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Chebyshev Center Computation on Probability
Simplex With a-Divergence Measure

Cagatay Candan

Abstract—Chebyshev center computation problem, i.e. find-
ing the point which is at minimum distance to a set of given
points, on the probability simplex with a-divergence distance mea-
sure is studied. The proposed solution generalizes the Arimoto-
Blahut (AB) algorithm utilizing Kullback-Leibler divergence to
a-divergence, and reduces to the AB method as o — 1. Similar to
the AB algorithm, the method is an ascent method with a guarantee
on the objective value (ac-mutual information or Chebyshev radius)
improvement at every iteration. A practical application area for
the method is the fusion of probability mass functions lacking a
joint probability description. Another application area is the error
exponent calculation.

Index Terms—Arimoto-Blahut algorithm, minimax-
redundancy, redundancy-capacity theorem, alpha-divergence,
Rényi-divergence, information fusion, error exponent calculation.

1. INTRODUCTION

O ILLUSTRATE the problem of interest, we consider a set
T of probability mass functions (pmf) p;, j = {1,..., M}
each of which is said to represent a locally generated posterior
distribution of a random variable of interest. The goal is to fuse
the local posteriors to a set-representative pmf q. In the absence
of joint distribution information on p;, j = {1,..., M}; the
Bayesian approach can not be pursued. Instead, a minimax
formulation q = arg ming max; D(p,||q) where D(p;||q) is
a distance measure between two distributions (possibly in a
loose sense) can be suggested. The minimax solution q can
be interpreted as the point on the probability simplex which
minimizes the worst-case distance to the set members. This study
presents an efficient method for the solution of the minimax
problem with a-divergence distance measure.

The minimax problem q = arg ming max; D(p,||q) is also
known as the Chebyshev center problem. Its optimizer q and
optimal value r = ming max; D(p;||q) are called Chebyshev
center and radius, respectively. The solution of minimax prob-
lem with Kullback-Leibler (KL) divergence is of major con-
cern in information theory [1]. Source code design problem
with minimax redundancy is identical to the Chebyshev center
problem with KL-divergence, [1, Ch. 13]. Furthermore, Gal-
lager and Ryabko [2], [3] have shown that the solution of
the minimax problem coincides with the capacity calculation
(mutual information maximization over all input distributions)
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Fig. 1. 5 points (crosses) on probability simplex, Chebyshev centers (round
markers) and Chebyshev circles for different orders of a-divergence.

for the special case of discrete memoryless channels with
finite input/output alphabets [1, Theorem 13.1.1]. Capacity-
redundancy theorem is considered as one of the cornerstone
results of information theory and extended to infinite alpha-
bets, probability density functions and measures under different
divergences [4]-[7].

Extending the capacity-redundancy discussions from KL di-
vergence to a-divergence can be motivated by the desire of
adjusting inclusiveness or exclusiveness of the solution [5], [8].
Fig. 1 shows five 3-dimensional probability vectors (crosses)
and their Chebyshev centers (circles) according to different
a-divergence orders. Loosely speaking, the divergence order
affects how to measure the distance between points. Chebyshev
circle for « = —2 in Fig. 1 can be said to be risk-avoiding,
that is showing a tendency not to include as many points as
other circles. The circle for & = 0.5 can be considered to have
a balanced risk. The capability of adjusting the degree of inclu-
siveness/exclusiveness is especially important in approximate
inference problems [8].

This study presents a method for the computation of Cheby-
shev center with a-divergence for orders a € (0, 1) which is the
interval in which risk balancing is possible [8]. The suggested
method is an alternating minimization-maximization method
with a Chebyshev-radius improvement guarantee at every iter-
ation. The method approaches Arimoto-Blahut (AB) algorithm
as a — 1[9], [10] and can be interpreted as its generalization to
a-divergence measure. Utilized proximal point based approach
is an extension of earlier similar efforts by Chretien and Hero, in
the context of Expectation-Maximization (EM) algorithm [11];
Matz and Duhamel, in the context of AB algorithm [12], to
a-mutual information maximization problem. The method can
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be utilized in information fusion [13], error-exponent calcula-
tion [14]-[16] and a-divergence applications [5], [17].

