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PREFACE

These notes were prepared in 1993 when we gave the graduate algebra
course. Our intention was to help the students by giving them exercises
and get them familiar with how to use the theory to solve problems. These
notes are the outcome of request from old-new postgraduate students who
constantly requested a copy of the solutions.

[ am grateful to Prof.Dr. C. Kog for a thorough critical reading of the
solutions. I would also like to thank to Dr. A. Berkman for her contribution
in reading the manuscript. Of course the remaining errors belongs to me.
If you find any errors, I should be grateful to hear from you. I also thank
to Mathematics Foundation for making this book possible . Finally I would
like to thank Aynur Bora for her typing the manuscript in LATEX.

Mahmut Kuzucuoglu
July 1999, METU, ANKARA

In 2010 I had a bright student in my Graduate Algebra course Barig
Kartal. He took this course when he was a Freshman and go through all the
exercises in the previous version. Therefore I had to correct or change some
of the questions. For this new version, I would like to thank him for all his
efforts and making the course, one of the most enjoyable one.

Mahmut Kuzucuoglu

November 2011, METU, ANKARA
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GROUPS

If G is a group and f : G — G is defined by f(z) = 27!, all z € G,
show that f is a homomorphism if and only if G is abelian.
Solution: Assume that f is a homomorphism. Then

(zy)™' = flay) = f(z)- fly) =2y

Hence y 'z~ ! =27y and oy = (y o)t = (z7ly ) =y
for all z,y € G. This implies that G is abelian. Conversely assume

that G is abelian. Then

flay) =y 'z =a7y " = fz)f(y).

Hence f is a homomorphism.
If a group G has a unique element x of order 2, show that = € Z(G).
Solution: Assume that z is the unique element of order 2 in G.
Then it is easy to see that for any ¢ € G, g 'xg is also an element
of order 2. By uniqueness, g"'xg = x. Hence, x € Z(G).
Suppose G is finite, K <G, H < G and |K| is relatively prime to
|G : H]. Show that K < H.
Solution: Since K <G, K H is a subgroup of G. [G : H] =[G :
KHI|[KH : H|. By assumption (|K|, |G : H]) = 1. This implies
(|K|,|G : KH]) = 1 and ([KH : H|,|K|) = 1. Since G is finite,

[KH : H|= % and since £ =~ L

|[KH] K|

(i = TRn KD
This implies | Iyﬂﬂ = 1. Hence K N H = K, and consequently
K < H.

If G is not abelian show that Z(G) is properly contained in an
abelian subgroup of G.

Solution: Since G is not abelian, G # Z(G). So there exists
an element z € G\ Z(G). Now consider the group generated by z
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and Z(G). This group is an abelian subgroup of G containing Z(G)
properly. This group is not equal to G as G is not abelian. Hence
(Z(G), x) is the required subgroup of G.

If G is a group and |z| = 2 for all x # 1 in G, show that G is
abelian. Can you say more?

Solution: For any # € G,2?2 = 1. Hence v = z7'. Now, let
z,y € G. Then, (zy)? = (zy) - (ry) = 1. This gives zy = (xy)~! =
y~tx~! = yx. Hence G is abelian. Such a group must be a 2-group
and all such groups are called elementary abelian 2-groups.
Suppose G is a group, H < G, and K < G. Show that H U K is
not a group unless H < K or K < H.

Solution: Assume that H £ K and K £ H, and HU K is a
group. Let h € H\ K and k € K\ H. Then, hk € HUK. Therefore,
either hk € H or hk € K. If hk € H, then h™*hk = k € H which
is impossible. If hk € K, then hkk™' = h € K which is also
impossible. This contradiction gives the result.

Suppose that S and T are two subsets of a finite group G, with
|S| + |T'| > |G|. If ST is defined to be {st : s € S,t € T}, show
that G = ST.

Solution: Let g be an arbitrary element in G. Then |¢T| =
T| = |97 and |G| = [SU T = [S| + |gT 7| = [SNgT™!| >
|G| — |SNgTY. Hence |SNgT'| >0,ieSNgT ! #(. Thus
there exists s € S and ¢t~! € T~ such that s = g¢t~! which implies
that g = st. This proves that g € ST and G = ST.

Suppose S is a subset of a finite group G, with |S| > @ If S? is
defined to be {zy : x,y € S}, show that S*? = G.

Solution: Assume that S? # G. Then there exists x € G\ S2.

Consider the table of G :
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* S1 So S3 e | SE

s1 |87 | 5180|8183 | S18k |
Sy | 8281 | 85 | sas3 | S95)

S3 | 8351 | S35 | 83 : S35k

Sk | SkS1 | SkS2 | SES3 | = S%

Recall that x must appear in each row and in each column
of the table only once. Hence = appears |G| times in the table.
Assume that |S| = k. Each row contains x implies that, we need k
more columns to place x’s to each row. That implies the order of
the group G is greater than or equal to 2k. But this is impossible
by the assumption that k& = |S| > @

Remark Observe that it is possible to argue this question as in
the previous question S =T
If A, B <G and both [G : A] and [G : B] are finite. Show that
|G : AN B] < [G: A][G : B] with equality if and only if G = AB.
Solution: Let Qy ={Az |2 € G }, Qg ={Bz |z € G } and
Quns = {(AN B)z| x € G} be the sets of right cosets of A, B
and AN B in G respectively. Define a map

aZQAmBHQAXQB
by a((AN B)y) = (Ay, By). Clearly « is well-defined.
a((ANB)y) = a((AN B)t)

implies

(Ay, By) = (At, Bt).
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Then Ay = At and By = Bt. Hence yt~! € AN B. This implies
(AN B)y = (AN B)t. Hence the map « is one to one. This gives

G:ANB]<[G: A]lG: B].

If G=AB, then [AB: ANB] =[AB: AJ[A: AN B]
Claim: [A: AN B] = [AB : B]. Let

Q = {(AnB)x |z € A}
¥ = {By|ye AB}

Define a map § : Q@ — X by (AN B)y) = By. For z,y €
A, Bx = By implies xy~! € AN B. So

(ANB)x = (AN B)y. So [ is 1-1. Since G = AB = BA every
coset of B in G is of the form Ba for some a € A. It is clear that 3
is onto. Hence the result.

Conversely assume that

[G:ANB]=[G: A]|G: B]
[G:ANB]=[G:AJ[A: AnB] =G : A]|G : B]

Since [G : A] is finite, cancelling this number from both sides we
get

[A: AN B] =[G : B].
But

[A: AN B]|=[AB: B
the number of cosets of B contained in the set AB. Hence we get
[AB : B] = [G : B] this implies AB = G.
If [G: A] and [G : B] are finite and relatively prime show that
G = AB.

Solution: [G: ANB] =[G : A|[A: AnNB| =[G : B|[B: ANnB].

Since [G : A] and |G : B] are relatively prime

G:A]|[B:ANB]=[AB: 4]
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This implies [G : A] = [AB : A] because [AB : A] < [G : A] and
AB # A. Hence AB = (. see the previous question.

Suppose G acts on S,z € G, and s € S. Show that Stabg(x.s) =
x Stabg(s)x™ .

Solution: Let g € Stabg(z.s). Then g.(z.s) = (gz).s = x.s.
Multiplying from left by 27! we get (v~ 'gx)-s = s. Hence z7'gz €
Stabg(s). This implies g € x Stabg(s)x~!. Conversely assume that
g € z Stabg(s)z™'. Then g = zha™" where h € Stabs(s). Now

g-(x.5) = (zha™') - (2.5) = (zh) - s = (2.5)

as h € Stabg(s). Hence g € Stabg(x.s).
If A, B < G and y € G define the (A, B)-double coset

AyB = {ayb:a € A,b € B}.

Show that G is the disjoint union of its (A, B)-double cosets. Show
that

|AyB| = [AY : AY N B]|B|

if A and B are finite.
Solution: Let x,y € G. Define x ~ y if and only if there exists
a € A and b € B such that z = ayb.
“~ 7 is an equivalence relation:
(i) z =1zl and 1 € A,1 € B since A and B are subgroups of G.
Hence x ~ z.
(ii) If z ~ y, then © = ayb for some a € A and b € B. This

implies y = a *2b™! and a! € A,b~! € B since A and B are

subgroups of GG. Hence y ~ .

(iii) x ~ y and y ~ z implies z = ayb and y = czd for some
a,c € A, and b,d € B. Then x = ayb = aczdb = (ac)z(db).
Since ac € A, and db € B we get x ~ z.

The equivalence class containing y is [y] = {aybla € A,b € B} =

AyB.
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Since “ ~ 7 is an equivalence relation on G we get G is a disjoint
union of equivalence classes, namely AyB’s.
Define a map

a: AyB —y'AyB
ayb — y tayb
It is easy to see that « is a bijective map. Hence if A and B are

finite the number of elements in AyB and y~'AyB are equal.
Since y ' Ay and B are subgroup of G we get

| AY|| B
|Av N B

Definition Let 2 be a set and G be a group acting on 2. We

|AYB| = = [AY: AY N B]|B|

say that G acts transitively on € if for any a, 3 € 2, there exists
g € G such that g.a = j.
Suppose G is a permutation group on a set S, with |S| > 1. Say
that G is doubly transitive on S if given any (a,b), (¢,d) € S x S
with @ = b if and only if ¢ = d, then za = ¢ and xb = d for some
red.

(1) If G is transitive on S show that G is doubly transitive if
and only if H = Stabg(s) is transitive on S\ {s} for each s € S.

(2) If G is doubly transitive on S and |S| = n, show that n(n —
1G]

Solution: (1) Assume that G is doubly transitive on S. Let
s € S and H = Stabg(s). Let o, € S\ {s}. Then

(e, 8),(0,s) € S xS

So there exists x € G such that r.a = § and x.s = s. Hence
r € H and z.ao = [ i.e H is transitive on S — {s}.

Conversely assume that H is transitive on S \ {s} and
(a,b),(c,d) € S xS. If a=>and ¢ = d then it is clear that
there exists © € G such that x.a = ¢ and x.b = d.
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So assume that a # b and ¢ # d. Since G is transitive on S there
exist ¢1,¢92 € G such that g;.a = s and ¢s.s = ¢. Moreover there
exists h € H such that h.(¢g;.b) = g5 '.d since H is transitive on
S\{s} and g1.b, g;'d € S\ {s}. Thus we have h.(g;.a) =s =g, '.c
or ga.[h.(g1.a)] = ¢ and g¢o.[h.(g1.0)] = d. So (g2hg1).(a,b) = (c,d).
Hence G is doubly transitive on S.

(2)Let s € S and H = Stabg(s). Then [G : H] = n as G acts
transitively on S and |S| = n.

Let « € S\ {s} and K = Stabg(«). Then [H : K| = n —1
as H acts transitively on S\ {s} and |S \ {s}| = n — 1. Hence
G:K|=[G:H]-[H:K]=n(n-1)andson(n—1)| |G|
Suppose G is finite, p is the smallest prime dividing |G|, H < G
and [G : H] = p. Show that H < G.

Solution: Consider the right action of G' on the set of right
cosets of H in G. Then there exists a homomorphism ¢ from G
into symmetric group on p letters. Kery = NyegH® and G/Kery
is isomorphic to a subgroup of S,. Note that |S,| = p! so [G :
Kergl]|pl. If Kerp S H, then [G : Kery] is divisible by a prime
which is smaller than p. But this is impossible by assumption. So
Kery = H This implies H < G.

Suppose [G : H] is finite. Show that there is a normal subgroup K
of G with K < H such that [G : K] is finite.

Solution: Let [G : H] = n and Q be the set of right cosets
of H in G. Then G acts on ) by right multiplication and there
exists a homomorphism ¢ from G into Sym(Q2). Hence G/Keryp
is isomorphic to a subgroup of Sym(2). Then K = Kerp satisfies
the required properties, since |[Sym(Q)| = n!

Suppose G is finite, H < G, and G = U{H" : € G}. Show that
H=G.
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Solution: Let |H| = m. Then |H*| = m and there are at most
m — 1 distinct elements in H and H®. Assume that |G| = n. Then
by Lagrange Theorem m|n. Say n = km where k > 2.

Let G = H** U H*> U ---U H® where r is minimal satisfying
this condition. i.e., H* # H%. Then

IGl=n<(m-1)r+1 km=n<mr—r+1 r>2.

Since H"i = H* and we assumed H% # H%  we get r < k. Since
r =[G : Ng(H) <|[G: H|]as H < Ng(H). Then, mk = n <
mr —r+1,

mk—mr < —r+1, m(k—r) < —r+1.Sincer > 2 and m(k—r) >
0. This is impossible. This contradiction gives H = G.

Let G be the group GL(2,C) of all 2 x 2 invertible complex matrices

a 0

and H be the subgroup of all lower triangular matrices | b ¢ |,

ac # 0. Show that G = U{H” : x € G}. (Compare with the
previous problem .)

Solution: Let g = i

with aq1a99 — ajpae; # 0 be any
21 (22

T —an —a12

2 x 2 matrix in GL(2,C). Then |z] — g| =

—a21 T — Q22

(. —an)(x —ax) — anan = 2 — (azn + an)z T a11022 — 21012 This
20
is a polynomial of degree 2 with coefficients form C. Since we work

in C, the minimal polynomial of this matrix is a product of linear
factors. Hence this matrix is triangulable, i.e. there exists a matrix
r € GL(n,C) such that ¢* is a triangular matrix. Hence ¢* € H
i.e. g€ H* ' Hence G = Uy HE.

Let T be the set of n — 1 successive transpositions
(12),(23),(34),...,(n — 1,n) in S,. Show that < T >= 5.
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Solution: Recall that every permutation in S, can be written
as a product of disjoint cycles. Hence it is enough to show that every
cycle can be written as a product of transpositions from 7. Recall
also that every cycle can be written as a product of transpositions.
Hence it is enough to show that any transposition can be written
as a product of transpositions given above. Let (kl) with k£ < [ be
a transposition is S,. Then

(k1) = (b, k+ 1) (k+1,k+2) - (1=2,1 - 1)(I—1,1)(I—1,1-2) - (k+1,k).

(19)

(21)

Hence we are done.
Suppose H < S,, but H £ A,,. Show that [H : HN A,] = 2.

(Hint: Observe that HA,, = S,,.)

Solution: Since H £ A,, H contains an odd permutation.

Therefore A, S HA, as A, < S,. Moreover |HA,| | |S,|. But
Hi:“ = 2. Hence |HA,| = |S,|. This implies HA,, = S, and
HA,/A, = S,/A,. Hence [H : HN A,| = [HA, : A,)] =[S, :
Ayl =2.
If S =14{1,2,3,4,...}. Let A, denote the (infinite) group of all
o € Perm(S) such that there is a finite subset 7' C S for which
o restricts to an even permutation of 7" and o(s) = s for all s €
S\ T. Equivalently Ay, = U{A, :n=1,2,3,---}. Show that A is
simple.

Solution: We use the definition Ao, = U{4, | n=1,2,3,---}.
Therefore each A, is embedded in A, 1 naturally. This gives A, <

Apy1 < ---. Hence A is a subgroup of Perm(S). Assume that
N # {1} be a normal subgroup of A. Then there exists an m > 5
such that N N A, # {1}. But this implies N N A; # {1} for all
Jj > m. But A; is simple. Hence NN A; = A, ie. A; < N for all
J > 5. This implies A; < N for all j we get N = A.
Let 0 = (1,2) and 7 = (1,2,3,...,n) in S,.

a) Determine the centralizer of o in S,,.

b) Determine the centralizer of 7 in S,,.
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Solution: (a) Let 0 = (1,2) and 8 be any permutation in S,,.
Then 0” = o means that (12)° = (13,23) = (1,2). So § could be a
permutation on the set {1,2}. So this element is either 1 or o itself.
If necessary by multiplying 3 with 0=! we get 0713 is a permutation
on X = {3,4,--- ,n}. But any permutation on X commutes with
0. Hence Cg,(0) = (0)S,_2 where S,_» is the permutation group
on the set X.

(b) By considering the answer in part (a), if § € Cg,(7) then
(123---n)f = (13,28,--- ,nB) = (123---n). These two elements
are equal implies that, if 13 =k then 20 =k+1,386=k+2,---.
Hence if 13 is known then  is uniquely determined. Therefore we
can write at most n elements satisfying this. But we have already
n elements satisfying this property, namely the subgroup generated
by 7. Hence Cg, (1) =< 7 > .

Suppose G is a finite group, H < G, and P is a Sylow p-subgroup
of H. Set N = Ng(P). Show that G = NH.

Hint: If z € G, then P” is a Sylow p-subgroup of H.

Solution: Let x € G and P € Syl,H. Then P* < H* = H.
Hence P and P” are Sylow p-subgroups of H. By Sylow theorem
any two Sylow p-subgroups of H are conjugate in H. Hence there
exists h € H such that P** = P. That means zh € N. This implies
x € NH Since z is an arbitrary element of G we get G = NH.

If G is a finite p-group and 1 # H < G. Show that H N Z(G) # 1.

Hint: H is an union of G conjugacy classes.

Solution: For a finite p-group G, we have upper central series
of G.

{1}y =Zy<Z1<---<Z,, = G where Z;/Z; 1 = Z(G/Z;_1). Since
H # {1} there exists an i such that Z;NH # {1} but Z;,_1NH = 1.

Since H is normal, we have [G, H|] < H and Z;NH < Z; implies
[Z:NH,G] < Zi_yNH = 1. It follows that Z; N H < Z(G), i.e.
ZiNHNZ(G)=Z;NH # {1}. Hence HN Z(G) # 1.
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Remark: The above proof can be adopted to show that

If G is a finite nilpotent group and 1 # H < G. Show that
HNZ(G) # 1.

Suppose G is a finite p-group having a unique subgroup of index p.
Show that G is cyclic. (Use induction and look at G/Z(G))

Solution: We use induction on the order of G. If |G| = p,
then G is cyclic. Assume that if H is a p-group and |H| < |G| and
H has a unique subgroup of index p, then H is cyclic. Since G is
p-group, we know that Z(G) # {1}, |G/Z(G)| < |G|. Let X be the
unique subgroup of G of index p. Since Ng(X) = X we get X <G.
XZ(G)/2(G) < G/Z(G).

Claim: XZ(G) < G.

Z(G) <G and G is a p-group. Therefore there exists an upper
central series of G containing Z(G) say {1} = Zy(G) < Z,(G) <
<+ QZL(G) = G. Since G/Zy_y is abelian p-group there exists a
subgroup of G/Z;_1 of index p say T'/Zj_1. Then T has index p in
G. Since G has a unique subgroup of index p we get T' = X, i.e.
Z(G) < X and the case XZ(G) = G is impossible.

XZ(G) < G, then as X is maximal subgroup we get Z(G) < X
and [G/Z(G) : X/Z(G)] = p. The group G/Z(G) has a unique
subgroup of index p, then by induction assumption G/Z(G) is cyclic.
This implies that G is abelian p-group and has a unique subgroup
of index p. Using fundamental theorem of finite abelian groups one
can easily see that G is cyclic.

Suppose that G is a finite p-group. Show that Z(G) is cyclic if and
only if G has exactly one normal subgroup of order p.

Solution: Assume that Z(G) is cyclic but G has two normal
subgroups N and M of order p. Then by question 23, N N Z(G) #
{1} and M N Z(G) # {1}. Since N has order p we get N < Z(G),
and M < Z(@G). But in the cyclic group Z(G) there exists only one
subgroup of order p. This implies N = M.
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Conversely assume that G has exactly one normal subgroup of
order p but Z(G) is not cyclic. Since Z(G) is abelian it can be
written as a direct product of cyclic subgroups. It has at least two
component. As each component gives a normal subgroup of order
p. We get Z(G) must be cyclic.

Show that there are no simple groups of order 104, 176, 182 or 312.

Solution:

(i) 104 = 13.23. Let ny3 be the number of Sylow 13-subgroups of
G. ni3 = 1 (mod 13) and n,3|8 implies ny3 = 1. Hence Sylow
13-subgroup of GG is normal in G.

