
I The FDTD (Finite Difference TimeDomain) Algorithm

The FDTD method refers to a specific FD discretizationof the time dependent Maxwell’s equations. It has beendeveloped by Yee in 1966. It is based on a Cartesian grid.
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I.1 Maxwell’s EquationsIn a source free (no electric or magnetic sources) regionof space, Maxwell’s equations are∇×E = −∂B∂t , (Faraday’s law)∇×H = ∂D∂t + Jc, (Ampere’s law)∇ ·D = 0,∇ ·B = 0. 2



In a linear, isotropic, non-dispersive material (i.e. mate-rials having field independent, direction independent, andfrequency independent electric and magnetic properties)D = εE, B = µH, Jc = σEwhere ε, µ, and σ are called the constitutive parameters,we can write∂H∂t = −1µ∇×E, (1)∂E∂t = 1ε∇×H−σεE. (2)3



In Cartesian coordinates we have∂Hx∂t = 1µ (∂Ey∂z − ∂Ez∂y ) (1a)∂Hy∂t = 1µ (∂Ez∂x − ∂Ex∂z ) (1b)∂Hz∂t = 1µ (∂Ex∂y − ∂Ey∂x ) (1c)∂Ex∂t = 1ε (∂Hz∂y − ∂Hy∂z − σEx) (2a)∂Ey∂t = 1ε (∂Hx∂z − ∂Hz∂x − σEy) (2b)∂Ez∂t = 1ε (∂Hy∂x − ∂Hx∂y − σEyz) (2c)which form a system of 6 coupled PDE’s in the 6 field components.4



Notation:We have 4 independent variables, x, y, z, andt. We will consider discretization in each of these vari-ables. Let u (x, y, z, t) denote any of the 6 field com-ponents. We will denote a grid point in space by(i∆x, j∆y, k∆z) = (i, j, k)and a time instant byt = n∆twhere i, j, k, and n are integers. Thenu (i∆x, j∆y, k∆z, n∆t) = un (i, j, k) .5



I.2 The Yee AlgorithmYee used central difference expressions to approximate thederivatives. Consider (1a)∂Hx∂t = 1µ(∂Ey∂z − ∂Ez∂y ) (1a)At time step n we can write a central difference to theLHS asHn+12x (i, j, k)−Hn−12x (i, j, k)∆t .6



ThusHn+12x (i, j, k)−Hn−12x (i, j, k)∆t =1µ (i, j, k) [Eny (i, j, k + 12)−Eny (i, j, k − 12)∆z− Enz (i, j + 12, k)−Enz (i, j − 12, k)∆y ] (1a′)Here µ (i, j, k) denotes the permeability at a space point,and this takes inhomogeneous media into account.7



Note:We are assuming that the corresponding cell is ho-mogeneous. We will consider the more general caselater.TheYee algorithm is a "marching on in time" algorithm.That is, we assume that all field values are given at initialtime t = 0, or equivalently for n = 0. Then we proceed tocalculate field values at ∆t/2, ∆t, 3∆t/2, 2∆t, . . .i.e. for n = 1/2, 1, 3/2, 2, . . ..8



Eq. (1a′) therefore defines Hx (i, j, k) at time step n +1/2 in terms of previously calculated values ofHx (at timestep n− 1/2), Ey and Ez (at time step n). Thus we haveHn+12x (i, j, k) = Hn−12x (i, j, k)+∆tµ (i, j, k) [Eny (i, j, k + 12)−Eny (i, j, k − 12)∆z−Enz (i, j + 12, k)−Enz (i, j − 12, k)∆y ] (1a′′)9



Now consider (2a)∂Ex∂t = 1ε(∂Hz∂y − ∂Hy∂z − σEx) (2a)If we use time step n as the center point, we wouldneed H at n, i.e. at full-steps. However, (1a′′) givesmagnetic field values at half-steps. This can be avoidedif we discretize (2a) at time step n+ 1/2. Thus10



En+1x (i, j, k)−Enx (i, j, k)∆t =1ε (i, j, k)Hn+12z (i, j + 12, k)−Hn+12z (i, j − 12, k)∆y− 1ε (i, j, k)Hn+12y (i, j, k + 12)−Hn+12y (i, j, k − 12)∆z− ε (i, j, k)σ (i, j, k)En+12x (i, j, k) (2a′)
11



