mainly we use their terminology
and notation in this article; some of the exceptions are that G denotes an abelian p-group,
E denotes an elementary abelian p-group, and H{, denotes H*(BG). The coefficients
are in IF, for any cohomology. Dwyer and Wilkerson used Hsiang’s generalization of
what they call “localization theorem of Borel-Atiyah-Segal-Quillen” to prove that the
unstable part #n(Sg'Hy(X)) of the /,—Sg'Hi-module Si'Hj(X) is isomorphic to
Hj;(XX), where K = E and </, is the IF,-algebra generated by mod p Steenrod opera-
tions. We observe that some of their lemmas can be modified for the non-elementary
abelian group G, =7Z; X Z», n =2, and obtain an analogue of their theorem. Recall
that an action on a G-space X is called semi-free if the isotropy subgroup G, is G or 1 for all
xeX.

Theorem. For n=2, let G,=(e.g|e®=¢" =1leg=ge)>E=(e,¢ ) with the
cohomology groups H =1TF, [t1,0,] ® A(v,) and Hj =1Ft1,t,), and let X be a finite
G,-CW-complex. In parts (iii) and (iv) assume also at least one Zy:-subgroup of G,, acts semi-
freely on X. Then

o

n ~ 1
(iii) Hy (X7 LU Xes I,XE) — Un (H*G”(X,XE) [—}),

1
(iv) Hi (X7 UXe,XE) = an (H*G (X,XE)[ . D
" " 1 +0,
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Preliminaries. As in [2] for a multiplicative set S D {1} contained in the center of H}; and
a G-CW-complex X, define X = {x € X : ker(res, , H; — Hg )} NS =0}, where G, is
the isotropy subgroup of x. For K = E, let Sk be the multiplicative subset of Hi\+\/(0)
generated by B(u) where u € H and restricts nontrivially to H. Note that X¢ is determined
by where the superscript a lies in, either a is in H; or in G. For g € G, X (9 = X9 so we write
X9, for r € H;, S, = {r' : i 2 0} and we write X" for X5,

Proposition 1. Let G be a compact Lie group, X a compact G-space, and Y = X be
G-invariant subspace. If S C HY, is a multiplicative system and i : (X5,Y5) — (X,Y) is the
inclusion, then the localized restriction homomorphism p~' =S7i* : STIHL(X,Y) —
STVHE(X3,YS) is an isomorphism.

Proof. Since localization is an exact functor, the long exact sequence of a pair in
cohomology remains exact after localizing with respect to S. Then use Theorem III.1 in [2]
and the 5-Lemma to obtain the required isomorphism. O

Let M = ®; = M’ be an .«/>-module where M’ denotes elements of degree i in M. M is
called unstable if the dimension axiom is satisfied, i.e., if Sq' - m = Sq’(m) = 0 for i > dim(m)
and for all homogeneous m € M. The largest unstable submodule of M is denoted by #n(M).

Let R be the unstable «7;-module Hy, = IF;[7] ® A(u), where the polynomial generator 7
is in R? and the exterior algebra generator u is in R'. The .«/-module structure of R induces

1 1 1
an action on the localization S;IR =R {;] of R so that R {;} is an .«/,—R {;]—module

which is no longer unstable as an .«7>-module. Note that for i = 0, Sq’ (;) =0ifiis odd and
Sq' (%) =727V if { is even.

Let R, = Hz, =T[0,] ® A(u,) for n>2 and R, = Hy =IF[t]® A(u) to simplify
notation. First we recall a well known result which makes it possible to reduce the problem
to a simpler case. It can be verified using the Bockstein operator /5 induced by the short exact
coefficient sequence 0 — Z, — Z4, — Z, — 0.

Lemma 2. R, =~ R, as .o/,-algebras for all n = 2.

1
Lemma 3. Let N be an unstable </,-module. Then 1 : Ry, @ N — Un ((Rz ® N) {;})

defined by n(x) = % is an isomorphism of algebras and .</,-modules.

Proof. We will use R for R,.
1
Assertion. If £ € %n <(R®N) {;}) for z € R® N, then there exists y € R® N such
1
that %: % Suppose the assertion is true. If % €Un ((R ®N) {;D then

1
;—_]7%7,..,%( €Un ((R@N) {;}) By applying the assertion we first obtain y;, then

y2, and y3,...,y; in R® N such that%cz}%,:—2:)%:)%,..‘,%:)}11—_1:17(”). Hence 7 is

surjective. Injectivity follows from the fact that 7 is not a zero divisor.
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. 1
Proof of the assertion. Let ;e Un ((R@N){;]), where z € R® N. There are

d,qeN, n,m €N such that z=71"®ns+ - +10n +1@ny +ut! @ my +ur? '@
My +---+ut @ my +u ® mo where nonzero n;’s are IF,-linearly independent, so are the
nonzero m;’s. Then

¢ (Tt Tom e e Y e em
T 1 d T T 1 a -

1 u
=—-®nyp+-®m
T T
is unstable as a sum of finitely many wunstable elements. Therefore
qu <l®no+ﬁ®mo) :9 for k> dim (£>, hence qu (1®n0) :qu (E@)mo)
T T 1 T T T
Pt . 1 e (1
=uSq ;@mo in (R®N) . and Sq ;®no =uSq ;®no =

1 0
u(u qu (; ® mo)) =T In particular for an even k > dim (%) we have

Sqt (% m) =2 Sa¢ () + e Sq* ()

0
+ut ® S (o) + - - - + ut’*? @ Sq? (no) + ur"’> ' @ ny = 1

Then there is an r = 0 such that
71 @ Sq¥ (o) + T'u © SqF 2 (ng) + ur’t @ SqF*(ng) + - --
+ut 2 @ SqP (ng) + ut > @0y = 0.