(i) 176 = 11.2%. ny; = 1 (mod 11) and nq;|2*. Therefore ny; = 1.
Hence Sylow 11-subgroup of G is normal in G.

(iii) 182 =13.7.2 n; =1 (mod 7) nr|13.2 so n; = 1. Hence Sylow
7-subgroup of GG is unique. This implies Sylow 7-subgroup of
G is normal in G.

(iv) 312 = 13.3.23 ny3 = 1 (mod 13) n43/3.23. So ny3 = 1. This
implies Sylow 13-subgroup of G is normal in G.

There is a simple group G of order 168. Show that G has 48 elements

of order 7.

Solution: Let G be a simple group of order 168 = 7.3.23. Let
n, be the number of Sylow p-subgroups of G. n; =1 (mod 7) and
n7 32> ny;=1or8.

Since G is simple n; cannot be equal to 1. It follows that n; = 8.
That means number of Sylow 7-subgroups of G is 8. Intersection of
any two distinct Sylow 7-subgroups is identity. Hence there are 6
elements of order 7 in each Sylow 7-subgroup. Therefore all together
we have 48 elements of order 7 in G.

If p and ¢ are primes show that any group of order p?q is solvable.

Solution: i) p = ¢ then G is a p-group hence solvable.

ii) p > ¢ then n, =1 (mod p) and n,|g. But this implies n, = 1
as p > q. Hence the Sylow p-subgroup P of G is normal in G. It
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follows that G/P is a g-group, hence solvable. P is a p-group so P
is solvable. Hence G is solvable. (In fact P is abelian and G/P is
cyclic.)

n, =1 (mod p) nylq

(iii) p < ¢ then Since ¢ > p the

ng=1 (mod q) n,lp*
possibilities for n, are 1,¢ + 1,k¢ + 1 and divide p?. If n, = 1,
then Sylow g-subgroup @ of G is normal in G. Hence |G/Q| = p*.
Then it is abelian. @ is cyclic. Hence G is solvable. Assume that
n, =kq+ 1,k > 1. If n, = 1, then by above part G is solvable. So
assume that n, = gq.

Fact 1.

If there exists a normal subgroup N of G then G/N and N are
solvable implies GG is solvable.

Claim: G is not simple.

Assume if possible that G is simple. Let P, P, be two distinct
Sylow p-subgroups of G. If {1} # P, N P,, then |P, N Py| = p.
Then P, N P, < Z((Py, P)) as any group of order p? is abelian. It
follows that T = (P, P,) # G. But P, S T < G and |G| = p?q,
IT| | |G| implies that PN P, = {1}. Then we get q(p*—1) = p*q—q
elements of order a power of p. So there are only ¢ elements coming
from Sylow ¢-subgroup. This implies Sylow g-subgroup ) is unique.
Hence G' cannot be simple.

Fact 2:Any group of order pq is solvable. Now combining Fact
1 and Fact 2, one can show that G is solvable.

If G is a finite p-group, show that the composition factors of G are
isomorphic to Z,.

Solution: Let G be a finite p-group. Then G has an upper
central series {1} = Zy <21 < Zy Q-+ < Z, = G where Z;/Z; 1 =
Z(G/Z;-1). Therefore Z;/Z;_; is the center of G/Z;_;. In particular
Z;/Z;_1 is an abelian p-group. Therefore by Cauchy’s theorem it
has a subgroup of order p say Z;1/Z; 1 < Z;/Z;_4. Since Z;/Z; 4 is
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abelian every subgroup is normal in particular Z;; < Z;. If Z;; #
Z;_1, then consider Z;/Z;; and find a subgroup Z;5/Z; < Z;/Z;; of
order p. Hence we can refine in the upper central series of G the
part Z; 1 <1 Z; to Z; 1 <\ Zj <A Zin < --- <1 Z; where each factor is of
order p hence isomorphic to Z,. We can do this for each 7. We get
a series of G in which each factor isomorphic to Z,,.
If A and B are subnormal subgroups of G show that A N B is
subnormal.

Solution: A is subnormal in G implies that there exists a series
A=Ay<A1 <Ay <--- <A, = G. The group B is subnormal in G
implies that there exists a series

B=By<xBy<By«---<8B,, =G.
Then take the intersection with B of the series of A we get

Therefore

ANB<A NB1---<A,NB=B<B; <By<«---<B,=G

(31)

(32)

is a series of AN B. Hence AN B is subnormal in G.
If p is a prime, |G| = p* and G is not abelian show that G' = Z(G).

Solution: Recall that any finite p-group is solvable and Z(G) #
{1}. Therefore by assumption {1} # G’ < G. Since Z(G) # G,
G/Z(G) is a non-trivial group. If G/Z(G) is cyclic then G is abelian.
Hence |G/Z(G)| = p®. This implies that G/Z(G) is an ( elementary
) abelian group of order p?. Hence G’ < Z(G). As G' # {1} and
|Z(G)| = p we get G' = Z(G).
If G is a group and =z € G, define the inner automorphism f, by
setting f,(y) = zyz ™!, all y € G. Write I(G) for the set of all inner
automorphisms of G.

1) Show that I(G) < Aut(G)

2) Show that I(G) = G/Z(G)
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3) If I(G) is abelian show that G’ < Z(G). Conclude that G is
nilpotent.

Solution: 1) f, : G — G, f.(uwv) = zurtzve™' = f.(u)fs(v).
Hence f, is a homomorphism.

fo(u) = fo(v) implies zuz™' = zvx~!. Tt follows that u = v.
For any u € G, f.(z7'ur) = xaz luzs™

1

= wu. Hence f, is an
automorphism of G.

fofy(9) = felygy™) = zygy~'a~" = foy(g) for all g € G. Hence
composition of two inner automorphism is an inner automorphism
fofy = foy and fo—1 = (fz)"'. ile. inverse of an inner automor-
phism is again an inner automorphism. Hence I(G) is a subgroup

of Aut(G).

2) Define a map f : . The map f is a homo-

T = fe
morphism. For any 2,y € G, f(zy)(u) = fuy(u) = zyu(zy)™" =
zyuytat = fuf,(u) for all u € G. Hence f(zy) = foy = fufy =
f(@)f(y).

Kerf={xeG| fo=Id} ={z € G| fo(u)=u forallue G} =Z(G).

Hence by isomorphism theorem,

G/Z(G) = I(G) as image of f is I(G).

3) If I(G) is abelian then by part (2) we have G/Z(G) is abelian.
This implies G' < Z(G). Then [G',G] < [Z(G),G] = 1. Hence G is
nilpotent of class at most 2.

(33) If A< G and B < G show that G/(A N B) is isomorphic with a

subgroup of G/A x G/B.
Solution: A <G and B < G implies that A N B < G. Define a
map

G/ANB — G/AxG/B
(AnB)x —  (Az, Bzr)



(35)

(36)
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It is easy to show that ¢ is well defined. ¢ is a homomorphism.
Kerp = {(AnB)x | (Az,Bz) = (A,B)} = {AN B}. Hence ¢
is a monomorphism. It follows from isomorphism theorems that
G /AN B is isomorphic to the image of ¢ in G/A x G/B.

If G is a finite p-group that is not cyclic show that there is a ho-
momorphism from G onto Z, x Z,. (Hint: Let A and B be distinct
maximal subgroups of G and apply previous question.)

Solution: Since G is not cyclic by question 24 GG has at least two
distinct maximal subgroups A and B. Since maximal subgroups of
finite p-groups have index p in G (one can observe this by looking to
the central series of G). We get G/ANB — G/AXxG/B = Z,x Z,.
Since A # B,|G/AN B| > p*. Hence G/(ANB) < G/A x G/B.
Since there exists natural epimorphism from G to G/A N B we get
G5 G/ANB — Z, x Z, an epimorphism.

If A, B < G show that [A, B] < (AU B).

Solution: [A,B] = (a™'b"tab | a € A,b € B). It is enough to
show that [A, B] is normalized by A and B. Let a~'b~'ab be any
generator of [A, B] and a € A. then

ata b taba
(cx
(a

a) ' taabb o ba = [aa, b][b, o]

(a b tab)™ =

o Yo taaa ha

Since a, € A, aa € A hence [a,b] € [A, B] and [b,a] = [a, ]! €
[A, B]. Hence [A, B] is normalized by A. Similarly for § € B and
la,b]? = [B,d][a,bB], [B,a] = [a,8]7" € [A,B],b,3 € B implies
b3 € B. Hence we get [A, B] is normalized by B. In particular
[A, B] is normalized by (AU B). It is clear that [A, B] < (AU B).
Hence [A, B] < (AU B)

If G is a finite group in which every maximal subgroup is normal
show that G is nilpotent. (Hint: Suppose to the contrary that P is
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a non-normal Sylow p-subgroup and choose M < G maximal with
Ng(P) < M. If z € G\ M consider P*.)

Solution: Recall that G is nilpotent if and only if G is a di-
rect product of Sylow p-subgroups. We show that in the above
conditions Sylow p-subgroups are normal. Assume if possible that
P is a Sylow p-subgroup of G but P is not normal in G. Then
P < Ng(P) < G. Let M be a maximal subgroup of G containing
N¢(P). Hence by assumption M is normal in G. For any z € G\ M,
we get P # P* < M. Hence there exists m € M such that P*™ = P.
It follows that xm € Ng(P) < M. Since m € M we get © € M
which is a contradiction. Hence P <1 G and the result follows.

If G = (a,bla* = b> = 1,ab = ba®), show that G is cyclic of order 6.

Solution: aba = ba* = b. Then

1=0" = (aba)(aba)(aba)
= aba®.ba®.ba

multiply from left and right by a=! we get
ba*ba*b = a~? = a®

Thus a* = ba(aba)ab = babab = b* = 1. This gives b = a* = 1.
Hence we get a? = 1. This gives ab = baa® = ba. Hence G is an
abelian group. Since every element is of the form a't’ we get |G| is
a divisor of 6. We may conclude that |G| = 6. i.e. G is an abelian
group of order 6. The order of ab is 6. Hence G is cyclic group of
order 6, as G = ( ab | (ab)=1 ).
Prove that there exists no simple group of order 180 = 22.3%2.5
Proof: Let n, be the number of Sylow 2-subgroups. mns be
the number of Sylow 3-subgroups, ns be the number of Sylow 5-
subgroups.
(1) If one of ng, n3, ns is equal to 1, then the corresponding Sylow
subgroup is normal in G. Hence we may assume that n; > 1 for
1=2,3,5. If n; <5 for some ¢ = 2,3,5, then G can be embedded
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in S(n;) but |S5| = 120. Hence there must be a kernel but this
implies G is not simple. It follows that we may assume n; > 6 for
all © = 2,3,5 and G is a simple group.

(2) if n5 = 6, then there exists a homomorphism ¢ : G — Sg.
Since G is simple kere = {1}. Hence G is isomorphic to a subgroup
of S¢. But G’ = G as G’ < G and G is simple. Hence G = G' <
Sg = Ag. But |Ag| = 360 and |G| = 180. But Ag is simple hence it
cannot have a subgroup of index 2. This implies that n; > 6 nj;|36,
ns = 1 (mod 5.) So ny = 36. This implies that [G : Ng(P5)] = 36
i.e. Ng(Ps) = Ps as |[Ng(Ps)| = b, where Ps is a Sylow 5-subgroup
of G.

(3) Let Hy, Hy € Syl3(G) J = (Hy, Hy), D = Hy N Hy. Then we
shall see that D < Z(J) and [J : Hy] > 4. Since |H;| = |Hy| = 3%,
H, and H, are abelian groups. Hence D < Z(J). Moreover the
group J has order 2 9 as Hy # H,. Moreover |[Hy N Hy| < 3. If
[J : Hi] = 2, then H; < J and H, normalizes Hy i.e. HyHy is
a subgroup of G. But |H Hy| = % = 53 = 33 this implies
3?| |G| which is impossible. Since H; and Hs are Sylow 3-subgroups
|J : Hy| # 3. Hence |J : Hy| > 4.

(4) By (3),]J| > 36. If D # 1, then J # G as G is simple and
D<J. If D # 1 and 5||J], then Sylow 5-subgroup is contained in J
and D normalizes Sylow 5-subgroup contradicts Ng(P5) = Ps. So
[J : Hi] = 4 this implies|G : J] = 5 and G can be embedded inside
S5 but this is impossible. i.e. The intersection of any two distinct
Sylow subgroups is trivial.

(5) So D = 1. Then we count the elements : 4.36 = 144 elements
of order 5.

ng = 1, mod 3 and n3|2%5 and nz = 5 implies nz > 10.

8.10 = 80 3-elements.

4 2-elements.

1 identity
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Total: 229 elements which is a contradiction.

If A, B,C are subgroups of a group G,A C C' and AB = BA so
AB is a group, then ABNC = A(BNC(C).

Solution: A C AB and A C C implies that A(BNC) C ABNC.
For the converse let x € AB N C since AB = BA we can write
x = ab where a € A,b € B. Now = € C implies a 'z € BN C.
Hence x € A(BNC).

It follows that ABNC C A(BNC) and we get the equality.
Suppose G is an infinite p-group (where p is a prime) such that
every proper non-trivial subgroup of G has order p. (such groups
are constructed by Ol'sanskii).

a) Prove that p > 2.

b) Prove that G must be simple.

Solution: Assume that p = 2. Then for any ¢ € G we get
g* = 1. This implies that G is abelian. Let x # y be two elements
of GG, then the subgroup generated by = and y has order 4. But this
is a contradiction. Hence p can not be equal to 2.

(b) Assume if possible that, there exists a non-trivial normal
subgroup N of G. Let z be any element of G. Then (z)N is a
subgroup of G. Since |(x)| = p, the group (z) NN is either 1 or (x).
If it is 1, then |[(z) N| = p? which is impossible. Hence (z)NN = (x).
It follows that for any x € G the group (z) < N ie., N = G and
this implies G is simple.

Suppose G is a finite group with 7 Sylow 3-subgroups, each having
order 27. Prove that G is not simple.

Solution: Let n3 = 7 be the number of Sylow 3-subgroups
and P3 be a Sylow 3-subgroup of G. Then |G : Ng(Ps)| = 7. Now
consider the right action of G on the right cosets of Ng(Ps) in G.
It follows that there exists a homomorphism ¢ from G into S;.
Ker ¢ < Ng(P3) S G. Hence G/keryp is isomorphic to a subgroup
of S7. Since 3% J 7!. We get ker ¢ # {1}. Hence G is not simple.
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(42) Suppose G and H are groups. Assume N < G such that N = S
and G/N = S3 x Zy. Also assume that M < H with M = Z, and
H/M = Sg. Prove that G is not isomorphic to H.

Solution: G has a composition series

GDM1|>M2|>M3:NDM4gA5I>1.
G/Ml gZ?a Ml/MQgA?); MQ/M?,gZQ, Mg/M4gZ2.
M, = As. Hence composition factors of G are {Zs, A3, Zs,Za, As}
Ho>H > Hy,=Mn>1

H/M = Sg so there exist a subgroup H;/M in H/M such that
(H/M)/(H,/M) = H/H, = Zy and H,/M = Ag. Recall that A,
is simple if n # 4. Hence composition factors of H are isomorphic
to { Zs, A¢,Zy }. By Jordan-Holder Theorem G and H can not be
isomorphic.
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RINGS

(43) Let R be a commutative ring and let S be a subset of R* that is a

multiplicative semigroup containing no zero divisors. Let X be the
Cartesian product R x S and define a relation ~ on X by agreeing
that (a,b) ~ (¢, d) if and only if ad = be.

(1) Show that the relation ~ just defined is an equivalence rela-
tion on X.

(2) Denote the equivalence class of (a,b) by ¢ and the set of
all equivalence classes by Rg. Show that Rg is a commutative ring
with 1.

(3) If a € S show that {"*|r € R} is a subring of Rg and that
r — % is a monomorphism, so that R can be identified with a
subring of Rg.

(4) Give a “universal definition” for the ring R¢ and show that
Rg is unique up to isomorphism.

The ring Ry is called the localization of R at S.

Solution:

1) (i) ~ is reflexive: For any (a,b) € R x S, ab = ba. Hence
(a,b) ~ (a,b).

(ii) ~ is symmetric: (a,b) ~ (c,d) implies ad = bc = cb = da.
Hence (¢, d) ~ (a,b)

(iii) ~ is transitive: (a,b) ~ (¢,d) and (¢,d) ~ (e, f) implies
that ad = bc and c¢f = de. Then adf = bef = bde. Hence we get
(af —be)d = 0. Since d € S and S does not contain zero divisor we
get af —be = 0. Hence af = be, equivalently (a,b) ~ (e, f).

We conclude that ~ is an equivalence relation.

(2) Let ¢ = {(c,d) | (a,b) ~(c,d) }.Let Re={% | a € R,b¢c
S}.

Define addition and multiplication on Rg by

_adtbe 4 % ics

L C a
d bd b d  bd

a
b
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We first show that these definitions are well defined. If g =
‘g—,/ and § = C%then ab’ = ba’ and cd’ = dc’. Hence §+§ = @ 4o

or equivalently
(d'd +Vd)bd = d'dbd+cbd
= abdd+Vbdc
= (ad + be)b'd'

a ¢ ac a'c

For multiplication % - 5 = 35 = 7%, Equivalently we need to show

ach/'d = bda'c’ Let’s begin from the left hand side.

ac/d = d'bed = a'bcd
= dc.bd

Hence multiplication is well defined. In the above, observe that we
used S is multiplicatively closed because we need bd € S.

One can see easily that with the above addition and multipli-
cation Rg is a commutative ring. 3 - l—lj = ‘;—z. But ‘;—s = ¢ because
(ab, bb) ~ (a,b). Hence the equivalence class 2,b € S is the identity
in Rs.

(3) Fora € S, let T = {"* : r € R} and ™%, 2% be two elements

from 7. Then

ria  ra  ria—ra  (rp—r2)a

R = eT
a a a a
and
2
ra Taa mroa rrqa
_— = 5 = eT.
a a a a
Hence T is a subring of Rg.
. R — T
Let 7 :

ra
a

r
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riTeG T2 T1QT9a

= i(r1)i(r2)

e
ria raa

i(r1) = i(ry) implies that =% =

a a

0= ria—rea  (rp—12)a

a a
This implies that (r; —rg)a = 0, as a € S and S does not have a
zero divisor. Hence vy —r9 = 0. i.e. r{ = 5. It follows that 7 is a
monomorphism of rings.
(4) Let a € S. Recall that ¢ is the identity element of Rg. Let
a— © € Rg and % € Rg. Then

Hence -5 is the multiplicative inverse of % in Rg.

Let S be a multiplicative semigroup of a ring R which does
not have a zero divisor. Let 7" be a ring and ¢ : R — T be a
ring homomorphism such that for every s € S, ¢(s) invertible in 7.

Then there exists a unique ring homomorphism f from Rg into T

iR
© /
T

To see that Rg is unique satisfying this property. Let > and

satisfying f.1 = .

be another pair satisfying this property. Then
. Rg

NV




(44)
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fB =idgr; and Bf = idy. Hence f and 8 are invertible ring
homomorphism i.e. isomorphisms of rings.

The ring Ry is called localization of R at S.

Suppose R is an integral domain and P C R a prime ideal.

(1) Show that both P and R\ P are multiplicative semigroups.

(2) If S = R\ P show that U(Rg) = Rs \ RsP conclude that
RgP is the unique maximal ideal in Rg.

Solution: (1) It is clear that P is a multiplicative semigroup.
Let z,y € R\ P. Then zy € R\ P. Indeed if xy € P, then either
x € Porye P as P is a prime ideal. But this is impossible.

(2) By previous exercise we have localization of S = R\ P. Now
we show that U(Rs) = Rs \ RsP. Let ¢ € U(Rg). Assume if
possible that x € RgP. Then x = 2, where p € P and s € §.
Then there exist 5 € Rg such that 52 = 1. Then ap = s's and
this implies ss’ € P. Then either s € P or s € P. This is a
contradiction.

