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1. (24pts) Consider o =

1 2345678

d 7 = (123)(345)(678) in Sk.
84612735)”7 (123)(345)(678) in S

e Express o as a product of transpositions.

o = (18524)(367) = (14)(12)(15)(18)(37)(36).

e Express 7 as a product of disjoint cycles.

T = (12345)(678).

e Find o!

00

We have o'% = [(18524)(367)]'% = (18524)199(367)1° = (367)!° = (367). The
second equality holds because disjoint cycles commute with each other.

e Is it possible to find a permutation v € Sg such that yoy~* = 7?7 If your answer is

yes, then find such a permutation.

The permutations o and 7 have the same cycle type thus they are conjugate to each
other. A possible choice for v is (8245367).



2. (24pts) Let G = {(z,y) € R? | 2°+4y* = 4}. Set (z1,y1)*(22, y2) = ( - x2y1> :

2
e Consider P = (6/5,4/5). Is P an element of G? Is P x P an element of G?

Since (6/5)% + 4(4/5)* = 4, we have P € G. Note that Px P = (—14/25,24/25). It
is easily verified that (—14/25)% + 4(24/25)? = 4. Thus P % P is an element of G as

well.

e Show that % is a binary operation on G.

The ellipse 22 + 4y*> = 4 can be parametrized by (2cosa,sina). Let P, P, € G.
Then P; = (2cos aq,sin ) and P, = (2 cos ag, sin ay) for some real numbers oy and

as. The angle addition formulas for cosine and sine implies that
P % Py = (2cos(ay + ), sin(ag + az)).
This shows that the resulting element P; x P, is in G as well.
e Show that (G, *) is a group.

The set G is nonempty because (6/5,4/5) € G. Associativity of the binary op-
eration x follows from the associativity of real numbers. The identity element is
e = (2cos0,sin0) = (2,0). The inverse of an element (z,y) = (2cosa,sina) is
found by

(z,y)"" = (2cos(—a),sin(—a)) = (2cosa, —sina) = (z, —y).
We conclude that G is a group under the binary operation .

o Let H =GN Q2% Show that H < G.

The set H is nonempty because (6/5,4/5) € H. Pick P, = (z1,11) and Py = (22, y2)
from H. The coordinates x; and y; are rational for each 7 = 1,2. We have

Pix Pyt = (zy,41) % (22, — 1)
_ (551513'2 —T1Y2 + 332%)

2
5 + 2Y1Y2, 7

Note that the point P, x P, ' has rational coordinates and it belongs to H. We
conclude that H is a subgroup of G.



3. (16pts) Let G be a group. Let H be the subgroup of G generated by the squares of
elements in G, i.e. H = ({g*|g € G}).
e Show that H < @.

Pick h € H. Then h =[]}, ¢? for some g; € G. Let g be an element of G. Then

ghg™' =g (H 93) g =
=1

It follows that ghg™! € H. Therefore H < G.

(9(7)97") = f[ (99:97")"

1 i=1

—.

7

e Show that G/H is commutative.

Any nontrivial element gH € G/H has order two because (gH)(gH) = g°H = H.
Pick g1 H and g2 H from G/H. Then ((91H)(92:H))* = (91H)(92H) (1 H) (92 H) = H.
Multipliying the last equality from each side by appropriate terms, we obtain that
(1H)(92H) = (92H)(g1H). We conclude that G/H is commutative.

4. (10pts) Show that the groups (C,+) and (C — {0}, x) are not isomorphic.

If f: G — H is an isomorphism then each element g € G of finite order is mapped to
an element h € H with the same order. Note that the group (C — {0}, x) has nontrivial
elements of finite order such as i = /—1. On the other hand the (C,+) has no elements
of finite order except the identity. Therefore these two groups can not be isomorphic.



5. (16pts) If a cyclic subgroup C' of G is normal in G, then show that every subgroup
of C'is normal in G.

We have C' = (a) for some a € G. Suppose that H is a subgroup of C'. Being a subgroup
of a cyclic group, H must be cyclic as well. We have H = (a‘) for some integer /.
We need to show that gHg™! C H for every g € G. The normality of C' in G implies
that gag™' = a”* for some integer k. Pick some element z € H. Then there exists an
integer m such that z = (a‘)™ = a*™. Using the fact that gag™! = a*
grg~t = ga'™g=t = a*™ = (a*)*™ € H. This finishes the proof.

, we obtain that

6. (10pts) Let n > 3 be an integer. Consider the map f : S, — S, defined by the
formula f(o) = 2. Show that f is not a homomorphism.

Pick 0 = (12) and 7 = (13) in S,. Note that this is possible since n > 3. We have
flor) = f((132)) = (123). On the other hand f(c) = (1) and f(7) = (1). It follows that
flor) # f(o)f(r) for some elements o and 7 in S,,. Therefore f is not homomorphism
from S,, to S,,.