Since the sets {Sq'(no) |ieN, Sq'(ng) #0} and {uv |j €N} consist of IF;-linearly
independent elements, the previous equation implies 79 =0 which in turn implies

Sq* ( %@ mo) =T Using this equation in similar arguments as for ny we obtain my = 0.
Therefore z = 7y and 75(y) = %, where

y=t"""oni+ trem+leomturt @my+ - Fur@m
+u®@m e RN. O

When G = Z,., n Z 2, one cannot capture the fixed point sets of various subgroups of G in
a G-space X by localizations. For there is only one polynomial generator 6, in
Hg; = k[0,] ® A(v,) which determines only X% = X%. So the assumption that G acts
semi-freely on X is natural in the following.

Proposition 4. Suppose that Z,» acts semi-freely on a Z.-CW-complex X. Then we have

On 6,
Proof.The hypothesis implies that X% = X%, Then the first isomorphism follows from
1

Lemma 3, because Hy, (X)Lg—

}%Hin (XB”){GL} by the localization theorem and

n
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X0 = X% where Z,=7%Z,. The second isomorphism is true because
Hy, (X)) = H'(X®) 0 Hy,. O

Proof of the Theorem. For G, = (¢,g | ¢ = ¢ = 1,eg = ge) with n = 2, there is a unique
maximal elementary abelian subgroup E =Z, x Z, = (e,¢* ') which contains all
Z,-subgroups of G,, namely, (¢), (eg?" '), and (¢ '). Thus the singular set of a G,-space
Xis ¥g,(X)=XU xeo " uxe , where any two of the sets on the right intersect at X~.
If (g) (similarly (eg)) acts semi-freely on X, then X7 = X9 and X% = X¢n X9 =
XN ngnil = XE; in addition since XQZ’H D X% we obtain XY D X%; hence
X% =X9NX%=X%. By Lemma 2, H is isomorphic to Hy, .z, = Hy, ® Hy, =
F (1] ® R, as ./,-algebras. Set ng =15 [t ty)- "}“hen {ESGn.E(tl) =1, {gsgﬁ(éln) = tﬁ,
res,, (1) =0; and X" =X°UXY , X =X UX% , Xi% =X | moreover
X2 = XE, where Ty = 20,(2 + 0,,). Therefore Z, x Z» behaves exactly like Z, x Zs. So
it is sufficient to prove the Theorem for n = 2.

Theorem'. Let G = (e,f | &> =f* =1,ef = fe) > E = (e,f?) and X be a finite G-CW-
complex. In parts (iii) and (iv) assume also at least one Z4-subgroup of G acts semi-freely
on X. Then

() Hy(X XE) = (Hg(X,XE) L%D

(i) Hi(X°UX XEY = an (Hg(X,XE) HD

~

(iif) He(X" U X, XF) — an (H*G<X, XE) H )

(iv) Hy(X" U X, XE) = aun (Hg()gXE) Lz 1+ T} )
i

Proof. For r,s in a multiplicative system S C H{;, we have X" = X" N X*. In particular,
Xit=Xx, Xt=XUX", X =X"UXY and Xi*"=X"UX‘ Moreover
XenXxe = xenXx"” = XEand (XE) = XE forr € S. If X" = X U X for some subgroups
A, B of G with XA N X? = XE, then Hj(X", XE) = H5(XA, XE) @ H5(XP, XE). Also
when G=AxG/A for some A=G with X4 2XE we have Hj(XA, XE) =~
HE, A(X*, X") @ Hy. Note that Hg (X, X*) is a trivial Hj}-module. We can write
G = {e) x {f) = {ef?) x (f) = (ef?) x {ef). However G & (f?) x K for any K < G because f>
is a non-generator of G as (f?) is the Frattini subgroup of G. Therefore for parts (iii) and
(iv) we will make use of the hypothesis X/* = X% in order to write H (X, X¥) =
H&(X4, XF) = HE, (X4, XF) @ Hjj, where A =7 is the Zy-subgroup of G acting semi-
freely on X.

By Proposition 1, for r € S, the inclusion (X", X%) — (X, X%) induces an isomorphism

1 1
in the localized equivariant cohomology rings H (X, X%) {—] ~ HL(X", XE) {—] In
particular, " r

o 1 . ) e
@) HG(X,XE)L]TJ = Hy )y (X7, XF) <H<efz>{g}>,

s 1 . L1 . 2 .1
(ii) HG(X,XE){E} =HG (X4, XF) ®(H<e> [ED @ HG ey (X7, XF) ®<H<efg> [fD
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S 17 . M . " o1
(iii) Hg(X, X") {;} = HG g, (X5, XT) ®(Hz4 {;D & H (o) (X, XF) ®( (ef?) [ED
1

: * * * 1 * e * 1
(9 H X0 | | 07 X (11, | ) 000 1 )
1 1

Also, note that #n(N ® S™'R) =~ %n(N ® T~'R) for any non-trivial multiplicative subsets
. . . . 1 .
Sand T in R with S = 7. Therefore it remains to show that #n ((N ® HY) {—} ) >2N®H,,
r

where N is an unstable ./, — H;-module which is trivial as an Hj-module and r is the
polynomial generator in the cohomology ring H’. We have r € H), if A ~Z,, r € H} if
A = 7Z,. Hence the desired isomorphisms are true by Proposition 3.6 in [1] when A = Z,,
and by Lemma 3 when A =2 7Z,. O

This work represents a part of the author’s Ph.D. thesis completed under the supervision
of Professor Amir H. Assadi. The author wishes to thank Professor A. H. Assadi for useful
suggestions and comments.
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