Observe that RgP is an ideal of Rg. Assume that x € Rg\ RsP.
Then = 2 where a ¢ P. Then a € R\ P = S. It follows that
relU (RS)

A field of fractions of an integral domain R is a localization
of R at R* = R\ {0}. In particular field of fractions of an integral
domain is a special case of localization. Another definition for a
field of fractions of an integral domain R:

A field of fractions for an integral domain R is a field Fr with
a monomorphism ¢ : R — Fg such that if K is any field and
0 : R — K a monomorphism then there is a unique homomorphism
(necessarily a monomorphism) f : Fg — K for which the diagram
commutes i.e. = fo.
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(45) Find the invertible elements U(R) in R if R = Zylz]. Z, =
{0,1,2,3}. 1 and 3 are invertible in Z4.
Solution: Consider the homomorphism

Zylzx] — Zs[x]

f= Zaixi — f= dei

obtained from the homomorphism 7y — Zy = Z,/27Z,. Then fg =
1 implies that by homomorphism properties fg = 1. Since Z, is a
field we get Zs[x] is an integral domain. Hence by degree properties
f=a =1and g ="by = 1. Thus f = ag + 2 ci>12" with
ag € {—1,1} and a; € Z,.

Conversely for f = +1+ 2> a;x’ take g = £1 — 2> a;2° and
get fg=9gf=1— (2> a;x")*>=1. Thus f~! = g. It follows that

U(Z,[x]) = {aptarz+- - -+a,z" | ap € {1,3},a, €{0,2}, i=1,2,3,--- ,n,neZ}

(46) Suppose R is a commutative ring with 1. If I is an ideal in R[z]
and m is a nonnegative integer denote by I(m) the set of all leading
coefficients of polynomials of degree m in I, together with 0.

(1) Show that I(m) is an ideal in R
(2) Show that I(m) C I(m + 1) for all m.
(3) If J is an ideal with I C J show that I(m) C J(m) for all

Solution:

(1) I(m) = {a, € R | there exists a polynomial a,,x™ + - - +
ag € I} U{0}.

Let @y, by € I(m) and r € R. Then there exists polynomials
f(x) = ama™ + -+ a1z +ag and g(x) = bpa™ +- -+ bz +by € I.



(47)
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Since [ is an ideal f(z) — g(x) € I with a,, — by, is zero or leading
coefficient of a polynomial of degree m in I. Hence in any case
am — by, € I(m). Now for any r €R we have rf(x) € I. If ra,, =0,
then 0 € I(m), if ra,, # 0, then r f(z) will be a polynomial of degree
m in I. Hence ra,, € I(m). As R is a commutative ring we get
I(m) is an ideal of R.

(2) If a,,, € I(m), then there exists a polynomial f(z) = a,z™ +
o+ ax+ayg € I. Then zf(x) € I and zf(z) has degree m + 1.
Hence a,, € I(m + 1). This implies

I(m) CI(m+1).

(3) Let J be an ideal with I C J and let a,, € I(m). Then
f(z) = apa™ +---+ax +ap € I C J. Hence f(z) € J and so
Ay, € J(m).

If R is a commutative ring with 1 and {z, | @ € A} is an infinite
set of distinct commuting indeterminates show that the polynomial
ring R[{z, | a € A}] is not Noetherian.

Solution: Consider the following chain of ideals. Let I; be
the ideal generated by distinct elements x,,, Z4,, -, Z4,. Then we
have I} € I, C --- and z,, is not an element of I; for j < ¢. Hence
this chain is an infinite strictly ascending chain. It follows that
R[{x,|a € A}] is not Noetherian.

Let m be a square free integer. Show that Q[v/m] = {r + sy/m :
r,s € Q}, and that Q[y/m] is a field. It is thus its own field of
fractions, and we will write Q(y/m) rather than Q[y/m)].

Solution: (i) Q[vm] = {ao + a1/m + as(v/m)? + az(y/m)? +
oo+ ap(vm)* | a; € Q}. We can write every element of the form
ap+aiv/mtas(y/m)?+az(y/m)2+. . .+ap(y/m)* in the form b+t/m
for some b, ¢ in Q. Hence Q[v/m] C { b+ ty/m | bt € Q}. Clearly
{b+ty/m | bt eQ} CQ[/m]. Hence we have the equality.

Clearly Q[v/m] C C. We show that Q[y/m] is a subring of C.
Let wy = r1+$1y/m and wy = ro+s24/m be two elements of Q[v/m)].
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Then wy —we = (11 —r2)+ (51— 52)v/m € Q[v/m] as r; —ry € Q and
$1— 89 € Q. For wywy = (r1re +ms18z + (r1s2 + s112)v/m € Q[v/m]
as riry+ms1sy € Q and 7182+ 5172 € Q. Hence Q[y/m] is a subring
of C. Tt is clear that it is an integral domain with 1.

rn —r m
(rl_f_TQ\/R).;‘Q—Z\/_

=1
5 .
i —mr;

Since m is square free 0 # r?—mr2 € Q. Hence S — 2 /m €
1 2 1 2

Q[v/m] is the inverse of 1 + roy/m in Q[y/m]. It follows that

every nonzero element of Q[y/m] is invertible. Hence Q[/m]

is a field. Therefore its field of fractions is equal to itself i.e.

Q[vm| = Q(vm).

(49) (1) If m € Z show that I = mZ = {mkl|k € Z} is an ideal of Z.

a 0
(2)if R=My(Z)and I ={| ¢ 0 | |a,c € Z} show that I is

a left ideal but not a right ideal.

(3) If Ris aring with 1 and [ is an ideal (left, right or two-sided)
in R such that I NU(R) # ¢ show that I = R.

Solution: (1) Clearly I is non-empty. Let mk and mr be two
elements from /. Then mk — mr = m(k —r) € I. For any s €
Z | s(mk)=m(sk) € I. Since Z is commutative this implies that
I is an ideal.

(2) For any [z ‘g] € R, [j ‘Z{][Z 8] =

ar +yc 0 € 1. and
za+tc 0

a—u 0

a u 0
c v 0|l =] c—v 0] €l

0
0| =



(50)
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Hence [ is a left ideal. But

ol

One can find a and y such that ay # 0, then [ is not a right ideal.

(3) Let g € INU(R). If I is a left ideal then there exists g~! € R,
such that g7'g = 1 € I. Hence for any r € R,r1 € I. Similarly for
right ideal and two sided ideal I = R.
Let R be a ring with 1.

(1) Show that the set of units U(R) is a group.

(2) Find U(R) when R = Z and when R = Z,.

(3) If R = Mayo(Z) show that U(R) is the group of all matrices

Z with integer entries such that ad — bc = +1.

Solution: (1) Let  and y be two elements of U(R). Then there
existsz ' andy !suchthat zz™ ' =2 'lo =landyy ' =y~ ly = 1.
It follows that (zy)(y~'2™1) = (y~ 'z~ ') (zy) = 1. Hence zy € U(R).

Since z is invertible implies 27!

group.

(2) Let n € Z and n be invertible. Then by (1), £ € U(Z). This
implies that n = +£1. It is easy to see that £1 are invertible. Hence
U(Z) = {£1}.

Let R = Z,,. Every element m € R which is relatively prime to

is also invertible we get U(R) is a

n is invertible. Indeed if (m,n) = 1, then there exists z any y € Z
such that mx +ny = 1. Hence 7 is the inverse of m in R where bar
denotes the element x modulo n. z =7 (mod n).

Assume that (m,n) = d # 1 and m is invertible. Then m = dk,
and n = dl. If ms = 1 (mod n) for some s € Z, then dks = 1
(mod n). But dl = n implies ld(ks + 1) =1 =0 (mod n) which is a
contradiction as [ < n. Hence the only units m in Z,, are those with
(m,n) =1. |U(Z,)| = ¢(n) where ¢ is Euler ¢ function.
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a b
d

Then AA™! = A71A = I Tt follows that (detA)(detA=1') = 1. Hence

detA is an invertible element in Z. Therefore detA =ad — bc = +1.
Converse is clear.

(3) Let A = € Msy2(Z) be an invertible matrix in R.

If R is a commutative ring and a € R Show that the principal ideal
(a) has the form (a) = {ra+na : r € R,n € Z}. Describe the
elements of (a) explicitly if R is not necessarily commutative.

Solution: Let S = {ra + na|r € R,n € Z}. We first observe
that S is an ideal of R containing a. Let r1a +nya and rya +nqa be
two elements from the set S. Then (r; — r9)a + (n; —ng)a € S and
for any r € R,r(ra+ nia) = rria+rnia = rria +nyra € S. Since
R is commutative ring we get S is an ideal containing a. Hence
(a) CS.

Conversely for any r € R, ra € (a) and for any integer n, if
positive na = a+a+---+a € (a) if negative, na = —a—a—---—a €
(a). Hence ra + na € (a) i.e. S C (a). It follows that (a) = S. If R
is not commutative, then

m
(a) = {ria + ary + na + Zsiauilrl,m,si,ui € Ryn,meZ,m>0}

A:

=1

Let

m
{ria + ary + na + Zsiaui]rl,rg,si,ui €ERnmeZ m>0}

i=1
We show that A is an ideal containing a. It is clear that a = 1la € A.
Let

m
wy =ria+ ary + na + g S;aU;
i=1
k
/ / / /
We = Tria+ary, +na+ g Sjrau;
Jj=1
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It is easy to see that wy — wy € A. Now for any z € R we have

m
rw; = xria -+ xrarg + rna + E Trs;au;

i=1

= (zri1)a + xary + nxra + Z(zsi)aui € A
i=1
Similarly, wyz € A.
Hence (a) € A. One can see that A C (a). Hence (a) = A.
(52) Show that there is no ring R with 1 whose additive group is isomor-
phic with Q/Z.
Solution: Assume that f : RT — Q/Z is an isomorphism of
abelian groups. Since f is an isomorphism 0 # f(1g) = = + Z
where m < n. Then nlg € Kerf = {0}. Hence for any a € R,
na = 0. Let k be an integer greater then n and % +7Z e Q/Z.
Since f is onto, there exists b € R such that f(b) = + + Z. But
0= f(n.b) = 2+7Z # Z, asn < k. Hence we obtain a contradiction.
Such an isomorphism can not exist.
(53) If R is any ring denote by R; the additive group R & Z, with mul-
tiplication defined by setting

(r,n)(s,m) = (rs +mr + ns,nm)

Show that R, is a ring with 1. If » € R is identified with (r,0) € R.
Show that R is a subring of R;. Conclude that every ring is a
subring of a ring with 1.

Solution: R; is an abelian group with respect to addition de-
fined by

(r1,21) + (12, 22) = (r1 + 79, 21 + 29)

Since R and Z are abelian groups, R is an abelian group.
Clearly multiplication is closed, since rs + mr + ns € R and
nm € 7.
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(r1,m)[(re,m)(r3, s)] = (r1,n)(rars + sra + mrs, ms)

(r1,
(11(rars + sro + mrs) + msry + n(rers 4+ sro 4+ mrs), nms)
= (rirars 4 sriry + mrirs + msry + nrars + nsry + nmrs, nms)
((rin)(ra,m)|(rss)) = (rirg +mry + nrg,nm)(rs, s)
((rirg + nrg + mry)rs + s(rire + nry + mry) + nmrs, nms)
(rirers + nrors + mrirs + sriry + snry + smry + nmrs, nms)

So
[(7’1, TL) (T27 m)](r?n 3) = (Tla n)[(r% m) <T37 3)]

Since R and Z associate we get multiplication is associative in Rj.

(r,n)[(r1,m) + (re,8)] = (r,n)(r; +re,m+ s)
= r(ri+mr)+ (m+s)r+n(r;+mr),n(m+ s)
= rr1+rro+mr 4 sr4+nry 4+ nre,nm 4+ ns
(r,n)(ri,m) + (r,n)(rq,s) = (rry +mr +nry,nm) + (rre + sr + nrg, ns)
= rri+mr+nry+1rro+ Sr-+nrg,ns +nm
((rys) + (r1,81))(r2,82) = (r+7r1,5+ 51)(r2, 52)
(r 4+ ri)re + so(r+11) + (s + s1)72, (8 + 81)82)

T + Sor + 879, 882) + (1172 + Sar1 + $172, $182)

(

(
= (rro + 1rire + Sor + Sory + Sr9 + 172, SS9 + S152)

(r,s)(r2, 82) + (r1,81)(r2,52) = (

(

T + Sor + STy + 179 + Sory + 172, SS2 + S152)

So Ry is a ring.

(r,s)(a,b) = (r,s)

(ra+ br + sa, sb) = (r, s)
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ra+br+sa=r

=srat+brt+sa=r=rat+sa=0
sb=s=b=1

This is true for all » € R and for all s € Z. For a = 0,b = 1
(r,s)(0,1) = (0,1)(r,s) = (1, 5).

So, (0,1) is the identity element of R;

(r,0) — (r1,0) = (r —r,0) € R

(r,0)(r1,0) = (rry + 0r + 0r1,0) = (rr1,0) € R

R is a subring of R; and so every ring can be embeddable in a
ring with 1.

(54) (The Binomial Theorem) Suppose R is a commutative ring a,b € R

and 0 < n € Z. Show that

(a—i—b)”:Z{( Z)a”—kbk70§k;§n}

where

n n!
( k ) " (n— kKl

Proof: Induction on n. If n = 1, then

g (1) () (oo
k=o

Assume it is true for n. Then
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(a+b)"™" = (a+0b)"(a+b) by induction assumption

n+1 - n n—k+11k - n n—k+11k n+1
a JrZ(k)a b+z<k_1>a b" 4+ b

_ ntl n n n—k+1l1k n+1
= a —1—2[ /{>+<k‘—1 }(l b" +0b

n n n! n!
(k)*‘(k—1)Z(n—mmf%m—k+1wk—n!

nlln—k+1)+nlk  nln—k+1+k  nl(n+1)

(n—k+1k! (n—k+1k!  (n+1-Fk)k
B (n+1)! [ n+1
(1 -k)E k

hence

& 1
(a_|_ b)n—l—l _ an-l—l + Z < n -+ ) an+1—kbk + bn+1

k
k=1
k+1
— Z n -+ 1 an+1—kbk
n=0 k

This completes the proof.
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Show that every ideal in Z, is principal.

Solution: Let I be a non-zero ideal in Z,,. There is a natural
order in the elements of Z,. Assume that k& be the minimal non-
zero element in I. If m is any other element in Z,. Then write
m = ak + r where 0 < r < k. Consider this in Z and write it
modulo n. This implies that r = m —ak € I and r < k. Hence
r = 0. This implies I = (k).

The above proof is the modified version of the proof of statement
Z is a principal ideal domain.

If F' is a field show that the ring M, (F") of all n x n matrices over
F' is a simple ring.

Proof: Let E;; be an n X n matrix such that in the (4, j) — th

entry it has 1 and zero elsewhere.

Observe the following properties of E;;.
EijEj, = Ey,
EyEy=0 if j#k
It is clear that M, (F') can be generated by {E;;|i =1,--- ,n,j =
1,--+,n} as a vector space over F of dimension n?. We first show
that if I is a non-zero ideal in M,,(F') and I contains one of E;;, then
I = M, (F). To see this, by the above observation it is enough to

show that every Fjy € I foralll =1,---,n,f =1,---,n. Since
Eij € [, then EliEij = Elj S [, Elejf = Elf € I. Hence I contains
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all Eyy. It follows that I = M, (F). Hence it is enough to show that
every non-zero ideal contains one of Ej;.

Let X be a non-zero element in I, such that a;;, the (i,7)-th
entry is not zero. Then

00 0 ai; Qo A1n 00 0

E.XE. — 0 0 0 i1 Qip Qi Qip 00 0
e 00 1 O (n1  Gpo G 00 1 O
0 0 00 0 O

Eij(a11 By + a1oErg + - - + apn Enn) Ej;
= (aaBn + -+ ainEin) Ejj
al-jEij el

This implies E;; € I. Hence M, (F) is a simple ring.
(57) Suppose R is a commutative ring, I; and 5 are ideal in R, P is a
prime ideal in R, and I NIy C P. Show that I; C P or I, C P.

Solution: First observe that I; NI is an ideal in R. Let xz and
y be two elements in Iy N [5. Then x —y € I; N I, and for any
re Rre e[y asx € I; and rx € Iy as x € I, hence rz € I; N I5.
Similarly by commutativity xr € I N I,. Hence I; N Iy is an ideal
of R.

Assume that I; N[5, € P and I; € P so there exists non-zero
element a; € I; \ P. Let ap be an arbitrary element of I,. Then
airas € Iy Iy C P. Since P is a prime ideal either a; € P or as € P.
But a; ¢ P hence ay € P. But ay is an arbitrary element of [ and
it is in P. Hence I, C P.

(58) For a commutative ring R with identity the following are equivalent:
a) R has a unique maximal ideal,
b) all non-units of R are contained in some ideal M # R,
¢) the non-units of R form an ideal,
d) for all r,s € R,r + s = 1y implies r or s unit.
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Such a ring R is called a local ring.

Solution: (a) = (b) Let M be the unique maximal ideal of R,
and let = be a non-unit element of R. Since x is non-unit the ideal
generated by x namely Rx is a proper ideal of R. But in R every
proper ideal is contained in a maximal ideal. Hence Rx C M. So
x e M.

(b) = (c¢) Let = and y be two non-unit elements of R. Then
by assumption x and y in M and x + y is also in M since M is
an ideal. Similarly for any » € R,rx € M. That means = + y and
rx are non-units because M # R. Hence the sum of two non-unit
elements is non-unit and multiplication by an element r € R is also
non-unit. It follows that the set of non-units of R forms an ideal.

(¢) = (d) If both r and s are non-units, then their sum must be
non-unit by assumption. Since 1g is a unit either r or s must be a
unit.

(d) = (a) Let M; and M, be two different maximal ideals of
R. Then M; + My = R. It follows that there exists m; € M; and
mo € My such that my; + my = 1. Now by assumption either m; or
my invertible. This implies either M; = R or My = R. Hence there
exists a unique maximal ideal.

Suppose R is a commutative ring with 1 and x € N{M : M is
maximal ideal in R}. Show that 1+ x € U(R).

Solution: Recall the fact that in a commutative ring with 1,
every proper ideal is contained in a maximal ideal. Assume that
142 is not invertible. Then the ideal generated by 1+ x is a proper
ideal, hence contained in a maximal ideal M. But then 1 +x € M
and by assumption x € M implies that 1 +x — x € M. Which is
impossible as M is a maximal ideal, M # R.

An element a of a ring R is called nilpotent if " = 0 for some
positive integer n. Show that the set of nilpotent elements in a
commutative ring R is an ideal of R.
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Solution: Let a and b be nilpotent elements of R. Then there
exist m and n such that a" = 0,6™ = 0.
Since R is commutative, by binomial expansion we have

1 mn—n

(61)

+ ( nm > an—lbmn—n+l + . + bn’m
mn—n+1

mn —n +1 > m for i > 1, hence ™"+l = pmn—nt2 — ... —
b™" = 0. But the remaining terms have powers of a greater than n.
This implies (@ 4+ b)™" = 0 i.e. a + b is also nilpotent. Now for any
r € R, (ar)” = (ra)” = r"a™ = 0 as R commutative. Hence ra is
nilpotent.

Remark. Observe that n + m th power is sufficient to show
that a + b is nilpotent.

Find all nilpotent elements in Z,, then more generally in Z,,. (See
previous question).

Solution: First observe that every element of the form pt for
some t € Z, is nilpotent and there are p"~! elements of this form.
On the other hand if x is nilpotent, then there exists an m such
that ™ = 0 mod p* or p*|a™. Hence p|r as Z, is a PID and p
is a prime element. Hence {p,2p,3p,---,p* 'p} is the set of all
nilpotent elements in Z,.

