TUTORIAL PROBLEMS ON KINEMATICS
M. Kemal Ozg6ren

PROBLEM 1

Figure 1

Figure 1 shows a helicopter moving with respect to an earth-fixed frame 7,(O). Let the
frames attached to the helicopter and its rotor be F,(C) and F (Q) respectively. The
orientational relationships involving these frames are described as follows:
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Let the dyadics R,, and R,/ represent the rotation operators that orient the rotor with

respect to the helicopter and the earth.

a) Obtain the transformation matrices (&M, ¢(") ang ¢@N)

b) Obtain the matrix representations of R, and R,/ in 7, (C).

c) Obtain the matrix representations of R/, and R/, in F(O).

Express all the required matrices using exponential rotation matrices and their products.

d) The unit vector w (along one of the rotor blades) is obtained by rotating W // Ul(e) (the
first basis vector of %) with Ry, =R, . Formulate this operation separately as observed

in %, and 7. Thus, express W™ ={@}" and w(® ={@}® using the results of the

previous parts. Check your expressions by verifying the fact that w® = ENgh),

SOLUTION
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c) {Iir/h}(e) = Iit(]?) —_¢(eh) Qk(]?)é(h,e) _¢ehahnae
_ Uy o020 0 oy o~y P20 o ~Uay
{Rr/ e}(e) = F?é?) = @) _ gl glafglifelay

d) W=Re 0.

" — RO _ gMEMgEre) _ gIEheg —¢hngemahey

=CNg =e%7g; WM =G cosy +T,siny.
V_V(e) — ﬁé?)ul(e/e) — ﬁé?)gl — é(e’r)Ul
— ea3l//602‘9e01¢eu37l71_

Verification:

wW® = CEMg el et20em (el ;] = e%¥ 120 1Pe"7 ;. (Checks!)

PROBLEM 2
Consider the same helicopter described in Problem 1.

a) Express a)r(/%] —{a)r/h}(h).
b) Express ) ={oy /e}(h).

r/e

c) Express a ={a, /e}(h)

r/e
SOLUTION
— h h
a) @r/p= 7U3(> ) = a)r(/)h =yU3.

- - . . — .—~(h - (h ., .
b) Ople = [h+Pn/nT+Pn/mt+DPm/e =7U§ )+¢Uf )+9U£n)+l//U§m);

& = 7, gg®/) G/ L gmin)
r(/é =73 +¢ +60CMMa, 4+ Mg, |
lgl)e = ]/U3 +¢Ul +9e_al¢l72 +l/./e_al¢e_azglj3 ,

@) =y (§—y730) + Uy (Ocg+yrsped) + Uz (7 — Osg+yreged) .
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C) &rje=Dryje =Dn@yje+®njy *& e =Dnyje — O jn X fe;
—(h) _ =) —(h)

Xprje = r/e_7/u 3% e

r(/g =T (¢ — SO +---) + Uy (Och +spcO + ) + Ug (7 — Osp + yicgcd + )

+ Uy (o +ysged) — U7 (¢~ yrsb).

PROBLEM 3
A reference frame F, which is rotating about its fixed origin O, coincides consecutively with

the reference frames 7y, Jq, and F, according to the following sequence:

(0 (1
-7'-0 ul()'al‘j:l ug),ez

>Fo

Let P be a point with constant coordinates xi, X», X3 in the rotating frame F.
a) Find the coordinates of P in F and F; when F coincides with 7.

b) Find the coordinates of P in F, while F is yet coincident with 7 .

c) As F rotates all the way from 7, to F,, the observers in F, and F; use the rotation
matrices ﬁég) and ﬁélz) respectively in order to relate the initial and final coordinates of P

that they observe. Express Iiég) and Iiélz) using exponential rotation matrices.

SOLUTION
a)
FD - 6ADED | £ 60D _cODE

_FSZZ) = r (O) = U1X1 + U2X2 + U3X3

¢ _ eulgl’ C2) _glatl  3(0.2) _ gthth oUr0%
ngzl) = eaza2 (U]_Xl + U2X2 + U3X3) = eazgz U]_X]_ + U2X2 + 96292 U3X3
ngzl) = (U:LC@Z — U3S€2) X + U2X2 + (U3C02 + 61302) X3

Tp(zl) = Ul(X]_CQZ + X3502) + U2X2 + U3 (X3C02 - Xls6’2)
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FFSZO) = ealel [U]_(X]_CHZ + X3592) + UZ Xy + U3(X3C02 _ X1592 )]

o) = 0 (4CO + Xg6p) + 1My, + €14ty (xgc6y —x156,)

—(0 _ _ _ 3 B

rFfz ) = G (X4CO, + X550, ) + (U506, + Uzs6;) Xy + (UaCH — Ups6;) (XaCh, — ¥1565)
FFSZO) = (XCOs + X356, + Up (XoCO) + XSE156) — X3SA1CHy)

