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1. (12pts) Let K and L be number fields. Determine for each of the following statements
if it is true or not.
e (4pts) K N L = Q if and only if ged(dg,d) = 1.

e (4pts) If K = Q] for some algebraic integer «, then Z[a] is an additive subgroup of
Ok with finite index.

[ ] (4pts) OKL == OKOL.



2. (8pts) Let R =Z[z]/(2,2*> + x + 1) and S = Z[t]/(2,t* + 3 + 2 + ¢t + 1). Prove that R
and S are both fields. Is it possible to write a ring homomorphism ¢ : R — S or ¢ : S — R?

3. (8pts) Let (7 = €>™/7 and consider L = Q({7), the 7-th cyclotomic field. Let K be its
unique subfield such that [L : K] = 3. Does there exist an element o € L\ K such that
a® e K?



4. (8pts) Let f(z) = 23+ ax + b be an irreducible polynomial over Z. If a is a root of f(x)
and K = Q(«), then calculate Tg(ai) for i € {0,1,2,3} and Ng(a —j) for j €{0,1,2}.

5. (8pts) Let p be an odd prime. Show that disc(1,(p, . ..,(27%) = £pP~2 where plus sign
holds if and only if p = 1 (mod 4). Show that Q({,) has a unique subfield K such that
[K : Q] =2. Find an element « such that K = Q(«).



6. (16pts) Let K be a quadratic number field. (In other words [K : Q] = 2.)
e Show that K = Q(y/m) for some squarefree integer m € Z.

e Let Ok be the set of algebraic integers in K. Prove that

O — {a+bym:a,beZ} if m=23(mod 4),
| {(a+bym)/2:a,beZ, a=b(mod 2)} if m=1(mod 4).

e Find an integral basis for Og and compute the discriminant dg .

e Define w = (v/dk + di)/2. Show that O = Z[w].