By Chinese remainder Theorem if n = pi"* ---p,**, then Z,, =
Zprlnl“'p?k Sy &9 Zpkm’“

If x is a nilpotent element in Z,, then z* = 0 (mod n) i.e.
Py ppt|at. Since py,pa, - -+, pr are prime elements each prime
should divide x. On the other hand any x which is divisible by all
p; is nilpotent.
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Suppose R is a ring with 1, u € U(R), a is a nilpotent element of R
and ua = au. Show that v+ a € U(R). In particular 1 +a € U(R)

for every nilpotent a.
Hint: Write (u+a)~! suggestively as uia = {Ta
in a power series. Then verify directly that the resulting element of

and expand

R is an inverse for u + a.
Solution: Assume that a™ = 0. Then we have
1 1 u!
uta u(l+u=ta) T ltula
=u 'l —uta+ (uta)? + -+ (D) Hure)

(u+a)t =

Therefore (u+a)u™'(1—u"ta+u"2a®*+- - -+ (=1)""(u1)""tg" 1) =
1. In particular when v = 1, then 1 +a € U(R).
Give an example of a ring R with prime ideal P # 0 that is not
maximal.

Solution: Let R = Z[z]. The ideal P(x) = {zf(z)|f(x) €
Z[z]} is a prime ideal. Indeed define a map

¢ L[z] — Z.
ap + a1z + - - -+ a, " — ag
¢ is an evaluation ring epimorphism at = = 0.

Let f(x) = ap+arz+---+ap,2™ and g(z) = bg+byx+- - -+ba™.
Then ¢(f(x) 4+ g(x)) = a0 + bo = ¢(f(x)) + ¢(g(z)) and
z)

o(f(@)g(x)) = aob = ¢(f(x))¢(g(x)).

It is clear that ¢ is onto. Hence Z[z|/(z) = Z. Since Z is an
integral domain we get P is a prime ideal. P is not maximal because
Z[z]/P = Z is not a field.
Show that the ideal I = (2, ) is not principal in Z[z].

Solution: Assume if possible that [ is principal and generated
by a polynomial f(z) € Z[z]. Then 2 € I implies, 2 = f(z)g(x),
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for some g(x) € Z[z]. Since Z[z] is an integral domain we get
deg (f(z)g(z)) = deg f(x)+deg g(x) = 0. Hence f(z) is a constant.
It is clear that I is a proper ideal. If 1 € I, then 1 = a2+ bx for some
a,b € Z[z]. Evaluating at z = 0 we obtain 2ag = 1. So ap = 5 ¢ Z.
Hence 1 ¢ I. Then the only possibilities for f(z) are £2. But
then, x € I implies = = 2¢(x), for some g(z) € Z[z]. But this is
impossible in Z[z]. Hence I is not a principal ideal.
Suppose R and S are commutative rings with R C S and 1z = 1g
and that R is an integral domain. If a € S is transcendental over
R and g(x) is nonconstant polynomial in R[z] show that g(a) is
transcendental over R.

Proof: Assume that g(a) is algebraic over R. Then there exists
a polynomial f(z) € R[x| such that

f(g(a)) =0

Consider the polynomial (f o ¢g)(x) in R[z]. Since R is an integral
domain and g(x) is not a constant polynomial (f o g)(z) is not a
constant polynomial. Since 1z = 1g substitution Theorem can be
applied and so we get (f o g)(a) = 0. This implies a is algebraic
over R which is a contradiction.

Hence g(a) is transcendental over R.

(Lagrange Interpolation) Suppose F' is a field ay,aq,--- ,a, are n
distinct elements of F' and by, bs, -+ , b, are arbitrary elements of
F', set

pi(x) =1{z —a; : j #1i}

and set

(@)’

e =§njbi§"((x) i<i<n

Show that f(x) is the unique polynomial of degree < n — 1 over F
for which f(a;) =b; 1 <i<n.
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3 o n L, i(z—aj)
Proof: f(z)=>, bt—ni?ﬁ;(ai—;j)
(ay — a; )

=b
(ay — a;) F

flag) = by

all the other terms are of the form

b‘H(ak—aj) _ (ar, — ag)(ax —az) -+ (ap — ag) . .. _0
(a; — ay) Hai —ar)(a; — az) -+ (@i — ap-1) (@i — apyr) -+ (@ — ay)
hence
flar) = by.
Uniqueness:

Assume that g(x) is another polynomial such that g(a;) = b;,
for all i = 1,--- ,n and deg g(z) < n — 1. Hence h(a;) = g(a;) —

)
max deg{ f(z),g(x)} =n—1s0 f — g =0 hence, f =g.
(67) Find f(z) € Q[z] of degree 3 or less such that f(0) = f(1) =
1, f(2) =3 and f(3) =4.
Solution: By Lagrange interpolation in the previous question
we get

pi(z) = (z—1)(z—2)(z—-3)
po(z) = z(x—2)(x—3)
ps(z) = z(x—1)(x—3)
pa(z) = z(x—1)(x—2)
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Ipi(z) | 1pa(z) | 3ps(x) | 4pa(z)
p1(0) - pa2(1) " p3(2) pa(3)

(x —1)(x —2)(z — 3) N (x)(z —2)(x — 3) N 3z(z —1)(z — 3)

—6 2 —2
dr(r —1)(z — 2
, dae-D-2)
6
1 5
= —§x3+§x2—2x+1.

Another Solution:
Let f(z) = az® + ba® + cx +d

f0)=d=1
f(1) = a+b+c+d=1
f(2) = 8a+4b+2c+d=3
f(3) = 27a+9b+3c+d=4

SO

a+b+c=0
8a+4b+ 2¢ =2
27a+9b+ 3¢ =3

1 110 1110
Then we solve the system | 8 4 2 2 | — [ 4 2 1 1| —
279 3 3 9 311
11 1 0
0 -2 -3 1
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1 1 1 0 1 1 0 2
— 0 -2 -3 1 — 0 -2 0 =5 —
0 0 1 =2 0 0 1 =2
100 —3
010 2
001 -2
1
a=—=, b:§, c=-2, d=1
2 2
1 5
flz) = —§x3+§x2—2x+1
f0) =1
1 5
1) = ——+=--24+1=1
f(1) sty -2+
1 5
F@2) = (~5)8+ ()~ 2(2) +1
= —44+10—-4+1=3
1 5
fi3) = —5(27)+§9—2.3+1
—27 445

= T—6+1:9—6+1:4

So we are done.
R is Noetherian if and only if every ideal is finitely generated.
Proof: Assume R is Noetherian. If I is any ideal in R let p
be the set of all finitely generated ideals of R that are contained
in I (e.g 0 € p). Let Iy be a maximal element of p say with I
generated by ry, -+, rg. If Iy # I choose r € I\ Iy and let J be the
ideal generated by ry,--- ,rx and r. Then J € p but I, C J and
Iy # J contradicting maximality. Thus I = I is finitely generated.
Conversely if [ C I} C I, C --- is any ascending chain of ideals,
then I = U;l; is an ideal say I is generated by ry,--- ,r, and say
that r; € Iji;),1 <i < k. Let m = max{j(1),5(2)---,j(k)}. Then
I, = I. Hence chain terminates at I,,.



44

(69)

(70)

M. KUZUCUOGLU

Suppose R is an Euclidean domain a,b € R* = R\ {0}, alb and
d(a) = d(b).

Show that @ and b are associates.

Proof: Since a|b, b = ca for some ¢ € R*. (Since b € R*,c €
R¥).

R is an Euclidean domain, a = gb+r where r = 0 or d(r) < d(b).
If » = 0 then b|a and we are done. If r # 0, then d(r) < d(b)

a = qgb+r
a = q(ca)+r
a(l—qc) = r

d(b) = d(a) < d(a(l — qc)) =d(r) < d(b).

This is a contradiction. Hence r = 0 and b|a. It follows that a ~ b.
If p € Zis prime and 1 < m € Z show that f(z) = 2™ — p is
irreducible in Q[z] and conclude that pw is irrational.

Proof: p is prime in Z by Eiesenstein Criterion f(x) is irre-
ducible, since plag, p* fag, and p fa,,.

If pw € Q, then z—pm € Q[x]. This is a divisor of 2 —p in Q|z]
for m > 2, this contradicts to the irreducibility of ™ — p € Qlx]

2"d Method:

Now suppose that pm is rational. Let a,b € Z, (a,b) =1 and
p% = 7 € Q. Then p = Z—::, pb™ = a™ since p is a prime and
divide left hand side so p|a™, then p|a. Hence p™|a™, p™|pb™ since

m > 1,p|b. This is a contradiction since
pla, ol so ged(ab)>p

1, o
Hence p» is an irrational number.

(71) (The Euclidean Algorithm) Suppose R is a Euclidean domain a,b €

R and ab # 0 write
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r1

T'k—2

Tk—1

b(h + 1 d(T1> < d(b)
riga + 12 d(re) < d(r)
Toq3 + 13 d(rs) < d(ra)

Th—1qk + Tk d(?“k) < d(Tk_l)

Tkqk+1

45

with all r;,¢; € R. Show that r, = (a,b) and “solve” for 7 in

terms of a and b thereby expressing (a,b) in the form ua + vb, with

u,v € R.
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Proof:

a = by +r; d(r) <d()
= rige+ry d(re) < d(
o= ragz+rs d(rz) < d(r)

<d(

ro = r3qs+rs d(ry)

Thes = Th-aQr3+7h3 d(rr-3) <d(rg_a)

Thea = Th3Qu—2+Tro d(rr2) <d(rr_s)

The3 = ThaQr—1+Te-1 d(rp—1) < d(rp_2)

Theo = TeaQr+7% d(ry) < d(rr-1)

Tk—1 = Tkdk+1

The2 = ThoaQr + 7k = ("kQey1)qk + 76 = Te(Qrr1qe + 1)

Th—s = Te(@r19e + 1)q—1 + T6@r1 = T5(G41@0Tk—1 + Q-1 + qkt1)

b = Tk @e-1 + G2+ + -+ g +1i[ ]
a = Tel@196qe—1 -+ g + gl -]

hence ri|a and r|b. If c|a and ¢|b then c|(a — bgy) = r;

Similarly,
c | (b—r1q2) =19
c | (r—raq3) =13
¢ | (rg—2 —Tk—1qK) = Tk

so rp = (a,b). For (a,b) = ua + vb :
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(aub) =Tk =Tk—2 — Tk—1Gk

Henceu

Tk—2 — (kas - 7’#2%4)

Ton + r3m

ron — (r1 — reqs)m

ro(n + gsm) — 1y

(b —r1g2)(n + gzm) —

b(n +gzm) —ri(g2 + 1)

b(n + gsm) — (a — bg1)gz + 1)

b(n + gzm) — a(gz + 1) + bg1(g2 + 1)
b(n+gm+qi(g2 +1) —algz + 1)
—(q2+1)

n+gsm+ qi(g +1)

ua + vb

47

(72) Use Euclidean Algorithm to find d = (a, b) and to write d = ua+ vb

in the following cases

(1) a = 29041, b = 23843, R = Z.
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Solution:

a = 29041 = (23843)1 + 5198
23843 = (5198)4 + 3051
5198 = (3051).1 + 2147
3051 = 2147.1 + 904
2147 = 904.2 + 339
904 = 339.2 + 226
330 = 226.1 + 113
226 = 113.2

Hence 113 is a greatest common divisor.
For (a,b) = ua + vb :



113

113
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339 — 226.1 = 339 — (904 — 339.2)

(2147 — 904.2) — (904 — [(2147 — 904.2).2])

2147 — [(3051 — 2147).2] — (3051 — 2147 — 2[2147 — (3051 — 2147)2]
2147 — 2.3051 + 2.2147 — (3051 — 2147 — 2147).2 — (4.3051 — 4.2147)
2147 — 2.3051 + 2.2147 — 3051 4 2147 + 2147.2 — 4.3051 + 4.2147
10.2147 — 7.3051

10(5198 — 3051) — 7.3051

10.5198 — 10.3051 — 7.3051 = 10.5198 — 7.3051

10.5198 — 7(23843 — 5198.4) = 10.5198 — 7.23843 + 68.5198
78.5198 — 7.23843

78(29841 — 23843) — 7(23843) = 78.29041 — 95.23843

78.29041 — 95.23843

78

—95

(2) a =% —22%— 22 —3, b = 2* +32% 4+ 32% + 2z, and R = Q|z]
Solution:

a=2"—2r* - 22— 3 = (2" +32° + 32° + 22)0 + (2° — 22 — 22 — 3)

ot 4 323 + 327 + 20 = (2% — 222 — 22 — 3)(x 4 5) + (152% + 152 + 15)

1
2® — 2% — 22 — 3 = (152% + 150 + 15)(——z — —)
Hence 1522 + 15x + 15 is a greatest common divisor

(a,b) = ua + vb
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152° + 152 + 15 = (z* — 32° + 32 + 22) — (2* — 22° — 22 — 3)(z + )
u=—(x+5), v=1

(3)a=7—3iandb=5+3i, R=R_,4
7—3i _ (7—3i)(5-3i) _ 26-—36i

Solution: 3 = i 5
a=T7-3i=(5+3i)(1—1i)+ (-1 —1)

5430 = (—1—i)(—d+i) SF3 — ORI 58420 41y
So —1 — i is a greatest common divisor.

(a,b) = ua + vb:

—1—i=1(7-3i) — (5+3i)(1 —9)
u=1 v=—(1—-1)
(73) Establish the Eiesenstein Criterion for a polynomial f(z) over a

UFD. Statement of Criterion. Let f(z) € R[z], be a primitive poly-
nomial where R is a UFD and let p be a prime in R such that, if

f(z) = apx" + ap_12" '+ +a1x +ag pla; for all it < n,p fa, and
p? fag, then f(z) is irreducible in R[z].

Proof: Assume that f(x) = h(z)g(x) where h(z), g(z) € R[z]
and deg(h(z)) > 1, deg (g(z)) = 1

h(z) = chx” and g(x) = vax”
v=0 v=0

where s + 7 = n.

The coefficient of z* is

ai = bico + bi—1c1 + -+ + boc;

the constant term is bycy = ag since plag and p? fag, p divides either
by or ¢y but not both (else p? divides ag). Assume without loss of
generality that, p|by i.e. by =0 (mod p).

Since the coefficient of 2" is ¢sb,. = a,, and p fa,, there exists b;
such that p fb; (else p|ay,).
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Let b; is the first coefficient such that p doesn’t divide. Then
a; = bico + bi—1c1 + -+ + boc;
a; =0 (modp) or i=n
b1 =0 (mod p)
b2 =0 (mod p)

bp =0 (mod p)

but
co # 0( mod p)

Hence bicy =0 (mod p), plbicy. Since p feo we obtain plb;.

But this is contradiction since we assume that b; is the first
coefficient of f(z) such that p doesn’t divide. So f(x) can not be
factored as a product of two polynomials of smaller degree.

(74) Solve the congruences

f(x)=1 (mod (z—1)), f(z)=z (mod (z*+1)),
f(r)=2° (mod (z +1))
simultaneously for f(z) in F|x] where F'is a field in which 1+1 # 0.

Solution: (r—1,22+1)=1, (z—1,z+1)=1, (z+1,2°+
1) =1

(z—1), (2*+1)(2+1)) = 1, ((x+1), (z—1)(2*+1)) = 1, (2*+1, (z—1)(z+1)) = 1
Then

1 1
Z(:U3+x2+x+1)—Z(I2+2x+3)(x—1):1
where (2®+ 22 +2+1)= (2> + 1)(z+1)

1 1
§(x3—x2+x—1)—§(x+1)(x2—2x+3):1.
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where 2% — 2+ 2 —1= (2> + 1)(z — 1)
and finally
—l(ﬁ - 1)+ 1(x2 +1)=1.
2 2
These products will work even if characteristic is 3.

1
so= 7@+’ a1
1
Sg = —§(x2—1)
1
S3 = 5(953—9624-1:—1)

f(:c):i(x?’—i—xQ—l—x—l—l)—ir%(a:3—x2+:c—1)—g(az —1)

(75) Tt is well known that if R is a UFD, then any two elements has a

greatest common divisor.

Find an example of an integral domain and two elements a,b
such that a and b does not have a greatest common divisor.

Solution: Recall that R = Z[y/—5] is not a unique factorization
domain as 9 = 3.3 = (2 4+ v/=5)(2 — v/=5). In R consider the
elements 3 and 1 + 2y/—5. These two elements has no greatest
common divisor. If d is a greatest common divisor, then d|3 and
d|(1+24/=5). Then the norm N(d)|9 and N(d)|21 = N(1+2/=5.
Let d = m + nv/—5 where m and n are elements of Z. Then
N(d)|3 = gecd(9,21). But the equation 3 = m + ny/—5 has no
solution in R. Hence these two elements has no greatest common
divisor.

2" Method: Let R = 2Z, it is an integral domain. 2 € R but
2 does not have any divisor because 1 ¢ R. Hence 2 and 4 does not
have a greatest common divisor.
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FIELDS
(76) Let A be the field of all complex numbers which are algebraic over
Q. Then show that |A : Q| is infinite.
Solution: Assume if possible that |A : Q| = n. Let p be a prime
number and p > n+2. Then 2? — 1 = (z — 1)(2P +- -+ + 1).
Then % = 2Pt + ...+ x + 1. By Eisenstein criteria this is an
irreducible polynomial because ((1;11);’:11 =Pl paP 2 4. pis

irreducible. But every primitive p* root of unity is in A. Hence

for any prime p, there exists an element a, algebraic over Q and
|Q(ap) : Q| > p — 1. Hence we get

n=]A4:Q|>1[Q(ay) : Q| >p—1>n+1 contradiction.

It follows that |A : Q] is infinite.
(77) Find a splitting field K C C over Q for

f(@) €Qla] if f(z)=2"—1.
Solution: z° —1 = (z—1)(z*+z+1) € Q[z], g(z) = 2* +z+1
is irreducible over Q. The roots of g(z) are
“lEVI-d4  —1dy=3 1 VB
N 2 27 2
3) — Q(+/3i) is the splitting field of g(x) and

1Q(V3i) : Q| =2

(78) If m € Z is square free and m # 0,1, show that K = Q(y/m) is
Galois over F' = Q.
Solution: m # 0,1 and m is square free implies that Q(/m) #
Q. Since y/m is a root of the polynomial f(z) = 22 —m € Q[z] and
f(x) is irreducible we get |Q(y/m) : Q| = 2. Moreover the map

a:Q(vVm) — Q(vm)
a+bym — a—bym

S N

Hence Q(3 +
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is a Q-automorphism of Q(y/m)
G(Q(Vm),Q) ={l,e} and F(G)=Q.
FUIY) = Q). Fla} = {a+ by | atby/i=a b/ }=Q

Hence G is a cyclic group of order 2. It follows that Qy/m is a
Galois extension of Q.

(79) Describe the elements of Q(v/5).
Solution: Q(+/5) is an extension of the field of rational num-
bers. Q(+/5) is a vector space over Q with basis 1, ¥/5, v/52. Hence

Q(V5) = {a+bV5+¢V5? | a,bceQ}.
(80) Find the splitting field of 2* + 1 over Q.

Solution:
$4 + 1= O, x4 - 1= €7Ti+2n7Ti
2 3 5
16i = mit2mni, 6=~ +4 " Then we have 0 = .0, = “10, = -0,
Then the roots of the polynomial z* 4 1 are
2 2
xlzcos%qLisin% = g—l-z%_
COS3W+.S. 3 —\/§+.\/§
Ty = — +isin— = — +i—
? 4 4 2 2
5T n T V2 V2
=CcoS— +sin— = —— — —
= 4 Ty 2 2
L V2 V2.
=cos— +sin— = — — —
Ty 1 in 1 5 5 1

Q(V2 + V2i) = Q(v2.19)
Indeed let K = Q(v/2 + v/2i). Then K C Q(v/2,4) Since (V2 +
V2i)? = 4i we get i € K. Then i((v/2 + V2i) = (V2i —2) € K.
Adding with (\/§ + \/52) gives 2¢/2i € K . Since i € K we obtain
V2 € K. Hence we get the other side of the inequality.
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(81) Find the splitting field of 2* +2?+1 = (2 + x +1)(2* —x+ 1) over
Q.