Note that we still have Ex at time step n + 1/2. Ifwe can find an approximation to En+12x (i, j, k) in terms ofelectric field values at full time steps, we could avoid thecalculation of E field at half steps. For this purpose wewriteEn+12x (i, j, k) ≃ En+1x (i, j, k) +Enx (i, j, k)2 .Using this in (2a′) we can express En+1x (i, j, k) in termsof previously calculated values:12



En+1x (i, j, k) = 1− σ(i,j,k)∆t2ε(i,j,k)1 + ∆tσ(i,j,k)2ε(i,j,k) Enx (i, j, k)+ ∆tε(i,j,k)1 + σ(i,j,k)∆t2ε(i,j,k) Hn+12z (i, j + 12, k)−Hn+12z (i, j − 12, k)∆y−Hn+12y (i, j, k + 12)−Hn+12y (i, j, k − 12)∆z  (2a′′)Note that (2a′′) expresses Ex at time step n+ 1 in termsof previously calculated values of Ex (at time step n), Hyand Hz (at time step n+ 1/2).13



In a similar way the finite difference expressions forHn+12y (i, j, k) can be obtained from (1b),Hn+12z (i, j, k) can be obtained from (1c),En+1y (i, j, k) can be obtained from (2b),En+1z (i, j, k) can be obtained from (2c).The final equations are 14



Hn+12x (i, j, k) = Hn−12x (i, j, k)+ ∆tµ (i, j, k) [Eny (i, j, k + 12)−Eny (i, j, k− 12)∆z − Enz (i, j + 12 , k)−Enz (i, j − 12 , k)∆y ]Hn+12y (i, j, k) = Hn−12y (i, j, k)+ ∆tµ (i, j, k) [Enz (i + 12 , j, k)−Enz (i− 12 , j, k)∆x − Enx (i, j, k + 12)−Enx (i, j, k − 12)∆z ]Hn+12z (i, j, k) = Hn−12z (i, j, k)+ ∆tµ (i, j, k) [Enx (i, j + 12 , k)−Enx (i, j − 12 , k)∆y − Eny (i+ 12 , j, k)−Eny (i− 12, j, k)∆x ]15



DefineCi,j,k = 1− σ(i,j,k)∆t2ε(i,j,k)1 + ∆tσ(i,j,k)2ε(i,j,k) , Di,j,k = ∆tε(i,j,k)1 + σ(i,j,k)∆t2ε(i,j,k)
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En+1x (i, j, k) = Ci,j,kEnx (i, j, k)+Di,j,k [Hn+ 12z (i, j + 12 , k)−Hn+12z (i, j − 12 , k)∆y − Hn+12y (i, j, k + 12)−Hn+12y (i, j, k − 12)∆z ]En+1y (i, j, k) = Ci,j,kEny (i, j, k)+Di,j,k [Hn+ 12x (i, j, k + 12)−Hn+12x (i, j, k − 12)∆z − Hn+12z (i+ 12 , j, k)−Hn+ 12z (i− 12, j, k)∆x ]En+1z (i, j, k) = Ci,j,kEnz (i, j, k)+Di,j,k [Hn+ 12y (i + 12, j, k)−Hn+12y (i− 12 , j, k)∆x − Hn+12x (i, j + 12, k)−Hn+12x (i, j − 12, k)∆y ]17



These equations show that we need E at full time stepsand H at half time steps as shown. Yee algorithm com-putes E andH field components at alternating time stepsin a "leapfrog" arrangement.E is calculated at time steps t = 0,∆t, 2∆t, . . .H is calculated at time steps t = 0.5∆t, 1.5∆t, 2.5∆t, . . .They are also displaced by half steps in space.
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In the space coordinates we don’t need to calculate theE and H field components at every point. Suppose thatthe coordinates of the center point of the Yee space latticeis (i, j, k). Then, we need to calculateEnx (i + 12, j, k) , Hn+12x (i, j + 12, k + 12) ,Eny (i, j + 12, k) , Hn+12y (i + 12, j, k + 12) ,Eny (i, j, k + 12) , Hn+12z (i + 12, j + 12, k) .21



