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Question 1 (10 pts.) Using the definition show that the functions f(x) = 1,

g(x) = |x|, h(x) = x + 1 are linearly independent on the interval [−1, 1].

Question 2 (10 pts.) Consider the initial value problem (y′)3 = f(y, t), y(0) = 0

where f(y, t) = 9y2. The functions f(y, t) and ∂f
∂y

are continuous everywhere but both

of y1(t) = t3

3
and y2(t) = 0 satisfy the given initial value problem. Why does this not

contradict the Existence-Uniqueness Theorem?



Question 3 (20 pts.) Consider the matrix

A =




1 1 1

2 1 −1

0 −1 1


 .

(a) Find the eigenvalues and the corresponding eigenvectors of the matrix A.

(b) Find the general solution of the system x′ = Ax.



Question 4 (10 pts.) Find the general solution of the system

x′ =

(
2 −5

1 −2

)
x +

(
0

cos t

)
.



Question 5 (10 pts.) Sketch a phase portrait for the system x′ =

(
2 1

1 2

)
x,

x(0) =

(
1

0

)
.



Question 6 (16 pts.) Find the solution of the initial value problem

y′′ + 4y = 3 sin 2t

y(0) = 2, y′(0) = −1.

Question 7 (8 pts.) Suppose that a solution of the partial differential equation

ut = uxx + ux

has the form u(x, t) = X(x)T (t). Find a pair of ordinary differential equations for the

functions X and T .



Question 8 (8 pts.) Find the eigenvalues and the eigenfunctions of the homoge-

neous two-point boundary value problem

y′′ + 2y′ + λy = 0

y(0) = 0, y(10) = 0.

Question 9 (8 pts.) Let

f(x) =

{
1 if 0 < x < 1

0 if 1 < x < 2.

Extend f as an even function of period 4 to all real numbers and sketch its graph. Find

its Fourier cosine series.