Solution:

—1+ /3 1++/3i
Ty T
Q(+/3i) is the splitting field of 2* + 22 + 1.
(82) Let a,b € R with b # 0. Show that R (a + bi) = C.
Solution: R(a + bi) = R(bi) = R(i) = C
(83) Find a polynomial p(z) in Q[z] so that Q(v/1 4 /5) is isomorphic
to Qlal/ < p(a) >
Solution: Let =z = +/1++5. Then 2 = 1+
V5 and so 22 — 1 = /5. Then we obtain (z? — 1)? = 5. Hence

x1,2

zt =222 4+1—-5=0, and hence z* — 222 —4 =0,

9 :21\/4+16:2i2\/2021i\/5

Ty 9 9

p(z) = 2* —22? —4. Then
pz) = (* =1 = V5)(2* =1+ 5)
If (2°+4az+b)(2* +cr+d) =a2*— 22> — 4 with a,b,c,d € Q

then 2%+ (¢ + a)z® + (d + ac + b)2® + (ad + be)x + bd.
We obtain the equations

a+c=0, ad+bc=0, bd=—-4
ac+b+d=-2.

a = —c, implies ~ —a’+b+d = —2, ad—ba =0 and so a(d—b) = 0 It follows that

eithera=0ord—0=0.
The first case a = 0 impliesc = 0, b+d = —2. Then b =
-2 —d, bd = —4, (-2 —d)d = —4, andso — d* — 2d =
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4, d?>+2d—4 = 0. Solving the equation for the unknown d we
have

—Zi\/4+16 2i\/_
d12: 2 ¢Q

Hence this case is impossible. Then d — b = 0 which implies d = b.

The equality bd = —4 gives b> = —4 which is impossible. Also the
polynomial z# — 22% — 4 € Qlx] does not accept +1,+2,+4 as a
root. Hence by integral root test p(z) = x* — 22% — 4 is irreducible
in Q[z]. Since p(z) is irreducible the quotient Q[z]/(p(x)) is a field.

Qlz/(p(x)) — Q(\/ 1 +5)
f(x) + {p()) — f(V1+V5)

is an isomorphism of fields.

Show that Q(+/2) is not isomorphic to Q(v/3).
Solution: Assume that a is an isomorphism from Q(v/2) to

Q(Vv3). So a(0) =0, a(1) = 1. Hence a(n) = n and

o= ()= ama(-) =1=a()=

Hence « is identity on Q.

Let a 4 bv/2 € Q(v/2) where a,b € Q.
ala +bvV2) = ala) + a(b)a(V2) = a + ba(V2).

Hence we need to find out a(v/2). But

a(V2v2) = (f)a(\/_)=
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Indeed if v/2 = a + by/3 where a,b € Q, then by taking the square
of both sides we get 2 = a? + 2abv/3 4 3b2. But then /3 will be a
rational number. Hence such an isomorphism does not exist.

Show Q(v2,v3) = Q(vV2 + V3).
Solution: Since v/2 + /3 € Q(v/2,V/3) we have

Q(V2 +V3) C Q(v2,V3).
Now we show the other inclusion.
(V2+V3)2=2+3+2V2V3 € Q(vV2+V3)
Hence 2v/2v/3 € Q(v/2 4 v/3). This implies that
V2V3 € Q(V2+ V3).
Then v2v/3(v2 +/3) = 23 + 3v2 € Q(vV2 + V3).
Then 2(v2 + v/3) € Q(V2 + v/3). This implies
3vV2+2v3-2v2-2V3=v2€ Q(V2+ V3).
Hence v2 + V3 - v2 =43 € Q(v2+3). So
Q(V2+3) D Q(v2,V3)
So we get equality Q(v2+ v3) = Q(V2,V3).

Suppose K is an algebraic extension of F' and R is a ring, with
F C R C K. Show that R is a field.

Solution: Clearly R is a commutative ring. It is enough to
show that every nonzero element a € R has an inverse. Since K is

an algebraic extension of F' we get F'(a) is an algebraic extension
of F. Since

F(a)={co+cia+ -+ cz1a"" | ¢; € F} where k=|F(a):F|

Since every element of the form ¢y + cia + - -+ + ¢cj_1a¥!

Is an
element of the ring and a™' € F(a) can be written in this form we

get a=! € R as required.
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Find all solutions to 2 + 1 = 0 in the ring H of quaternions.

Solution: Recall that H = {ag + ayi + asj + azkla; € R, i? =
FP=k=-1ij=kjk=1ikj=—i -}

(ap + a1i + asj + ask)(ag + ari + asj + ask) = —1 implies that

ai —al —a3—a3=-1

a1 + arag = 2a1a9 =0

apas + asag = 2asag = 0

apas + asag = 2asag = 0

ap # 0 implies that a; = as = a3 = 0 We get no solution in this
case.

ap = 0 implies a? + a3 + a3 = 1 is the only equation. Hence we
get infinitely many solutions of the equation.

The reason why a polynomial of degree two has infinitely many
distinct roots is, H[z] is not a unique factorization domain. H
is not a unique factorization domain either. Moreover H is not
commutative.

If f:C — R is aring homomorphism. Show that f(a) = 0 for all
a e C.

Solution: Let f be a ring homomorphism. If there exists a non-
zero element a € C such that f(a) = 0. Then Kerf # {0} and an
ideal of C. This implies Kerf = C since any non-zero ideal of field
is itself. It follows that f(c) = 0 for all ¢ € C. Now we will show that
the other case namely Kerf = {0} is impossible. f(1) = f(1)f(1),
then f(1)(f(1) —1) = 0. Since f(1) # 0 we get f(1) = 1. Hence
f(i) = a € R implies —1 = f(—1) = f(i*) = f(i)> = a®. i.e., there
exists a real number whose square is -1, which is impossible. Hence
f=0.

Find a splitting field K C C for 2 —2 € Q[z] over Q and determine
K : Q.
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Solution: z* — 2 = (x — ¥/2)(2? + ¥/2z 4 v/22) Then the roots
of g(z) = 22 + 2z + V2?2 are

—%i\/ﬁ—4\/ﬁ_ V2 V2V3i _ V2(=1 4 V3i)
> -

2 2
Hence the splitting field of z* — 2 is Q(+¥/2,/34). It follows that

Q(V2,V3i) : Q= |Q(V2,V3i): Q(V2)[|Q(V2): Q| =6.

v~ ~~

2 3

(90) If K C C is a splitting field over Q for 23 — 2 find all subfields of

K.

Solution: We have already found in Question 89 that the split-
ting field of 2% — 2 is

Q(¥/2,w) where w is a primitive cube root of unity. (w
1),w= _1+Tﬁ’ The roots of 23 — 2 are v/2, w+/2, w?¥/2. Since

K Q= 1Q(V2.w) : QY] |Q(V2) : Q| = 6 we get degree
of the extension is 6. Since

K ={a; +ayv/2 + a3€/§2 + aqw + asv/2w + a6\3/§2w\ai € Q},

as a vector space over Q the field K has a basis
{1,/2, \3/52, w, w\?’/ﬁ,wxg/?}

G(K, Q) is the group of all permutations of roots

3:

Let ¢:v2— V2w, ¢(w)=w. Then ¢(V2w) = v2u?
o(V2u?) = V2.

Hence ¢ is a Q-automorphism of K of order 3.

Let f: K — K.

w—>w2

V2 — V2
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GK.Q) = {1,6,¢" 8,56, 5¢°}
#B(V2) = ¢(V2) = V2w
Be(V2) = B(V2w) = V2uw’.

Hence G is a non-commutative group of order 6. It follows that

G =5

Gy = {1,5} Gy = {1, B¢} Gy ={1,¢, ¢} Gy ={1,p¢

Ny

2 2

G = S5 subgroups are as follows:
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It follows that,

fGl = {a1 + CL2\3/§+ CL3\?7§2|CL1,CL2,CL3 c Q} = Q<\3/§)
Fa, = {a|Bo(a) = a}

ay + a2\3/§w -+ ag\‘g/§2w2 -+ a4w2 —+ a5\?/§w + a6\3/§

= +a2\?/§+a3\?/§2+a4w+a5\3/§w+a6\3/§2w, w4+w+1=0
implies w? = —w — 1. Then
ay + apV/2(—w — 1) + a3\3’/§2)w + ag(—w — 1) 4 a5/ 2w + a6\3’/§2

(a1 — as) + V2(as + ag) + V2" (—as) + w(—as)

+V2w(—ay + as) + €/§2w(—a3)

ay —ag = arp, —az+as = as

—as+ = Qas, +as = Qg
Qg = das, ag =0

—Aay = Qy4, as = Qg

2 2

For F¢, we have

Fay = {a | 6(a)=a)

o =a; + asV2+ a3\3/§2 + aqw + asv/2w + a6\3/§2w, and ¢(a) = «
implies

d(a) = a +a; V2w + a3€/§2w2 + aqw + asv/2w? + a6\3/§2.

p(a) = ay + ag V2w + a3\7§2(—w — 1) +agw +asV2(—w — 1) +
ag /2",

It follows that
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B¢ (a)

ay
a2
as
Qy
as

Qg
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a; = ai.

a9 — —Q5

a3 = —as-+ ag
ay, = Qu

s = a9 —

ag = —as Then
as = 0

Ao = 0

as = 0

Qg 0

Fay, ={a1 +aqw | ar,a4 € Q} = Qw)

VIS {a | 6@52(05) = a}

Blay + asV/2w? + az V22w + ayw + az V2 + aﬁ\?’/?wz)

a; + a2\3/§w + ag\g/ﬁwQ + aqw® + (15\3/5‘1' aﬁﬁw

a; + CL2\3/§ + (13\?)/?—’— asw + a5\3/§w + aﬁ\s/ﬁw =« implies
ay — ay

as

—as

—ay

a2

—as + Qg

Then as = O, g = O,

L = {a1+a2\‘7§+a2\‘7§w+a6\3/?w | a1, as,a6 € Q}
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:FG4 = {a1+a2(\?/§+ \B/Qw)%—a@ww | al,ag,aGGQ}
= QW2+ V2w) as V22w = (V2+ V2w)?

Find a splitting field K C C for z° — 1 € Q[z] and determine
QL

Solution: 2° — 1= (z — 1)(z* + 2* + 22 + v + 1)

Let for a prime p, g(x) = 2P + 22+ ... + 2 + 1. Then

zP—1

T— = g(x). Now substitute, y 4 1 for » we get

PLopyP
= gly+1) = y oy apy o 4p.

But this is an irreducible polynomial by Einsenstein’s criterion. In

particular z* + 23 + 22 + 2 + 1 is irreducible over Q.

If v is a root of z* + 23 + 2%+ 2+ 1, then « satisfies 25— 1. Then,
1, a,a? oot are distinct roots of 2° — 1. Hence Q(«) is a splitting
field for z° — 1 and |Q(«) : Q| = 4, where a = cos72 + isin72 as
a=re? and o =1 implies €*” =1 and so § = 2& = 72°
If S={/p:pe€Z, pprime }. Show that |Q(S) : Q| is infinite.

Solution: Let pi,po, - -- be the positive prime numbers in their
natural order. It is clear that the polynomial 22 — p in Q[z]| has
/P as a root and by Einsenstein’s criterion it is irreducible over Q.
We will show by induction that \/p; € Q(\/p1,--- ,/Di-1). Proof
by induction on . It is clear that \/p; ¢ Q. i = 2 shed a light to
the induction step, because of this we will show for i = 2 as well.
If /p, € Q(\/p1), then \/p, = a + by/p1 where a and b are rational
numbers. Then taking the square of both sides we get

po = a® + b%py + 2ab\/p;.

But this implies /p; € Q which is impossible. Similar to this tech-
nique assume if possible that for alli < &, \/p; € Q(\/P1,- - , \/Pi-1)
and \/p, € Q(y/P1," "+ /Prk_1). This implies \/p, = a + b\/Pr_1
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where a,b € Q(/pr, - ,vPr—2)- As Q(/P1, - ,\/Pr-1) =
Q(vPr: -+ 5 /Pr—2)(\/Pr—1)

Then taking square of both side we get p, = a® + b*py_1 +
2ab,/pr—1. This implies /pr_1 is in Q(\/p1, - - - , \/Pk—2) Which is im-
possible by assumption. Hence for any 4, \/p; € Q(\/p1, -, /Pi-1)

and it follows that |Q(y/p1, -+ ,v/Pi) @ Q(/P1:- -+ s \/Pi-1)| = 2.
Hence |Q(S) : Q| is infinite.

(93) Suppose K is an extension of F', a € K is algebraic over F', and deg
mg(x) is odd. Show that F(a?) = F(a).
Solution: deg m,(z) is odd implies

|F(a): F| =deg my(x) = odd number. But then

|F(a) : F(a®)||F(a®) : F| = |F(a) : F|
Clearly

|F(a): F(a®)| <2, as 2°—a® € F(a®)[z] is satisfied by a. It cannot be 2 because

|F(a) : F(a®)| | |F(a):F| which is odd.
Hence
|F(a) : F(a®)| =1. That implies F(a) = F(a?)

(94) Show that the field A C C of algebraic numbers is algebraically
closed.

Solution: Let f(z) = ap+ a1z + - - - + a,a™, be any polynomial
with a; € A. Then |Q(ap, a1, -+ ,a,) : Q| is finite. Since C is
algebraically closed f(x) has aroot o in C and |Q(ag, a1, -+ ,an, @) :
Q| is finite. So |Q(«) : Q| is finite. Hence o € A, as every algebraic
number Q is in A.

(95) Determine the Galois groups over Q of the following polynomials:

a) 23 —1
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Solution: z® — 1 = (# — 1)(2* + 2 + 1). Then the roots are
-3+ @ Splitting field of f(z) is K = Q(—1 + @) The map

c: K—- K

a+bvV3i —a—bV3i

where a,b € Q is a Q-automorphism of K of order 2. Hence
G(K,Q) ={1,0}.

b) fx)=a2—1=(z-1)("+23+22+2+1).

Solution: Since P~ + 2772 + - .- + z + 1 is irreducible over Q
for any prime p, we get g(z) = 2 + 23 + 22 + x + 1 is irreducible
over Q. Observe that if w is a root of g(z), then it satisfies w® = 1.
Hence w, w? w3, w? are distinct roots of g(z), otherwise minimal
polynomial of w will be of degree < 4, K = Q(w) is a splitting field

of g(z). The map o

c: K — K

w—>w2

is a Q-automorphism of K of order 4. Since |G(K, Q)| = 4 we get
G ={1,0',0% 0%} is the Galois group of K over Q, which is cyclic
of order 4.

c) f(w) =251 = (2®-1)(2®*+1) = (a—1)(2®+2+1) (22 —2+1)

Solution: 2% + z + 1 irreducible over Q.

2% — x + 1 irreducible over Q

roots of a2 + x + 1 is w = ~1EY3E 42 = =123
rootsofo—x+1i8w1:1+T@7w%:1%@
P I —

field for f(x).

K = Q(¥%) since £1 € Q. v3i = a, a®> = =3, a®> + 3 = 0 this
implies m, q(z) = z* + 3 hence |K : Q| = 2.

Let 1 # 0 € G(K/Q) such that
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hence G(K/Q) = {1,0}
Let G =GR : Q)

(i) If p € G and a < b in R show that ¢(a) < p(b).

(ii). Show that G = 1.

Solution: (i) If a = b, then p(a) = ¢(b). If a < b, then b—a > 0
so (b —a) = t? for some t € R.

p(b—a) = p(b) — p(a) = ¢(t*) = p(t)e(t) = (#(t))* > 0 hence
©(b) — p(a) > 0 it follows that p(a) < ¢(b).

(ii) Assume 1 # ¢ € G and let a € R such that ¢(a) = b # a.
Assume without loss of generality that a < b. Then there exists
q € Q such that a < g <b.

By the above observation.

©(q) > p(a) and ¢(b) > ¢(q) this implies that ¢ > b and b > .
This is a contradiction hence ¢ = 1.

Give an example of fields F' C EF C K such that K is normal over
E and F is normal over F' but K is not normal over F.

Solution: Q(+/2) is a normal extension of Q.

The minimal polynomial of v/2 over Q is 22 — 2 (By Einsenstein
Criterion it is irreducible). Then |Q(v/2) : Q| = 2.

Q(V2) is a splitting field for 22 — 2 hence Q(v/2) is a normal
extension of Q. In fact any extension of Q of degree 2 is a normal
extension.

Similarly Q(+/2) is a normal extension of Q(+/2) since the min-
imal polynomial of v/2 over Q(v/2) is 22 — V2. Q(v/2) is a split-
ting field for 2> — v/2 then again by Theorem 3.5 it is normal

(12 = V) = (x — VD) (x + V) € QVD)[al.
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But Q(v/2) is not a normal extension of Q since minimal polyno-
mial of v/2 over Q is z* — 2. By Eisenstein criterion it is irreducible
and the roots of 2* — 2 are v/2, iv/2, —v/2, —iv/2.
iv/2 is a root of the irreducible polynomial (z* — 2) but iv/2 is
not an element of Q(v/2) C R and iv/2 € C\ R therefore Q(v/2) is
not a normal extension of Q.
(98) A field F is called perfect if either char F' = 0 or else CharF = p
and F=FP ={a’:a € F}.
(i) If F is finite show that the map ¢ : a — a” is a monomor-
phism and conclude that F'is perfect.
p: F — FP
a — a
Claim: ¢ is a homomorphism ¢(a +b) = (a +b)? = a? + b’ =
p(a) + ¢(b) pab) = ab” = p(a)p(b)

kero ={a € F:a’ =0} = {0}

Solution:

¢ is also onto since for all 2? € F? there exists x € F' such that
o(x) =aP € FP.
FP C F and on a finite set B a one-to-one map from B into B
is onto. This implies F' = FP.

(i) Show that the field Z,(t) of rational functions in the inde-
terminate t is not perfect.

0
2,0) = (L 1 70 € 201 and 07400 € 2,(0)
%(t))p—{%\f and g€ 2l and g(t) £0)

since Char Z,(t) = p # 0, so it is enough to show that Z,(t) #
(Z,(t))P. Observe that t € Z,(t) but t ¢ (Z,(t))? since all polyno-
mials in (Z,(t))? is of degree > p. Therefore

(Z,(t))P # Z,(t) i.e. Zy(t) is not a perfect field.
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If F'is a finite field of characteristic p show that every element of
F has a unique p** root.

Solution: We have shown in Question 98 that if F' is a finite
. . o: F — F
field of characteristic p, the Frobenius map is
r —aP

an automorphism of the field F. Since ¢ is an automorphism the
inverse of ¢ sends 2P to z, i.e. to the p! roots of 2. Therefore
every element has a unique p'* root as o' : FP = F — F
Let F' be a finite field.

(1) Show that the product of all elements in F* is -1.

(2) Conclude Wilson’s Theorem: If p € Z is a prime, then (p —
1)! = —1 (mod p).

Solution: (1) Every finite field F'is a splitting field for a polyno-
mial f(z) = 27—z for some prime power ¢ = p". Since F* = FF—{0}
and F' is a splitting field for f(z), we get every element of F* is a
root of 271 — 1. Since x97! — 1 splits over F' and all the roots in
F* are distinct, we get the product of elements of F™* is -1. i.e.

2t 1= (r—a)(z—ay) - (r—a, 1)

giving —1 = (—=1)7'ay ... a,-1. If ¢ is odd we are done. If ¢ is even
then char(F) = 2 we have —1 = 1 and again the result follows.
(2) If p is a prime, then Z, is a field and

Zr=1{1,2,3,--- ,p—1}.

Hence 1.2.---p—1=(p—1)! = —1 (mod p).
If F'is a finite field, show that every element of F'is a sum of two
squares in F'.