II. PRELIMINARIES

The column vectors pj, j = {1,..., M} of dimension N
with nonnegative entries, p;(i) > () i ={1,..., N}, denote
probability mass functions (pmf) defined over the alphabet
Y ={1,2,..., N}. The set of all pmf’s for alphabet Y is shown
with P?. For p € PY and q € P?, f-divergence is defined as
Dy(plla) = 300, a(0) f(p(i)/q(i)), where f(r) is a convex
function with f(1) = 0,[18], [19]. Our focus is on a-divergence

D,,(p||aq) which is a special case of f-divergence for f,(r) =

1 7"“) a€eR\{0,1}:
% (55) -
(1)

a(l-a
o(plla)= Z q(i
i=1
It can be shown that as a — 1, D, (pl||q) approaches KL-
divergence KL(p||q) = ", p(¢)log(p(i)/q(i)) [8]. For addi-
tional properties of «-divergence and general properties of
f-divergence, one can examine [8], [20].
The Chebyshev center problem can be expressed as

-3, p* (e (0)
a(l —a) '

Py : minmax D,(p,||q)- 2
qeP? I

The outer minimization in (2) is a convex problem due to i. joint
convexity of f-divergences over both arguments [20, Theorem
6.1], ii. convexity preservation by maximum function. Problem
P can be reparameterized as:

qe P!
The equivalent formulation P, has linear objective with convex
constraints. Lagrangian function for problem P is
M
L(z,q,px) = 2+ »_ px(5)(Da
j=1

M} )

Py : minz s.t.
z,q

(pilla) —2), @

along with the constraint of q € P9 not noted in (4) for the sake
of expression clarity. In (4), p,.(j) are nonnegative valued La-
grange multipliers which are the unknowns of dual problem [21].
Differentiating L(z, q, p.;) with respect to z, immediately yields
the stationarity condition of > j=1Pz(j) = 1. Hence, we reach
the important conclusion that elements of M x 1 dimensional
Lagrange multiplier vector p, are nonnegative valued with a
cumulative sum of 1. Therefore, we consider Lagrange multi-
plier vector p, as a probability vector lying in M -dimensional
probability simplex P*, X = {1,..., M}.

The dual problem D :maxp min, 4 L(z,q,p;) can be
stated as

D : max min Z D (j

p.eP* qeP?

a(Pjlla)- &)

In this study, we use of the dual problem statement in (5) to
formulate an alternating maximization-minimization solution.
To establish connections with other works in the literature,
we introduce N x M dimensional probability transition ma-
trix (channel) Py x = [p1p2 ... pa] which is formed by
the juxtaposition of column vectors p;. Stated differently, the
J’th column of Py |x is Py|x—; = p;. With this definition,
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the objective of dual problem D coincides with conditional
a-divergence definition in [6]:

Do(Pyxlla|pz) £ Exp, {Da(Py|x=;lla).}.  (6)
With this definition, the dual problem (5) can be expressed as:

D : max mlnD (Pyxlla|pe) - @)
pze? cpV

Io(Py|x,Px)

In [22], Sibson introduced a definition for a.-mutual information,
through information radius considerations, as follows:

I (Py|x,ps) = min Dy (Py x||a | ps). 3
qeiPH

This definition generalizes the conventional mutual-information
definition.! In fact, the conventional mutual information is the
special case of Sibson’s definition as o — 1. In this study,
we recognize the fact that the dual problem of minimax re-
dundancy for a-divergence measure, say for the sake of in-
formation fusion, given in (7) is the capacity maximization
problem with Sibson’s a-mutual information definition, that is
Co = max,, _px Io(Py|x,Pz)-

As a final remark, we note that Slater’s strong duality con-
dition [21] is satisfied for the given problem. Hence, with the
equality of primal (P;) and dual optimal values, we have:

Cy £ rnaxDL mlnD (PY|X||q‘p»L)
PP q cp?

= minmax D, (p;||q).
qeP? I

The optimizer " = argmin, _pymax; D, (p;||a) and its value

Co =max, _pxlo (Py|x,Pz) are denoted as the Chebyshev

center and radius, respectively. An efficient method for the

Chebyshev center computation is the topic of this study.