+ Ug(XpS6) — X1CH; SO + X3CH CHy)

b)
72 _ 2D
= C o
FP(ll) - TFSOO) = Oy +UpXg +Ugxg, CY —e 027
TR =020 (U + Upxp + Ugxg) = €220 + Upxp + €2 %2005
FP(ll) = (U]_ng + U3592)X1 + UZ Xo + (U3C92 - lT:|_392)X3
FF511) =0 (%COy — X3565) + UpXy + U3 (XSO + X3CHs)
c)
Qég) — ¢(0.2) _ 06 o056,
50 _ AL0)B(0)A ~046; \ (o011 o0 i
RC()Z) _ ¢ R(()Z)C(O’l) = (7% (e"1%e%202) (M%)
|Q(()12) — o020t
PROBLEM 4
ﬁgl) ﬁgz) _ ﬁ§3)
A\ & )
3 ~(2 —~(1
B e 7 =
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Consider the four-link spatial mechanism shown in the figure. Joint-12 is revolute with the
joint variable &5, joint-23 is cylindrical with the joint variables &3 and s;3 = AB, joint-14 is
prismatic with the joint variable s;4 = OC, and joint-34 is spherical. At joint-34, the motion of
link-4 relative to link-3 is described by three joint variables ¢s4, 634, and ws4, Which are the
Euler angles of a suitable sequence. The link parameters of the mechanism are by, = OA,

bz = BC, and fi14 = angle from ﬁl(l) to ﬁl(4) about ﬁgl). Furthermore, angle(ABC) = 90° and
AB is perpendicular to ﬁl(l) :
a) Using the point-to-point loop closure equation

o4 + T4 +7c =Toc
written for the joint center locations, obtain formulas to find the joint variables 63, Sy3, and
14 for a given value of the input joint variable &;,. Indicate the closure alternatives clearly.
Suggestion: You may find it more convenient to formulate the solution as indicated below:

S1a = f14(612, 0), o==%1; Sp3="13(6h2, 914), o3 = F23(612. 514)-

b) Then, using the orientational loop closure equation

A2 A2 A(34) _ A4

written for the link orientations, determine the remaining joint variables ¢4, G4, and s
by choosing the most suitable sequence that gives them in the simplest possible way in terms

of 612, P14, and already determined 3.

c) In particular, find all the non-input joint variables corresponding to each closure of the
mechanism for the following numerical values:

by=05m, b3=0.75m, Pra= 120°% O = 30°.

SOLUTION

a)

Point-to-Point Loop Closure Equation: Toqa + 74 +TBC =TOC -
— byii" + 55512 + byiil® = —sy 471 Y,

—(1/1 —(2/1 —(3/1 —(4/1
—blul( )+S23u§ )+b3u1( )=—s14ul( ),

_blﬁl + S23é(1’2)ﬁ3 + b3é(1’3)l/_ll = —S14é(1’4)l/_ll .

On the other hand,
C(2) _ b , C(1:3) _ 6 3053 oA b
Hence,

— byt + 5936102115 + byt 1012130535 = g, 3P4y
— byity + S93003 + b8, = —514¢ 702 (e By + 15 Bra)
byiy + sp3u3 + b3e™ "B uy = —sy4e uicPig +ursPia),
— bjuy + sp3u3 + b3 (U1 O3 +uips 0r3) = —s14 (U1 P4 + UpsPrac Oy —u3sPias0)r).
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The corresponding scalar equations are

bycOrz = by —s14¢Piq Eq. (i)
b3s0r3 = —514514¢ 0,2 Eq. (i)
523 = S145P1450) - Eq. (iii)

By adding squares of Egs. (i) and (ii), we get
(c* g +5° Brac’012) sty — 2biefra) s14 — (b3 — ) =0.
Two possible solutions to this equation are
_bicfa+ o\ b3c fra+ (B ~ 55> Biac®Bhs
S Bia+5* Prac’r

With this solution, Eq. (iii) gives sp3 readily as

S14

523 = 5145P1450) 2.
Finally, from the ratio of Eqgs. (i) and (ii), we get
03 = atany (=sy45814¢0) 1 by —514¢f14).

Here, o is the closure indicator. Once, its value (+1 or —1) is selected, the closure will be

defined and the corresponding variables (S14, Sp3, and 63) will be uniquely determined by the
preceding expressions.

b)
Orientational Loop Closure Equation: ~ C(-)¢EZAEGA — 604
CO2) _ by (23 _ a0 GBA o o604 _ b
The orientational equation leads to
CBA) _ g Uzl Usfia

This equation implies that the most suitable sequence for the spherical joint (Joint-34) is
3-1-3. That is,

CB4) _ oUstagthbaa Uswzs _ o=Usboza—thbro oUsfia
Hence, by direct comparison, the associated joint variables are determined simply as

P =—03, OG3p=—0, w3s=Pa.
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c)
With the given numerical values, we get the following solutions for each closure:

First closure with o= +1;

s14=0.3846 m, $p3=0.1665m, 6Ghs=-22.62°;
oy =22.62°, O3, =—30°, gy =120".

Second closure with o= —1;
S14=-1.000m, sS»3=—0.433m, 6&3=90°;

¢34 =— 90O y 934 = —30O ) Y3 :1200.
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