Hint: Use, if S C G,G is a finite group and |S| > % , then
S? = G See Question 8.
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Solution: Let S = {a®* | @ € F} C F. Consider the map
p: B — I
r — 2’

Imp = (F*)? kerp ={x € F* | 2* = 1}.
Since F™ is a cyclic group, there exists only one subgroup of any

¢ is a group homomorphism and F*/ker ¢ =

given order dividing |F*|. Hence either | ker | = 2 or |ker p| = 1.
In any case by including 0 € F to (F*)* we get S = {(F™*)*} U{0}.
Then |S| = £ 41 = FE2L g = B0 LS W Hence | S| > £
Hence we get S + S = F' in the additive notation. Namely every
element in F' can be written as a sum of two squares in F'.
If f(x) € Flz] and K is a splitting field for f(z) over F, denote by
S the set of distinct roots of f(z) in K and let G = G(K : F). If
f(z) is irreducible over F' show that G is transitive on S. If f(z)
has no repeated roots and G is transitive on S show that f(z) is
irreducible over F'.

Solution: Assume that f(x) is irreducible over F'; and a and
b be two elements of S. Then a and b are conjugates hence there
exists an F-isomorphism

¢: F(a

a

—  F(b)

— b

But this isomorphism can be extended to an F-automorphism ¢ of
the field K. Hence ¢(a) = b, and ¢ € G(K : F). So G is transitive
on S.

Now assume that f(x) has no repeated roots and G is transitive
on S. Assume if possible that f(z) is reducible, say f(x) = g(z)h(z)
degg(x) > 1 and deg h(z) > 1. Since K is a splitting field for f(x),
let a be a root of g(z) and b be a root of h(x) in K. Then as G is
transitive there exists an automorphism ¢ € G such that ¢(a) = b.
But then m, p(x) € F[z] and b satisfies m, g(x). Then every root
of g(x) is a root of h(z). But f(x) does not have repeated roots.
Hence we get f(z) is irreducible.
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(103) Determine the Galois group (over Q ) of the following polynomials.
(i) f(z) =2*—2.
(ii) f(z) = 2* — T2* + 10 = (2* — 5)(2* — 2).
(iii) f(z) = 2® — 32% + 2.
Solution: (i) z* — 2 is irreducible over Q and the roots of f(z)
over Q in R, are a = v/2 and the others are

w*=1. Then w* -1 = (w*—1)(w?+1) and
= (w—1(w+1)(w? +1)
So a,—a,ia,—ia are roots of f(z)
(K : Q)| =[K:Q(a)] |Q(a) : Q] =8.
hence |(G(K : Q))] =8. Let 7, 1 £ 0 € G(K : Q). Then

ola) = ai
o*(a) = —a
oi(a) = —ia
ola) = a
T(ai) = —ai T(a) =a
*(ai) = ai

G ={1,0,0% 0% 1,01,0°1, 0%}

since o(ai) = —a, 7(ai) = —ai we have T # 0.

ot ="

So G(K, Q) is isomorphic to Ds.
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(ii). f(z) = 2* = 72* + 10 = (2* — 5)(2* — 2). The polynomials
2?2 —5 and 22 —2 are irreducible by Eisenstein criterion over Q hence

?-5=0=r=+V5 2°-2=0=1==+V2
K = Q(v/5,v/2) is a splitting field for f(x) and it is separable hence
Galois extension and as v/2 & Q(\/g)

K Q=K :Q(V5)| 1Q(v5): Q| =4
the roots are /5, —v/5,v2, —v/2. Let 0 € G(K : Q) o(v/5) = —V/5,
o(v2) = V2, 7(v5) = V5, 7(v2) = V2.
or(V5) = o(V5) = -5

7o(V5) = 7(—v5) = V5
and
o1 = (V5) = 170(V5) = 7(—V5) = =5
ror(v2) = ro(—v/3) = r(~V2) = V2

so Tor = 7. Therefore G = {1,0, 7,07} is a commutative noncyclic
group of order 4. Hence it is isomorphic to Klein Four group.

(iii) We have f(z) = 2% =323+ 2= (2> - 2)(2* - 1) =0 =
(23 —2)(x—1)(2®+2z+1) where 2° — 2 and 2> +x+1 are irreducible.

The roots of z* — 2 are /2, /2w, v/2w? where w is a primitive
3" root of unity, and roots of 22 4+ + 1 are w, w?. K = Q(v/2,w)
is splitting field for f(x)

K : Q(V2)|Q(V2): Q| =6

-~ -~

oc(V2=v2w o(w)=w
T(V2=V2 7(w)=w?
since the roots of f(z) are 1,v/2, V2w, V2w?, w, w?

N

{1, 0, o’ 1,07, 027'}
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T lor(V2) = 710 (V2) = 7 H(V2w) = V2uw?

T ror(w) = 7 ow?) = T(w?) = w

ot = 0?

hence G is of order 6 non abelian and 707 = o2

G=<or|lror=0% o°=1, 7*=1>

hence G = S;.

(104) For any f(z) € Fla]set f°(x) = f(x), fV(x
let £ (x) be the derivative of f™~Y(x),1
F[z] set h(x) = f(x)g(x) and show that

h(”)(x) - Z ( Z ) f("_k)(x)g(k)(x)

k=0

) = f'(x) and in general
<né€Zif f(z); g(z) €

(This is Leibniz’s rule)
Solution. Induction on n
If n =0, then h(z) = f(z)g(zx)
If n =1, then W(z) = f'(z)g(z) + f(z)g'(x)

Assume it is true for n — 1. Then
n—1
k
n—1
k
N ) [FOP 2)g® (@) + 10 (@) g™ ()

S (n;1>f(”’“ +Z(”_1> FO (@) )
k

+ 1 = m for the second equation. Then

3
—

A=Y (z) =

3 x>
=)

d

T (@) a)

FO(@)g W ().
d

k=0

A (z) =
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-3 L D @)g @) + > ( " __11 ) Frmmgtm (a)
k=0 m=1
= 2_: ! i D)@ @)g® @) + > ( Z:i ) FO (@) g™ (x)
k=0 k=1
= S (" e e @ + Y ( i ) FrH)gh ) + 1 @)g() + @)y ()
- > [( i )4% ( - )]f(”’“)(:v)g(’“) (@) + /@)g(@) + f(2)g" (z).
Now we will sligw that {( n;l ) + < Z:i )} = (Z)
(n—1)! (n—1)! o (n=1)! (n—1)!
kl(n—1— k)!(@ k-—Dn—1—-k—=1! kn-k-1)! (n—k)(k-1)
(7)
_ (n=Dln—k)F (n— 1)) _ (n—1ln—k+k) _ (n—1)n _ n!
- kl(n ~"k)! kl(n — k) kl(n—k)!  (n—k)E
Then (9)
i ( Z ) Frte) g™ (@) + f™ (@)g(@) + f(x)g™ (x)
=2 ( . ) Fe g (@)

(105) If char (F) = 0, and f(z) has degree n in F[z] show that f(z) =
n % (a) (x _ a)kz'

k=0 &I
Proof. Let
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Then
gla) = fla)
gla) = fa)
g(”). = f"(a).
Let h(x) = f(x) — g(x). Then h(a) = g(a) — f(a) = 0 implies that
z — alh(x),

W(z)=f(z)—g'(x)  NW(a)=g'(a)— f(a) =0 implies (x — a)*|h(x)
AW (z) = f—g™W (). Hence h™(a)= f"(a)—g™(a) =0 implies (x—a)""|h(z).

But degree of h(x) < n since deg f = degg = n hence. h(xz) =0
this implies f(z) = g(z) i.e.

") (g
x)zzf k"( )(a:—a)k
k=0 )

(106) Suppose F is a field and K = F(x) the field of rational functions in

the indeterminate = over F.

If ue K\ F show that u is transcendental over F'.

Solution: Let K = F(z) = {5 | f(x), g(z) € Fla],g(z) #
0}. Let w € K\ F. Assume if possuble that u is algebraic over F,
so there exists a polynomial h(t) € F[t] such that h(u) = 0. Since
u € K\ F the element u is of the form fé )) where g(x) # 0 and %
is not a constant (not in F) (f(z), g(z)) = 1.

If h is of degree n, then consider the polynomial t(x ) where
t(z) = (g(x))™. Then h(u) = 0 implies h(u) = (g(z ))”h(g(x ) =0

which is a polynomial in F'[x]. This implies that z is algebraic over

F but x is indeterminate. This contradiction implies that, u is a
transcendental element.
(107) Show that f(x) = 2° — 223 — 8z + 2 is not solvable by radicals over

Q.
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Solution: By Eisenstein criteria, f(z) is an irreducible polyno-
mial.

f(z) = bxt — 62% — 8 = (5a? + 4)(2? — 2).

Since 5%+ 4 is always positive, the graph of f(z) is roughly the
following

aq _\/5 a9 \/§

Hence f(x) has 3 real roots aj,as,a3 and two complex roots
which are conjugate of each other.

Let K C C be a splitting field for f(x) over Q and let G = G(K :
Q) be the Galois group of f(x) viewed as a subgroup of S5. Since
5/|K : Q| and hence 5||G| there must be a 5-cycle in G. There
exists an automorphism which sends a4 to as and fix the others.
This gives a 2-cycle in G. Hence in G there exists a 5-cycle and a
2-cycle. It follows that G = S5 = ((1,2,3,4,5),(4,5)). But S5 is
not a solvable group, as As is a simple group of order 60. Hence
f(z) is not solvable by radicals.

a3
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Suppose F, and F, are finite fields, with ¢ = p™ and r = p", p
prime. Show that F, has a subfield (isomorphic with) F, if and
only if n|m.

Solution. Assume that F}, has a subfield isomorphic to F, where
r = p". Let F' = F, prime field isomorphic to Z,. Then Fj is an
extension of the field F,.. Hence

m=|F,: F|=|F,: F,| |F,: F|=|F,: F,|.n

Hence n|m.

Conversely assume that n divides m. We already know that all
finite fields of characteristic p and of order p™ are isomorphic and
they are splitting fields of 2P" — x. Therefore it is enough to show
that all roots of 2" — z are roots of 2P" — .

Let a be a root of 27" — 2. Then a”" = a. If kn = m we get
a’" = a?" = (a?" )P = @@ = ... = @®" = a. Hence we are
done.

List al subfields of F, if ¢ = 2%, ¢ = p*°, p-prime.

Solution. For ¢ = 2?°. By previous question F, = Fb2 has
subfields of order 2" for n|20. So they are n = 1,2,4,5,10,20.
Hence Fg, FQQ, F24, ng, Fgw, F220.

By the same reason ¢ = p* we have the divi-
sors of 30 as, 1,2,3,5,6,10,15,30. Hence the subfields are
Fp, Fp2, Fps, Fps, Fp6, Fplo, Fpls7 Fp30.
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MODULES

If R is aring with 1 and M is an R-module that is not unitary show
that Rm = 0 for some non-zero m € M.

Solution: M is not unitary implies that there exist + € M
such that 1z # x. Let m = 1lx — x # 0. Then for any r € R,rm =
r(lez — ) = rx — rz = 0. Hence m is the required element and
Rm = 0.

Give an example of an R-module M having R-isomorphic submod-
ules Ny and N, such that M/N; and M /N, are not isomorphic.

Solution: Z = M is a Z-module. Let Ny = Z. Let Ny, = 27Z.
Define a map

f  Z— 27

r — 2.

flx+y) =2(x+y) = 2r+ 2y and for any m € Z, f(mzx) =
2mx = m2x = mf(z). Moreover Ker (f) ={z € Z | 2z = 0} = {0}
and f is onto. Hence Z = 27 as a Z-module. Hence Z = 27Z. But
Zy =~ 7/27 has 2-elements and Z/Z = {0} has only one element.
Hence they can not be isomorphic.

Suppose V' is a finite dimensional vector space over the field F',
viewed as an F-module. Describe a composition series for V' and
determine its factors.

Solution: Every vector space of dimension n over the field F' is
isomorphic to F" = F x --- X F' (n times). Since factor modules are
also vector spaces, over the field F', in the composition series they
must have dimension 1. Hence the composition series is of length n
and each factor isomorphic to F' as an F-vector space of dimension
1. If {e1,eq,...e,} is a basis for V then {0} C {e1} C {e1,e2} C ...
becomes a composition series of V.
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(113) A sequence K LM% N of R-homomorphisms of R-modules is
exact at M if Im(f) = kerg. A short exact sequence 0 — K —
M — N — 0 is exact at K, M and N.
0 — K5 M2 N 0is ashort exact sequence show that
M is Noetherian if and only if K and N are both Noetherian.
Solution: Assume that M is Noetherian. Then as K is isomor-
phic to I'mf which is a submodule of M by using the fact that
submodule of a Noetherian module is Noetherian we get that K
is Noetherian. Since ¢ is onto M/kerg = N. Moreover as M
is Noetherian M/ ker g is Noetherian as homomorphic image of a
Noetherian module is again Noetherian. Hence N is Noetherian.
Conversely one can see easily from the previous paragraph and
from the assumption I'mf = kerg that M/kerg and Imf = K
are Noetherian. This implies M is Noetherian as extension of a
Noetherian module by a Noetherian module is Noetherian.
(114) Suppose M;, My and N are submodules of an R-module M with
My, C M. Show that there is an exact sequence.

0— (My N N)/(My N N) L My/My % (My + N)/(My + N) — 0

Solution: M; C M, implies that M; + N C M, + N. Hence
define a map
9. My/My — (Ma+ N)/(My + N)
m+ M; — m+ (M; + N)
It is easy to check that ¢ is a module epimorphism.

kerg = {m+M; | m+ (My+ N)=(M;+ N) where m+ M; € My/M; }
= {m+M | meMi+N }
= {m+M | meMan(My+N) }={m+ M | me (MyNN)+ M}
= (Myn N)+ M, /M,
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Hence kerg = Im(f) where f is the module homomorphism
from (My N N)/(M; N N) into Ms/M; such that

fm+ (MyNN))=m+ M, where m € (My N N)

f is clearly one to one and moreover g is onto. Hence Im f = ker ¢
and the given sequence is exact.
Let R = Flz] and F be a field. Let V' be a vector space over
F,and let T : V. — V be a linear transformation. If f(z) =
ap + ax + -+ + apz™ € Flz] define f(T) = aol + aiT + -+ +
a,T" also a linear transformation on V. Let L(V,V) be the set
of linear transformations on V. Then f(z) — f(T) becomes a
homomorphisms from F[z] into L(V,V). If we define f(z)-v =
f(T)(v), then V' becomes an F[z]-module which is usually denoted
by V.

a) If F = Q and V is the Q-space of all column vectors with 2
entries from Q, the map T : V — V is the result of the multiplica-

11

tion by the matrix A= | 0 1 | and f(x) = 2™ — x determine the

in VT.

a
module action f(x)v on an arbitrary vector v = [

b) If u = [(1)] and v = [(1)] find order of u and v.

0 m—1

Solution: a) f(z) = 2™ — x. Then A™ — A = 0 0

in VT.

Then for any v = [ Z

flz)w = [8 mo—l




80

M. KUZUCUOGLU

b) Let u = [(1) . Then

A(u) ={ f(z) € Q] | flz)u=0 }

L)

0 0
Since f is polynomial of degree 1, we get A(u) = (x — 1).

Let f(z) =x — 1. Then (T — I)(u) = [

Aw) ={g(z) | g(T)v=0 }
(T? — 2T + I)v = 0. Hence g(z) = 2 — 2z + 1 € A(v) and
for any divisor h(z) # g(x) of g(x) we get h(z).v # 0. Hence
A(v) = (2* — 22+ 1).

(116) Let F be a free abelian group ( vector space over a field K) with

countably infinite basis {aj,as, -}, and let R = End(F). Show
that R, as a free R-module, has one basis B; = {1g}, but also
another basis By = {¢1, ¢2} where

¢1(azn) = an  ¢1(azn-1) =0

¢2(a2n) =0 ¢2(a2n—1) = Qp n = ]-7 27 37 e

Remark: Recall that if R is a principal ideal domain rank of
a free module M is an invariant and rank of a submodule of a free
module M is less than or equal to rank of M.

Solution: It is clear that, 1 is linearly independent over R and
it spans R. First observe that ¢; and ¢, are R—linearly indepen-
dent. Indeed if

T1¢1 + 1202 =0 T, € R,

then for any n € N we have,
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ri(an) = r1¢1(ag,) + roda(as,) = (ridr + ragz)(az,) = 0.

Since r; is an endomorphism and sends every basis element to zero
we obtain r; = 0. Similarly for all n > 1

TQ(an) = T1§b1 <a2n—1) + T2¢2(a2n_1)
= (r1¢1 + rege)(agm-1) =0

Hence by the above explanation we have 1y =0 € End(F).
Now we show that By spans R as an R-module i.e., for any
f € End(F) there exists ri, 5 € R such that

f=rior 4+ rogo

B ={a; | i > 1 } is a basis for a free abelian group F.
Therefore we may define a map on B and extend it linearly to F'.
Then it becomes an element of R = End(F).

Let 1 (a;) = ag; and ry(a;) = ag;_; for all ¢ > 1. Then 1,79 € R
and ¢ + ro¢9 = 1. Hence for any f € R, we have f = fri¢; +
frogs. It follows that B, spans R.

Give an example of an R-module M over a commutative ring R
where the set T'(M) of torsion elements of M is not a submodule.

Solution: Consider Zg as a Zg-module

2 is a torsion element since 2.3 =0
3 is a torsion element since 3.2 = 0

But 2 + 3 is not a torsion element because for any 0 # r € Zg
rb=r(—1) #0.

Let R be a PID and M be an R-module. If x and y are torsion
elements with orders r and s respectively and that r and s are
relatively prime in R. Show that x + y has order rs.

Solution: Since r and s are relatively prime there exists 1/, s’ €
R such that r’ + s’ = 1 Then k = k1 = krr' + kss'. If k
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is the order of z + y, then k(z +y) = 0. Then kx = —ky and
0 = rkx = —rky. This implies that s|rk by assumption (r,s) = 1
and hence s|k. Similarly r|k, say k = rir = s1s, then k = (krr’ +
kss') = sysrr’ + rirss’ = (s’ + m8)rs. ie. rslk giving (k) = (rs)
ie x4yl =rs.
Suppose R is a commutative ring and M is an R-module. A sub-
module N is called pure if rN =rM NN forallr e R

(i) show that any direct summand of M is pure,

(ii) if M is torsion free and N is a pure submodule, show that
M/N is torsion free,

(iii) if M/N is torsion free, show that N is pure.

Solution: (i) Let K be a direct summand of M. Then M =
K & L, where K and L are submodules of M. Then rM =rK @&rL
. For any rm € rM, there exists £k € K and [ € L such that m =
k+1. Then rm =rk+rl € rK +rL. Hence rM C rK +rL. Since
rK and rL are submodules of K and L respectively we have rM =
rK@®rL. Then KNrM = KN(rK@rL)=rK®(rLNK)=rK.
Clearly rK C KN(rK+rL) on the other hand if z € KN(rKNrlL),
thenx = rky+sl; € K. Thenz—rk; € KNrL =0. Then x = rk;.
Hence K is pure.

(ii) Assume that there exists an element x + N € M/N and
0 # r € R such that r(x + N) = rz + N = N. Then rx € N and
since x € M, we have re € rM NN =rN as N is pure submodule
of M. It follows that ra = ry for some y € N. Then r(z —y) = 0.
But M is torsion free and r # 0. This gives z —y = 0 i.e., v = y.
Hence z + N = N, z € N and it follows that M /N is torsion free.

(iii) Assume that M /N is torsion free. Let r € R. Then clearly
rMNN D rN. Assume that rMNN < rN. Let rm € (rMNN\rN).
Consider m+N € M/N. Thenr(m+N) =rm+N = N asrm € N.
Hence m + N is a torsion element which is impossible or r = 0.
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(120) Suppose L, M and N are R-modules and f : M — N is an R-
homomorphism. Define
f* : Homg(N,L) — Homg(M,L)
via  f*(¢) : m— ¢(f(m))

for all € Hompg(N,L),m € M.
(i) Show that f* is a Z-homomorphism.
(ii) If R is commutative show that f* is an R-homomorphism

Solution:
[ 1+ @) (m) = (¢1+ ¢2)(f(m)) where ¢y, ¢9 € Homg(N,L), me M
= ¢1(f(m)) + d2(f(m))
= [T¢u(m) + f*(¢2)(m)
= (fT¢1+ ["g2)(m).

and for any k € Z,

fr(kgr)(m) = (k¢1)(f(m)) = ko1 (f(m)) = kf*(¢1)(m)
Hence f*(k¢1) = k(f*¢1) for all k € Z.