In the Yee space lattice every E is surrounded by fourcirculating H components, and every H component issurrounded by four circulating E components.Let the coordinates of the center point of the latticecell be (i, j, k). Consider the front face. The coordi-nates of the center point of the front face is (i + 12, j, k).Then Ex (i + 12, j, k) is expressed in terms of Hz valuesat the left and at the right i.e. Hz (i + 12, j − 12, k) andHz (i + 12, j + 12, k) and Hy values above and below, i.e.Hy (i + 12, j, k + 12) and Hy (i + 12, j, k − 12) (and also the22



value of Ex at (i, j, k)). This is the physical explanationof (2a′′). Similarly, the right face corresponds to (2b′′)and the top face to (2c′′).The Yee algorithm for FDTDwas originally obtained byreplacing the derivatives in the point form of Maxwell’scurl equations by central difference formulas. However,the integral forms of Maxwell’s equations can also be usedto obtain the same formulas.23



I.3 Integral FormulationWe start with Maxwell’s curl equations again.∇×H = ε∂E∂t + σE (1)∇×E = −µ∂H∂t (2)We choose two surfaces SE and SH bounded by the curvesCE and CH. Integrating (1) over SE and using Stokes’theorem gives∮CE E · dl = ∫SE µ∂H∂t · ndS. (3)24



Similarly, integrating (2) over SH and using Stokes’ the-orem gives∮CHH · dl = ∫SH ε∂E∂t · ndS + ∫SH σE · ndS. (4)Eq.s (3) and (4) are the integral forms of the Maxwell’scurl equations and are equivalent to the differential forms.To simplify the derivation let us consider a linearly po-larized TEMz electromagnetic wave propagating in thepositive z direction. 25



We can writeE = Ex (z, t)axH = Hy (z, t)ayIn general, ε, µ, and σ are functions of position andfor simplicity we will assume that they are functions of zonly.
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Figure.3: Contour for integration of (3).With the choice of SE shown in Fig. (3), we can ap-27



proximate the LHS of (3) as:∮CE E ·dl = −Ex(z0 − ∆l2 , t)∆l︸ ︷︷ ︸on the left pathdl and E are inopposite directions
+Ex(z0 + ∆l2 , t)∆l︸ ︷︷ ︸on the right pathdl and E are inthe same directionNote that on the top and bottom paths dl and E areorthogonal and line integrals are zero.28



For the RHS of (3), we have−∫SE µ∂H∂t · n︸︷︷︸ay dS = −∫SE µ∂Hy (z, t)∂t dS︸︷︷︸dzdxIf ∆l is sufficiently small, ∂Hy (z, t) /∂t can be taken as∂Hy (z0, t) /∂t. Then the RHS becomes−∫SE µ∂Hy (z, t)∂t dxdz ≃ −∂Hy (z0, t)∂t ∫SE µ (z) dxdz= −∂Hy (z0, t)∂t ∆l ∫ z0+∆l2z0−∆l2 µ (z) dz29



Note that the average value of µ (denoted µavg) isµavg = 1∆l ∫ z0+∆l2z0−∆l2 µ (z) dzhence−∫SE µ∂Hy (z, t)∂t dxdz = −µavg∂Hy (z0, t)∂t (∆l)2Eq. (3) reduces toEx (z0 + ∆l2 , t)∆l −Ex (z0 − ∆l2 , t)∆l∆l = −µavg∂Hy (z0, t)∂tFinally, using central difference approximation to the time30



derivative we getEx (z0 + ∆l2 , t)∆l −Ex (z0 − ∆l2 , t)∆l∆l =− µavgHy (z0, t+ ∆t2 )−Hy (z0, t− ∆t2 )∆tThe integral formulation shows that when the constitutiveparameters vary within a Yee cell, their average valuesshould be used. This becomes important especially atthe interface of two media. The differential aprroach isstraightforward but fails to give an answer to such cases.Now consider the front surface of the Yee lattice shown31



in Fig. (2). Applying a similar derivation for (4) at timestep n + 12 we getHn+12y (i + 12, j, k − 12)∆y +Hn+12z (i + 12, j + 12, k)∆z−Hn+12y (i + 12, j, k + 12)∆y−Hn+12z (i + 12, j − 12, k)∆z =εavg(i + 12, j, k) En+1x (i + 12, j, k)−Enx (i + 12, j, k)∆t ∆y∆z+ σavg(i + 12, j, k) Enx (i + 12, j, k)+ En+1x (i + 12, j, k)232



whereEn+12x (i + 12, j, k) = Enx (i + 12, j, k) +En+1x (i + 12, j, k)2which is similar to (2a′′) except for the fact that averagevalues pf the constitutive parameters are used.
33
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