III. PROPOSED METHOD

Proposed method iteratively solves the optimization problem
given in (5) by fixing either p,, or q, alternatively and optimizing
over the other variable.

Minimization over q for a fixed p( ): When P is fixed to

p§,; ), the dual problem in (5) reduces to an optimization problem

involving a weighted average of a-divergences,

M
q(k) = argmil’Ll Zpék) (])Da (pj ‘ |q)
qeP? =1

M N
®) SN a1y
:argmggi PP G) Y p (g 6). )
R | i=1

Line-(b) is obtained based on (1). By calculating the gradient of
the objective function in (9), the elements of q(k) can be written

as
1/«

(i) = ((k)) sz PP x=4(0) (10)

Here PY‘ Yo

the power «, that is Py (i) =

;) is the (¢,7) entry of Py |x raised to
y |
([Pyxij)® = p§ (i) and

ISibson’s definition is given for Rényi divergence, which is not an f-
divergence; but in one-to-one correspondence with a-divergence in (1). Also
see [7, Section I] for more connections with existing works in the literature.
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c(pi’“)) is a normalization constant defined as c(pék)) =

Zil(zylpg)( )P x—; (0 i))'/®. The normalization con-
(k)

stant ¢(pz ') can also be expressed in terms of Gallager func-
tion [23] as ¢(p,) = exp(—E (=%, p,)) where
N I+p
Eo(p,ps) = —log [ Y pr P;,gz_J i)
i=1 \j=1

(11D

The optimal vector g(*) in (10) is denoted as the a-response

to p;’“) in the literature [6]. It is easy to see that as oo — 1,

q®) — Py ngf), which is the output distribution of channel

Py |x for the input p;’“). Normalization constant ¢(p,;) is upper
bounded by 1 for o € (0,1) and ¢(p,) — 1 asa — 1.

Inserting a-response to p;’“) into (8) and simplifying, we get

the a-mutual information induced by pg;k

1- c"‘(p&k)) _1l—e
a(l—a)

QEO(T»P(zk))

a(l —a)

I (PY\X7 ())
(12)

Here I, (Py x, pék)) is the value of the dual problem objective,
given in (7), at the k’th iteration.

Maximization over p, for a fixed q*): Exact solu-
tion of the dual problem in (7) requires the solution of
max,, px [o(Py|x,Ps) which is guaranteed to be a concave
maximization problem by duality [21]. An iterative solution is
given by Arimoto in the context of Gallager function maximiza-
tion in [14]. We present a novel method based on proximal point
iterations [24]. Approach is in principle similar to the ones given
for EM and AB algorithms in [11], [12].

As a naive attempt, we may try to fix q to q*) in (5), as in
earlier sub-problem, and optimize over p,. This attempt leads
to a linear program without any interior point solution and not
particularly suitable for an iterative optimization. Instead, we
suggest to modify the problem to

p{f ") = argmax f(p.,p{"), (13)
Pz €P
d *NAs M (1) Da(pjllg®) — KL
an f(Pz, P )= 521 P2 () Da(pjlla™) —p (Pl

p;(f)).The modified problem aims to update the solution in the

proximity of the previous primal variable estimate pgk). The

deviation from earlier iteration p( Vis penalized with p~1. It is
shown that if the step-size parameter p is chosen properly, the
algorithm monotonically converges to the optimum.

The problem in (13) is additively separable. By evaluating

o =, &k) log(ps (5 —lo Ef) j
fg;mi(?’)) _ Da(ijq(k)) _ log(p (J))+1/L gz (1)) 414 op-

timizing over the simplex, we get the update equation as:

erDa(pjlla™)

J g\_ngi p;[a®)
Selection of step-size parameter: It is shown below that the
step-size p can be selected to guarantee the monotonic increase
of dual problem objective, I, (Py| X,pg;k)) in (7), at every
iteration.