(i) If R is commutative, then

frrén)(m) = (ré0)(f(m)) = réu(f(m)) = r(f*¢1)(m) = (rf é1)(m)

( We need commutativity of R so that r¢; is an R—module homo-
morphism.

Indeed  (r¢1)(sz) =r(P1(sx) = rsoi(x)
= sréq(x) by commutativity of R.)

Hence r ¢; is an element of Hompg(N, L) )



84

(121)

(122)

M. KUZUCUOGLU

(i) If R is an integral domain show that free R-modules are torsion
free.

(i) If K is an integral domain with 1 that is not a field exhibit
a torsion free R-module that is not free.

Solution: (i) Let R be an integral domain and m be an element
of a free module M. Let B be a basis for M. Then there exist non-
7€ro r1,T9, - , 1 € R and by, by, -+ ,bp € B such that

m:T1b1+"'+T’kbk

If sm = sriby + --- + srgbp, = 0, then we get sr; = 0, for all
1=1,---,k Since b; are independent. But this implies s = 0, since
R is an integral domain.

(ii) Let Q be the set of rational numbers. Q is a torsion free

Z-module. But Q is not a free module, because Q does not have
my

a basis as a Z-module. If by, by are two elements of Q say b; = -

and by = 7::—22 Then nymsb; — nomyby = 0 where nymsy # 0 and
nomy # 0. Hence any subset of Q containing two elements are Z-
dependent. Hence a linearly independent subset of Q has at most
one element. But it is clear that Q can not be generated by one
element. Hence Q is not a free Z-module.

Let R be a PID show that M([s] and sM = {sz|x € M} are sub-
modules of M.

Solution: M|[s] = {x € M|sz = 0}. Let x1,25 € M]s|, then
s(xy 4+ x2) = sv1 + sxa = 0let r € R and x € M|[s] then s(rz) =
r(sz) = 0 hence M|s] is an R-module.

Let y1,y2 € sM. Then y; = sx; and y = sx for some z1, x5 €

M. Then
Y1 + Yo = sx1 + sxy = s(x1 + x2) € SM.

Let y € sM and r € R. Then ry = rsz = s(rz) € M since M is an
R-module where y = sx. Hence sM is an R-module.
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(123) (i) If M is an R-module show that there is a ring homomorphism

(124)

¢ :r — ¢ from R to End(M) with ¢.(z) = rz all r € R and
x e M.

(ii) Conversely, if M is an abelian group and ¢ : R — End(M)
is a homomorphism show that M becomes an R-module if we define
re = ¢.(x).

Solution: Let ¢ : R — End(M) and ry,75 € R.

Prigrs () = (11 £ 12)T = 110+ 10

= ¢T1 (QJ) + (brz(x)
= (¢r, + &) (2)

d(r17r2) = Gpyry indeed

Griry () = 11m9(T) = T1(r2(2)

Hence (bm?‘z = ¢7’1¢7’2

Thus ¢(r1 +12) = ¢(r1) + ¢(r2) and ¢(rir2) = (r1)é(r2) so ¢ is a
ring homomorphism.

(i) Suppose ¢ : R — End(M) is a homomorphism.

M is an R-module for

(114 712)T = Qrygre)(T) = Oy (T) + Pry (1) = 712 4 T2,
(rr2)z = Gy (x) = (&1, 0r,)(x) = 11 (r27)
rl@+y) = ¢z +y)=d(x) +o(y) =re+ry
So M is an R-module.
Show that M = @M, an internal direct sum of submodules if and

only if each x € M has a unique expression of the form
=21+ 22+ -+ z for some k with z; € M,,.



36 M. KUZUCUOGLU

Solution: Since M = @, M, every element m € M can be
written of the form m =z + 2o+ -+ + 2, z; € M,, for some
o; € A

If

m = x1+xo+- - -+xr = y1+y2+- - -+, where without loss of generality [ > k
then

(@1 —y1) + (T2 —y) + -+ (Th = Y) = Y1 = — Y1 = Ui
SO
Y€ (Mo, + Moy + -+ My, )N My, =0
this implies that [ = k£ and similarly
T — 1y € Mo, N (Mo, +---+ Mo, | + Moy, +---+ M,y,) =0.

x;i=1y;soforalli=1,--- k. Hence xz; = y;.
Conversely, since every element x in M can be written uniquely
of the form x = x1 + 9 + - - - + 1, then

M=) {M, |acA }
we need to show that sum is direct sum. For this we need to show

Ma* ﬂ Za¢a* MO& — 0. Let

Mear € My N Z M,
aFta*
Mo = —(May F My +++My,) a;#a foralli=1--- k (o # q;j).
Since every element can be expressed uniquely, then
Mer + Mgy + -+ Mg, =0
This implies that mq+ = 0 hence
My NY My =0
aFa*

so the sum is direct sum.



GRADUATE ALGEBRA, PROBLEMS WITH SOLUTIONS 87

(125) Suppose R is a commutative ring and M is an R-module then the
R-module M* = Hompg(M, R) is called the dual module of M. The
elements of M* are commonly called R-linear functionals on M. If
M is free of finite rank with basis {x1, z9, -+, x,} show that M* is
also free with basis {f1, f2, -+, fn} where

1 if i=7y
fi(%)_{ 0 if i#] }
conclude that M and M* are R-isomorphic in that case.
Solution: fq, fa, -+, f, generates M*. Indeed if f € R* and
f(z;)) =a;, i=1---n, then
a1 fi+ -+ anfn, = f. To show this let,
p=a1f1+ -+ ayfn — f. Then

o) = avfi(zy) +--+aifi(zs) + -+ anfal@) — f(2)

= CLZ'—CLi:O

So for all ¢ = 1---n, ¢(x;) = 0. Since x;---z, is a basis for
M every element x € M can be written byzy + boxg + - -+ + by,,.
So for all x € M, p(z) = 0 implies ¢ is the zero map. Thus
arfr + -+ a,fn = f hence fi, fo, -, f, generates M*

Claim: fi, f5,---, f, are linearly independent assume that
blfl + b2f2 + -+ bnfn = O, then

but (bifi + -+ + befr)r; = b; = 0 for i = 1,---  k implies that

fi, f2,- -+, fn are linearly independent. Hence {fi, fa, -+, fn} is a
basis for M*. Since M is free
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K

there exists a unique f such that the diagram is commutative.
Solet K = M*, ¢(z;)) = fi is a map then there exists a unique
map f : M — M* such that fi =
Claim: f is an isomorphism.

M*

fli(z:) = (i)
fli) = olz:) = fi
ker f = {ze M|f(z)=0}
= {amr1+asxs+ ...+ apx, € M| flayxy + agzs + -+ + apz,) = 0}
= {amz +asxe+ ...+ ayx, € M | arfi + agfo + - anfn = 0}.

So a; = 0 since f1, fa, -+, fn is a basis therefore x = 0 hence ker f =
0.
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Claim: f is onto let ayf; + asfo + -+ 4+ apfr € M* then there
exists x € M such that x = a1x1 + - - - 4+ agxi, then

f(x) = flawz: + agwy + - - + apay)
= a1f(:C1) —|—~~—|—akf(xk)
= a1f1+”'+ak;fk

therefore f is an isomorphism.
Hence M* is isomorphic to M and M™* is a free module with

basis {fh f27 e 7fn}
(126) If R is a commutative ring with 1 and M is an R-module define a

function.
o: M — M™
r —
if = f(x)

for all f € M*. Show that ¢ is an R-homomorphism. Under what
circumstances is ¢ a monomorphism?
Solution: Clearly z € M**. Let 1,20 € M, fe& M".

O(er +22)f = (21 +22) f = flw1 +2)
since f € M*
far+m2) = f(@1) + f(22) = T1f + 22f = ¢(a1)f + ¢(x2)f
£ is arbitrary in M* hence
O(x1 + x2) = ¢(1) + d(22)
Let r€ Rand x € M and f € M*. Then
¢(ra)f = (F2)f = f(ra) =rf(z) =rif =ro(z)f

again as above this implies

¢(rz) = ro(z).



90

M. KUZUCUOGLU

ker¢p = {x € M | ¢(z) =0}

(127)

(128)

= {xeM]| f(x)=0 forall fe M}
= {xeM|xe Ker(f) forall fe M*}
= Ngem-ker f

if this is zero, then ¢ is 1-1.
Use invariant factors to describe all abelian groups of orders 144,
168.

144 =722 = 36.2.2 = 18.2.2.2

144 =364 =12.12=6.6.2.2 = 24.6 = 48.3 = 12.6.2

244, 27y D7y, 236 D71y ® Lo, VARGY ISY YA

Z36 © L, 21y ® 7o, Ze © Le D Ly ® Lo, Zoy &
Zg,

g © Zs, Ziy @ Le D Lo

168 =84.2 =42.2.2

Z 163, Zgy @ 7y, 2y, D7y D Zy.

Suppose R is a PID and M = R < a > is a cyclic R-module of
order 7,0 # r € R. Show that if IV is a submodule of M, then N is
cyclic of order s for some divisor s of r. Conversely, M has a cyclic
submodule N of order s for each divisor s of r in R.

Solution: Let ¢ : R — M k — ka. As M is a unitary R-
module, it is easy to see that ¢ is an R-module epimorphism. Hence
by isomorphism theorems R/kerp = M. Order of a is r implies
that ker ¢ = (r). Then we get R/(r) = M. Since R is a commutative
ring, there is a 1 — 1 correspondence between submodules of M and
ideals of R/(r).

Then the inverse image of N in R/(r) is a ideal of R/(r). Since
R is a PID then the ideal corresponding to NN is generated by one
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element i.e., it is cyclic R-module this implies V is cyclic R-module
of order s with s|r.

Conversely assume that s|r. Then consider the submodule N =
R < Za > . The module N is a cyclic submodule of M. Exponent of
N is s. Certainly s.2a = 0. Any element z satisfying zZa = 0 must
be divisible by s otherwise order of a will not be 7. If x%a = 0, then

% = rt. Then xr = srt and

rlzZ. Since R is an integral domain
r # 0,7 = st. So s|z. Thus s is the order of Za. Hence order of NV
Is s.
Suppose W = R < v > is a cyclic submodule of Vr, and that W
has order f(z) € F[z]|, where deg f(z) = k > 0. Show that the set
{v,Tv, T?vy,--- , TF v} is a (vector space) basis for W. We call v
a cyclic vector for W.

Solution: Let w be a vector in W. Then there exists g(x) €
Flz] such that g(x).v = w since W is a cyclic submodule of V7.
W has order f(z), it follows that f(zx).a = 0 for all a € W.

We may assume that deglg(z)] < deg f(x) = k. Otherwise write

g(x) = f(z)q(z) + r(x) where deg(r(z)) < deg f(x) or r(zx) = 0.
Hence g(z)v = r(z)v. Therefore r(x) = ag + a1x + - -+ + ap_12571,
we get r(z)v = aglv + a;Tv + -+ + ap_T" v = w. Hence
{v,Tv, -, T* 0} spans W. If bg+b;Tv+- - -+bp_; T v = 0, then
(bo+byx+---+by_121).0 = 0 this implies f(z)|bg+- -+ bp_z**
which implies by = by = -+ = b,_1 = 0 as deg(f(z)) = k.

Use elementary divisors to describe all abelian groups of order 144
and 168.

Solution: a) 144 = 2*.3
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Ly P L2 Zos ® 73 D 73

Los D Lo ® Zig2 Zos ® 7o ®7Zs D73

Zo> ® Loz ® Zis2 Zo> ® 1oz ® 71z D Zs

oo B Zoy & Loy & T Do & Ty Loy & Zs & Zos

Doy Ly DLy D LoD Lge Lo Zo® Ly ® Ty ® Ly ® Zy
b) 168 = 23.3.7.

Zoys D13 D7y
Zo» D72y D713 D7y
2o DZ2oDZy DZLs DLy

(131) If p and ¢ are distinct primes use invariant factors to describe all
abelian groups of order
(i) p*¢* () plg (i) p" 1<n<5
Solution: (i) p*¢* = pg.pq = p*q.q = ¢°p.p
Lo, Zpg®Zypy, Zipg®ZLy ZLp,®ZLy
(ii) p*q = P’q.p = P*q.p* = P*q.p.p = Pa.p.p.p
LZysg, ZLpg DLy, Zpy®Zy, 2y ®Z,dZ, andZy,®

7,7, 7Z,
(ii)n=1, %,
n=2 p*=pp
Z, 7,57,

n=3 p’=p’p=ppp
Zo, Lp.®7Z, Z,5Z,07,
n=4 p'=p’p=p>p’=pipp=pppp
Zp4, Zpa@zp, sz@zp2, sz@Zp@Zp, 2,071,02,D7Z,
n=>5p° =ptp=pp=p’pp=ppp=p"ppp=ppppp
Zps, Zp4 @Zp, Zp3 @Zp2, Zps @Z,,@Zp, szEBZp2 EBZp,
Zp®Z, &L, &L, Z,0ZL, &L, 0L, 5L,

(132) If p and ¢ are distinct primes use elementary divisors to describe all

abelian groups of order p*q?
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Solution: p’* = p’pq® = pppq® = p*paq = pppeq = pP’aq
Zp ©Zgp,  Zop ®Zy® Lo, Ly ® Zy D Zy B Ly
T ® 2y ® Ly ® Ly, Ly ®Zy® Ly DLy Ly and Ly & Zy B 7y,
(133) Find all solutions X € Z? to the system of equations AX = 0 if A
1s

RS
1)[1 0 2]

0o 2 -1
i) |1 -1 0
2 0 -1
1 -1 1
) _ 1 -1 1 Ro+R
lut . Ri+R> 2+Ry
Solution 1 0 2 [O 1 1]
1 0 2 20,40 1 00
01 1] —c+C5]1010
1 11 0 1
P1: —1 1 P2— O ]. P:P2P1: —1 1
1 0 =2 1 0 O
Q1 = 01 0 @ = 01 -1 Q = Q1Q, =
0 0 1 0 0 1
1 0 =2
01 —1
00 1
Let
n

Y =1y | and X = QY, then
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1 00 U
PAX=PAQY =101 0 Yo | =
Ys
y1 =0 1y =0 and y3 free. Hence X = QY implies
Ty 1 0 =2 0
zo | =10 1 —1 0
xs3 00 1 c

Solution set

(=2,-1,1)c|ceZ }

{(—2,—1,1)} is a basis for the solution set.
0 2 -1 0 2 -1
(ii) 1 -1 0 RN 1 -1 0
2 0 -1 0

=}

1 02:)03

o o
o v o
o O~
|
—_

e}

oo = © O =
|
[\
_ o O
o R O O = O
QO
™)
Il
o O =
oHooHo

P=PPP = 1 0

o
=
—_ o o O O

0 implies
0 p

oON O b1

oo @@

—ri+r3
T2T1
—

2C2+-C3
kN
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1 01
Q=0Q:1Q:0Qs= |0 0 1
1 2

0
X =QY, AX =0 ifand only if AQY = 0 if and only if
PAQY =0
1 0 0
But PAQ=|0 -1 0
0 0 0
This gives y; =0 yo = 0 and y3 is free.
1 01 0 1
X=QY=1]10 01 0| =1 2
01 2 Ys T3

Ty =1y3, Ta=1ys, 3= 2y3 Hence {(1,1,2)c| c € Z} is the
integer solution set of the given system.
(134) Find all solutions to the following systems AX = B of equations:

ma=|l L 5 4
1 0 2 5
0 2 -1 5

{HA=]1 -1 0 B=|1
2 0 -1

1 -1 1
—ritr 1 -1 1
Solution: Then [ 1 0 2 1gre [ 0 1 1 ] Retfa

1 02| 204 |1 0 0
[o11]_@+%[010]
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1 0 =2
1 0 11
P = 1 1],P2=[01],Q1= 01 0 Q2 =
0 0 1
1 0 0
01 -1
00 1
0 1 1 0 -2
P=PP = 11 Q=0QiQ2= |0 1 -1
0 0 1
QY = X and AX = B implies AQY = B and PAQY — PB.
Hence
tool | [To 1][4] [>s
o1 o "] 11| |5] |1
Ys -
y1="5 y2=1, wys3isfree ~
1 0 =2 5 Ty
QY = X implies | 0 1 -1 1| =1 x
00 1 U3 X3
Soxry =5—-2y3, w2=1-vys3, x3=1y3
Solution set
{(6—-2¢,1—¢c,c)|ceZ}
0o 2 -1 5!
i)A=|1 -1 0 B=|1
2 0 -1 7
2 -1 0 2 -1 —Ri+R3
1 -1 0 e 1 —1 0 e
0 -1 0o 2 -1
1 -1 0 1 0 -1 CliCS 1 0 O
0 2 -1 | =™ —1 2 | 20,+Cs| 0 -1 0
0 0 0 0 O 0 0O 0 0
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X1
X2
xs3

oo @ o

— oo @ <9 =
— O O

97

Ir1 =

1 0 0 1 00
P 0 1 0] R~= 0 1 Py =
0 -2 1 -1 0 1
1 00 1 01 1
Q1 001 @=]1]010]Qs=1]0
010 0 01 0
0 1 0
P=PRPPP = 1 0 0
-1 -2 1
1 01
Q=0Q:1Q:0Q3==10 0 1
01 2
1 0 0
PAQ=|0 —1 0 | AX = B implies PAQY = PB. So
0 0 O
1 0 0] [w 1 0 5
0 -1 0] | v 0 0 1
0 0 0 Y3 -2 1 7
=1, ys=-—=5H, y3is free
T 1 01 1
QY xo | implies | 0 0 1 -5
3 01 2 Ys
l+ys, ®=ys, x3=-5+2y
{I4+¢c,-5+2c) | ceZ}

(135) If a matrix A over a field F' has a minimal polynomial m(x) and
characteristic polynomial f(z) show that f(x) is a divisor of m(z)*

in F[z] for some positive integer k.
Solution: Recall that m(x) divides f(z) and every irreducible

factor of f(x) appear as a product in m(z). Let m(x)

_ €162
=p1 Py -

€k
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where p; are irreducible monic polynomials in F[z]. By Cayley-
Hamilton Theorem f(x) = pi'pi?--- pfj where e; < t;. Assume that
least common multiple of ¢q,t, - - -t is n. Then m(x)™ is divisible
by f(x) since p;' | p;"
Remark. The above n is not the smallest number.
(136) Determine whether or not

3.0 2 5 -8 4
A= 0 1 -1 |andB=]|6 —11 6 | are similar over
4 0 3 6 —12 7
3.0 2 ~10 5
Solution: A = | 0 1 —1 | ™" | 0o 1 -1
4 0 3 40 3
10 5
Tt 1 -1
0 —17
10 0 10 0
511 Cs [ 001 -1 | “* | 0 1 0 | Smith normal
0 0 —17 0 0 —17
form of A.
5 -8 4
For B - 6 —11 6 ~Het i
6 —12 7
-1 3 2| emtr [ -1 3 -2
6 —11 6 |6Ri+Rs| 0 7 —6
6 —12 7 0 6 -5
301_4:02 -1 0 0
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-1 0 0 -1 0 0

Cots 0 1 -6 | = 16| e
0 1 =5 0 0 1

-1 0 0

0 1 O | Smith normal form of B

0 01

So these matrices are not similar. One can observe that these
matrices are not similar in advance because det A = 17 and det B =
—1.
(137) Find the characteristic polynomial, invariant factors, elementary
divisors , rational canonical form, and Jordan canonical form (when

3 =2 —4
. . 0 2 4
possible ) over Q, for the matrix A = 0 —1 —9
xr—3 2 4 RsoR
Solution 2/ — A = 0 r—2 —4 -
0 | ag2 | fem
0 1 x4+ 2
x—3 2 4
0 r—2 —4
1 0 T+ 2
o 2 z-3 4 — 2R+ Ry
c—2 0 4 —(z—2)Ry+R3
1 0 x4+ 2
x—3 -2
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1 0 0
(o2t 0 2-3 —22 | Co+Cy
0 0 —a? -
1 0 0
0 z—3 —z—3 | &
0 0 22
1 0 0 » 1 0
0 —6 —z—3 Rl 1w | R
0 —2* —a? 0 —2* —2°
1
01w | Eee |
00 M—ﬁ 0 0 2%(%2—1)

Hence the invariant factor of the matrix A is z?(x — 3) = 2% —
322+ 0x + 0 Then x* = 32% + 0z + 0 Therefore the rational form of
Ais

000
100 Since minimal polynomial is not a product
01 3
of distinct polynomials of degree one we have the matrix is not
diagonalizable. Elementary divisors of the matrix are 2% and x — 3.
0 00
Hence the Jordan form of Ais| 1 0 0
00 3
(138) An n x n matrix A over a field F is called idempotent if A% = A
(i) What are the possible minimal polynomials for an idempotent
matrix?
(ii) Show that an idempotent matrix is similar over F' to a di-
agonal matrix.
(iii) Show that idempotent n x n matrices A and B are similar
over F'if and only if they have the same rank.



