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Question 1 (20 pts.)
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Consider the linear homogenous differential equation ¢y” + 23’ + ty = 0, whose one solution is
supposed to be of the form y;(t) = ¢t sint.
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(b) The second solution of the considered differential equation is given as ya(¢) = ¢™ cost with
the same m found in the item a). Show that these solutions are linearly independent.
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(c) Find the largest interval in which the solutions of the differential equation above with the
initial values y(—1) =1, y/(—1) = 0 exist and unique. Explain your answer.
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Question 2 (20 pts.)

Find the solutions of the following initial value problem

" + a*y = cos (2t),
y(0)=1, ¢¥(0)=1,

for the following values of the constant a:
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Question 3 (15 pts.)
Solve the differential equation ydz+(2z—ye¥)dy = 0 given that the integrating factor u(z.y) = v.
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Question 4 (15 pts.)

Verify that y;1(¢) = €' is a solution of (t —1)y” —ty/ +y =0, ¢ > 1. Find the second linearly
independent solution by the method of reduction of order.
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Question 5 (15 pts.)

Draw the direction fields, determine the equilibrium (or critical) points and describe their sta-
bilities of the following autonomous differential equations:
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Question 6 (20 pts.) A pond containing 1000 tons of water initially has 500kg of pollutant
in it. Water from the pond flows at a rate of 10 tons per hour to a sewage system which cleans
90 percent of the pollutant it receives, and pumps the water (without any loss) back to the pond
with the same rate. Assume that the pollutant is homogeneously distributed and dissolved in
water so that it does not effect its volume.

(a) Write a differential equation for the amount of pollutant @(¢) (in kg) in the pond at time t.
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(b) Solve this differential equation to obtain an expression for Q(t). Oz
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(¢) Determine how much time it takes to reduce Q(¢) to half of its initial value.
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