(139)
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Solution (i) A2 = A implies A>—~ A =0 Then A(A—1)=0
Hence A satisfies the polynomial f(z) = ? — x . Therefore the
minimal polynomial of A divides f(z) so they are x,(z — 1), or
z(x —1).

(ii) Since all possible minimal polynomials are product of differ-
ent linear factors A is a diagonalizable matrix.

(iii) The uniqueness of the Jordan form gives the result.

An n x n matrix A over a field F is called nilpotent if A¥ = 0 for
some positive integer k

(i) If A is nilpotent and A # 0 show that A is not similar to a
diagonal matrix.

(ii) Show that a nilpotent matrix A has a jordan canonical form
over F' and list all possible jordan forms for A

Solution. Since A* =0, the matrix A satisfies the polynomial
f(x) = 2* so minimal polynomial of z is of this form but A #
0 implies minimal polynomial is # z hence it is not product of
different linear factors. Which implies that A is not diagonalizable.

ii. By part (i) minimal polynomial of A is 2™ for some m < k
hence minimal polynomial is a product of linear polynomials. Then
as the minimal polynomial is a product of linear factors it has a

Jordan canonical form. The possibilities consists of block diagonal
0

10

Jordan matrices of possibly different size .
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— O
— O
— O

(140) Show that characteristic polynomial of a companion matrix C(f) is
£/ ().
Proof. By induction on degree of f(x). If deg(f(z)) =2 and
f(z) = 2® + a1z + ag, then C(f) = ( 0 —a >

1 —a

Then det(xI —C(f)) = det < _1‘1 xfz
f(@)

Now assume that determinant of companion matrices of

) =2+ ar+ay =

size < n — 1 is the corresponding polynomial. Let C(f) =

0 —Q
10 —ay
1 0 —as )
be an n X n matrix.
0

1 —Aap—1
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x Qg
-1 = aq
-1 x Q9
Then det(z] —C(f) = det
T

= det T +(—1)""ag det -1 =z

-1 z+ Ap—1

By induction we have det(zI—C(f) = x(z" ' +a, 12" 2+ -+
asr+ay)+((=1)"tag(—=1)""t = 2" +ap,_ 12"+ - Farxtag = f(x)

(141) (a) If R has an identity and A is an R-module, then there are
submodules B and C' of A such that B is unitary RC = 0 and
A=BaC

(b) Let A; be another R-module with A; = By @& Cywhere By
is unitary and RC; = 0. If f: A — A; is an R-module homomor-
phism, then f(B) C B; and f(C) C C}.

(c) If the map f of part (b) is an epimorphism [resp. isomor-
phism], then so are f|p: B — By and f|c: C — Ci.

Solution. Let B={lga | a € A} and C ={a € A | 1ga = 0}.
Now clearly B is a unitary R-module. C' is a submodule, RC = 0
and for any a € A the element a — 1gra € C. Indeed

1R(a - 1R(l) = 1RCL— 1R(l =0.
Hence

a=1pa+c for some ceC.
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a = lgra +a — 1ga where ¢ = a — lra. Hence we have A =
B+C. If xe€ BNC, then x =1ga € B and x € C. This implies
that * = 1ga = 1g(1lga) = 1gz = 0 since x € C. It follows that
BNC =0. Hence A= B & C.

Observe that B and C' are unique submodules of A satisfying
the above properties. B is the largest unitary submodule of A and
C' is the largest submodule satisfying RC' = 0.

(b) Let ¢ € C. Then 1g ¢ = 0. It follows that f(lgc) =
1rf(c) =0. Hence f(C)={f(c) | ce C} C (.

Let 1gb € B. Then

f(le) :1Rf<b) € By as Blz{le | bGB}

(c) Assume that f is an epimorphism. Then for any ¢; in = Cf,
there exists a € A such that f(a) = ¢;. Then by (a) there exists
b€ B and ¢ € C such that a = b+ ¢ where b € B and ¢ € C. Then

fla) = f(b)+ f(c) =c1 where f(b) € Byand f(c)e C; by (b).
Then f(b) = 0  because of the direct sum.

Hence f(c¢) = ¢; and c¢ is the required element in C'.

It follows that f|c is an epimorphism.

If f is a monomorphism, then ker(f) = 0. Since f |¢ is a map
from C' to C the map is a monomorphism on C. By above it is an
epimorphism hence it becomes an isomorphism. It follows that fic
is an isomorphism. Similarly for f|g is an isomorphism.

(142) Suppose R is a ring, M; and M, are right R-modules Ny and N
are left R-modules, f € Hompg(M;, M) an g € Hompg(Ny, Na).

(1) Show that there exists a unique h € Homz(M;®@g Ny, Mo®@r
N3) such that h(z @ y) = f(z) ® g(y) for all x € M,y € Ny.

Hint: Define a balanced map from M; x N; to My ®g Niy via
(z,y) — f(z) ® g(y) and see the definition of the tensor product.)
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The unique homomorphism £ is denoted by f ® g.

(2) Suppose further that f' € Hompg(My, M3) and ¢ €
Hompg(Ns, N3) show that (f' @ ¢)(f®@g)=ff®Rdg.
M, x Ni — My @5 Ny

(z,y) — f(z) ® g(y)
b is a balanced map. Indeed

Solution: Let b:

bz, +2,y) = flo1 +22) ®@g(y) = (f(z1) + f(22)) ® g(y)
= flz1) ®g(y) + f(z2) ® 9(y)
= b(z1,y) + b(2,9)

and

bz, +12) = f(2) @ g(yn +y2) = flz) @ (9(1) + 9(v2))
= flx)®g(p) + f(z) @ g(p)
= b(xvyl) + b<x7y2)

and finally

b(zr,y) = f(ar) @ g(y) = f(x)r@g(y) = f(zr)@719(y)
= f(z)®g(ry)
= b(x,ry)

Hence b is a balanced map.

There exists a canonical balanced map ¢ : My x Ny — M; ®pr N;.
Hence by definition of the tensor product we have a unique group
homomorphism A : My ®r N1 to My ®pr Ny such that
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My, x Ny t M1 & Nl

A

My ® Ny

ht = b i.e. ht(my,ny) = b(mq,ny) It follows that

h(mi ® ny) = f(m1) ® g(n1)

h is denoted by f ® g.

(2). The composition of R-module homomorphism f'f is an
R-module homomorphism from M; into M3 and ¢'¢g is an R-module
homomorphism from N; into N3. Then by the first part f'f ® ¢'g
is a unique group homomorphism from M; ®g N; into M3 ® N3

Myx N, 't M1®RN1

CE

My @r No M3 ®gr N3

f®g,f®¢ and f'f ® ¢'g are unique group homomorphisms.
Such that the corresponding diagrams are commutative. i.e., for
any my, € My and ny, € Ny
(f @) (f ® g)t(mi,n1) = (f'f ® g'g)t(m1,n1). Since t(mq,n1)
generates M; ®@r Ny we get (f'@¢)(f®g)=ff®dg
(143) If R is a commutative ring and M, N are R-modules then we can see
M and N as R-bimodules with the natural action from right.(r.m =
m.r). Show that M ®gz N and N®gM are isomorphic as R-modules.
Solution: Defineamap f: M XN — N®gpM, f(m,n) = n@m.
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MxN___t MepN

r-)/

N®@r M
Then f is a balanced map. Indeed

f(mi+me,n) =n® (M +me) =n®m; +n®ms = f(my,n) + f(mg,n)

f(m,ng+n2) = (n1+n2) @m=n1 @m+ny @m = f(m,ny) + f(m,ns)

f(mr,n) =n@mr=n®rm=nr®@m= f(m,nr) = f(m,rn)

Hence by definition there exists a unique group homomorphism
h such that the above diagram commutes. i.e., ht = f.

Observe that whenever f is R-bilinear map h and v are R-linear
map

Similarly there exist a unique homomorphism v from NQr M —
M ®pgr N such that

vf=t
By the uniqueness of v and h we get the mapm: MQN — M ®@ N
such that mt =t and yht = t. We obtain

we obtain vh = idyg,, N similary hy = idng -

Hence h and 7 are invertible R-homomorphisms. This shows M ®p
N=NrM

(144) Suppose A is a finitely generated abelian group.

i) compute A ®z Q
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ii) Define f: A — A®z Q by setting f(a) =a® 1 for all a € A.
Show that f is a homomorphism. Under what circumstances
is f a monomorphism?

Solution: Recall that every finitely generated abelian group
can be written as a direct sum of its cyclic subgroups say
Ao S Ag, Agyq, -+, Ay where A, is finite for ¢ = 1,--- |k and
Agi1, -+, A are infinite cyclic groups. Then as every abelian
group is a Z-module we get

ARz Q = (A1@+"'+@Ak@f4k+1@"'@Am)@)Q
> (B (4,82Q) @ O (A4®Q)

FOIizl,"' ;kAi®ZQZOade01"i:k+l,---,m,Ai§Z,
Hence

ARz Q= EBZLJA(Z Rz Q) = oF1Q Q(m—k)

i) fla+b)=(a+b)@1=a®1+b1= f(a)+ f(b)

f(a) = 0 implies that @ ® 1 = 0. If a has finite order ¢, then
a®1=aq® % = 0. Hence f is not a monomorphism whenever A
has a non-trivial element of finite order. On the other hand if A
is a finitely generated torsion free abelian group, then A = Z" and
A®zQ = Q" let {x,...x,} be a basis for A over Z. Then the
map

AxQ—A®QIQ awiq) = aq

then f is a monomorphism.

(145) If A is an abelian group show that

Z,®7 A AnA

Znx A— A/nA
(m,a) — ma+nA
g is well defined because

Solution: Define g :
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(my, a) = (Ma,a) we get my — mg = kn for some k € Z. Then
g(My,a) = mia+nA=(mg+kn)a+nA = maa+ kna+nA
= mea+nA
= g(m3,a)
Now we show that g is a balanced map.

g(mi +mg,a) = (mg+ma)a+nA
= mya+ mea +nA=mia+nA+mea+nA

g(my, a1 + az) = my(a; +az) + nA = mya; +myas +nA

= g(mi, ar)+ g(my, as).

g(mk,a) = g(mk,a) = = mka+nA
= g(m,ka).

Hence there exists a unique homomorphism h : 7, ®; A — A/nA
such that ht = g¢.

ht(m,a) = h(m ® a) = ma + nA.

h(m ® a) = 0 implies ma + nA = nA. This is true if and only if
ma € nA. But this implies that n|m. Hence m = 0. But then
m®a=0®a = 0. The map h is onto since for any a+nA € A/nA,
h(1®a)=a+nA.

(146) Let V be a vector space of dimension 2. Let By = {1, x5} be a basis
of V. Let W be a vector space of dimension 3 and By = {y1,y2, y3}-
Let S:V — Vand T : W — W be linear transformations given by

Szy = a7 + anre

Sxy = a1971 + a2
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A

]nyl =
]ﬂyg =
jnyg =

B =

ail Az
21 Qa22
biiyr + ba1ya + b31ys

biay1 + baoy2 + b33
bisy1 + basya + bssys

bll b12 bl3
b21 b22 b23
b31 b32 b33

Find the matrix representing S ® 7" in the ordered basis

{1 @Y1, 21 ® Y2, 21 @ Y3, T2 @ Y1, T2 @ Yo, T2 @ Y3}

Solution.

(SRT) (w1 @) =

S(a1) ® T(y)

(a1171 + agiza) @ (buyr + barya + ba1ys)

ar(r1 ® (buyr + b2z + barys)) +

a1 (w2 @ (br1y1 + barye + bs1ys))

a1bi (1 @ y1) + ar1bar (21 ® y2) + anibsi (1 @ y3)
ag1b11 (22 ® Y1) + 21021 (72 ® Y2) + ag1bs1(z2 @ y3).

For a general element

(S@T)(r;@y;) =S(x:) @T(y;) =

(@171 + azize) ® (bijy1 + bojye + bsys)

)

a1:b1; (21 @ Y1) + a1ibo; (1 @ ya)

a1;b3i(r1 ® y3) + agibij(xa @ Y1)
)

—- -

A2:b2j (T2 @ 12) + a2:b3;(T2 @ ys3)
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Then

ajibir aiibia anbis aigbin aigbiz  aigbis

a11b91  a11bay  a11baz  ajobar  aiabae  ai2bos
b b b b b b B B
A®B = 11031 @11032 Q11033 Q12031 Q12032 Q12033
as1b11 agibia agibiz  agebin  agbiz  azsbis
ang CLQQB
a1b21  ag1bay  ag1baz  agebar  agebae  agabos

a1b31  agibsy  ag1bss  agebsr  agbsa  agabss

(147) If F' is a field and K is an extension field of F' show that
M,(K)= K ®p M,(F) as F-algebras.
Solution: Recall that K is an F-F-bimodule and moreover K
is an F-algebra. M, (F) is an F-algebra. Hence K ®p M, (F') is an

F-algebra
K x M,(F) t K ®@p M,(F)

f h

Mo (K) = K ® M,(K)

f(k,A) = kA, where k € K, A € M,(F).

f(k1 4 ko, A) = (k1 + ko) A = k1 A+ koA = f(k1, A) + f(ke, A)
f(k, Ay + Ag) = k(AL + Ag) = kAL + KAy = f(k, A1) + f(k, Ag)

flke, A) = (kc)A = k(cA) = f(k,cA) forall ceF.

Hence f is a balanced map. Then by definition of the tensor product
there exists a unique group homomorphism A such that the above
diagram commutes i.e., ht = f, h(k® A) = kA

h(s(k ® A)) = skA = sh(k ® A), s € F. So h is a module

homomorphism. Moreover
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h((k® A)(s® B)) = h(ks® AB) = ks(AB) = (kA)(sB) = h(k® A)h(s® B)

Hence h is an algebra homomorphism we assumed above M, (K) is
an algebra and the product on the algebra K ®p M,,(F') are known.

K ® M,(K) = M,(K) isomorphism of algebras

Hence we may consider f as a balanced map from K x M,,(F') —
K ® M,(K). Then the exists a unique homomorphism from = :
K ® M,(K) — K ®F M,(F) such that diagram commutes. Then
v =t ht=f, hyf=1F.

Since im f generates as an algebra M, (K) and the uniqueness of
maps hence vy gives the map hy is unique from M, (K) — M, (K).
Since we have identity map from M, (K) to M, (K) we get hy = id
i.e., hence ~ are bijective in particular h and ~ are isomorphisms of
algebras.

(148) Suppose R is a ring with 1. A unitary R-module P is called projec-
tive if given an exact sequence M <5 N — 0 of R-modules and an
R-homomorphism f : P — N, then there is an R-homomorphism
h : P — M such that f :Pgh i.e., the diagram

A

1s commutative.

(i) Show that free modules are projective.

(ii) If P = P, & P show that P is projective if and only if both
P, and P, are projective.

Solution: Let F' be a free module on a set X. Then for any
map and any R-module T such that f: X — T there exists unique
R-module homomorphism h : F' — T such that diagram
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X———pF
/ /h

commutes. So assume that F' is free on X and we have the

exact sequence M % N — 0 with the R-module homomorphism

a: F — N. Then i

X F
¢ Jh a
g
M N -0

ot is a map from X into N. Since g is onto we may define a
map # : X — M such that ai(z) = gf(x). Then there exists a
unique module homomorphism h : F — M (by the freeness of F')
such that hi = 3. Then ghi = g8 = ai. Since i(X) generates F as
a free module we get gh = « and h is unique. Hence F' is projective

ii) If P is projective and M — N — 0 is an exact sequence,
then p

the restriction of h to P; gives a homomorphism such that the
diagrams
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IDZ,

M q N -0
commutes. Let f' : P, - N. Let f'm = f, m : P — P,
projection.
Conversely assume that P, and P, are projective and M — N —
0 be an exact sequence and f : P = P, & P, — N be a module
homomorphism. Then f|p, gives a homomorphism of R-modules
hence there exists h; such that

gh; = f;

Let h : P — M such that h(x,y) = hi(x) + ho(y). Then h is a
homomorphism of R-modules and

gh(z,y) = g(h(2) + ha(y)) = ghi(z) + gha(y)
= [fi(z,0) + f2(0,y)
= f(z,0)+ f(0,y)
= fzy)

Show that an R-module P is projective if and only if P is a direct
summand of some free module F'.

Solution: Assume that P is a direct summand of a free module
F = P® K where F is a free module. Let M % N — 0 be an exact
sequence with a map f : P — N. Then we can extend f : FF — N
by defining zero on K. Hence we have the following diagram
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X L F_PaK

M -N -0

f = fm where 7 is the projection map from F to P. Let F
be a free module on the set X and i : X — F, and fi(x) € N
and ¢ is onto. Hence for any x € X define h from X into M
to satisfy fi(xz) = gh(z). Since F' is a free module there exists a
unique homomorphism v : F' — M such that diagram commutes.
i.e. vi = h. Then gvi = gh = fi. This implies gy = f.

Let v| =~/ restriction of v to P. Then gv'(z,0) = ¢gy(z,0) =

P
f(z,0). Hence g7 = fand v’ : P — M is a module homomorphism.
Conversely assume that P is a projective module. Let X be a
generating set of P and F' be a free module on a set X. Then by

definition of a free modiule
X F

P

there exists unique module homomorphism h : ' — P such that
diagram commutes. i.e., hi = id

Since image of h contains X and I'm h is a submodule of P we
get h is onto.

(Remark: This explanation shows that every module is an epi-
morphic image of a free module.)
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Since P is projective there exists f : P — F such that the
following diagram is commutative.

Verity F' = fh(F) @& (1p — fh)(F) and fh(F) = P.

(150) An additive abelian group A is called divisible if nA = A for all

non-zero n € Z.
i) Show that A = @ is divisible
ii) Show that any homomorphic image of a divisible group is di-
visible. Thus for example Q)/Z is divisible.
iii) Show that no finitely generated abelian group A(# 0) can be
divisible.

Solution: (i) It is clear that n@Q) C Q. Now for any = € ) and
any 0 #n € Z, = € Q hence z € nQ. Tt follows that @ C n@ and
hence Q) = nQ.

(ii) Any homomorphic image of A is isomorphic to A/K where
K is the kernel of the epimorphism. Hence it is enough to show that
A/K is divisible whenever A is divisible. For any a+ K € A/K and
n # 0 there exists b € A such that nb = a. Hence nb+ K = a + K.
This implies n(A/K) = A/K for any nonzero n € Z.

Therefore /7 is a divisible abelian group.

(iii) Recall that every finitely generated abelian group can be
written as a direct sum of finite cyclic groups Ay, --- , A,, and infi-
nite cyclic groups A,,41,- -+, A, where A; = Z for i > m + 1.

A=A416 - BA, PAL1DB--BA,.
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Assume max{|A;| i=1,---,m} =k. Then

kA = kA1 @ --- & kA, which is a proper subgroup of A.
Hence A is not divisible as A/kA is a non-trivial finite group and a
divisible group can not have a subgroup of finite index grater than
or equal to two.