(k+1)(j)

P (14)

From (13), f(pxs i), _poon 2 f(Pas PE), o3
since pg +1) is the maximizer of the problem. The evaluation

1517
of right hand side, f(pgg ),pgck)) f(Px,pgck)Hp —p)
is immediate f(p&k), pﬁf’) = I, (Py|x, p&k)), since

KL(pS"||pd”) =
f(px,pgck))\

= 0. For the evaluation of left hand side,

wi = f(p (k+1)7p§ck)), we examine the

Paz=Pz

summation in (13) S = Z] 1p§gk+1)( D a(pj”q(k))ﬁrst:
g@ (k+1) (k) (; p; (1)
Z + Z ot (o)

i 1= X0 oY) S (W 6)eps i)

- o(l—a)

o 1= @YY, g0 (G

= (15)
a(l — )

Line-(a) follows the a-divergence definition in (1). In line-(b),
falr) = a(l a) is substituted. In line-(c), summation over j is
recognized from (10) as (¢(*+1) (3)c(py F+1)))«

The summation over ¢ on the numerator of line-(c) of (15)

k+1)(,

is in the form of 1 | ¢ (z’)ga(q;<:) ()Z.()Z) ), where g,,(r) = r°.
In order to Write this summation in terms «-divergence with
falr) = m the function g, (r) is expressed as go(r) =

L= f(rall - a)
- T g (ga (L)

S =
a(l —a)
1— o (ptt) (k+1)
_ o D, (g5 D[|g™)
ol —a) +c*(py ) Dala[|ld")
(d) o
= Lo(Pyix, pY) + ¢ (pY ) Da(a* ) [lg™).
(16)
In line-(d), a-mutual information definition from (12) is recog-
nized. With these results, the inequality of f (p&kﬂ), p(k))
f (pé ), p&k)) is equivalent to
La(Py x, YY) = La(Pypx, pY) > (17

with v £ IKL(pS Y ||pf) - () D a(q<k+1)\|q<k>>.
We consider the value of v as the margin. If margin is positive
at an iteration, the objective value (a-mutual information) is
improved at that iteration. In fact, setting

(k+1)
KL(pw ||Pa: )
= k+1
(P ) Dy (ak+)|q®)
guarantees the positivity of the margin at that iteration. Yet,
this step-size selection rule is inadmissible; since the step-size
depends on the divergence values after the update. A rather

pessimistic approach can be the calculation of a lower bound
for the right side of (18):

KL(p& Y| 1pt)
a(pFTY D, (q+ D) [|g®)

a (k)

(18)

k+1 k
@ KL ||pt)
)~ Dal(a®+D[|q®)

C

) KL(pi" "V Ipt")
= KL(@*[[a®)

(©

> 1. (19)
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Chebyshev radius estimation accuracy (6 = 0.1, « = 0.7)
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Fig. 2. Example I - Convergence of methods to Chebyshev circle parameters.

Line-(a) is due to the fact that c(p;’““)) =

exp(—Eo(:=%,p,)) <1 for o€ (0,1). Line-(b) follows
from the monotonic increase of a-divergence with divergence
order «, [6, Property 9]. Line-(c) is the data-processing
inequality for KL-divergence [20], [25]. Hence, the choice of
1 = 1 guarantees the monotonic convergence. (Also, for p = 1,
the method reduces to AB algorithm as av — 1.)

IV. NUMERICAL RESULTS

Example 1: Probability vectors p;, j = {1,2,3} of dimen-
sion 4 x 1 are concatenated to form the columns of channel
Py‘ x, given below, which is also studied in [6, Ex. 6]:

15 4

1)
Pyix = 5

1o
—5 §
—5 0§
15 5 1-s

1

] (20)

, 56{0,2

Due to the symmetry in the problem, the Chebyshev center, or a-
11711

capacity achieving output distribution, is [ 7 7 7]. The Cheby-
shev radius, or a-capacity expression, is C, = [1 — 22¢71(5~ +
(1 = 8)))/[a(1 - o))

Fig. 2 shows the accuracy improvement for Chebyshev cen-
ter and radius estimates versus iterations for § = 0.1 and a-
divergence order a = (0.7. Arimoto’s error exponent calcula-
tion algorithm [14] and different versions of proximal point
algorithm are compared. The curve with “Proximal-c” label
shows the case with =1 at every iteration. “Proximal-N”
shows the version with Nesterov’s acceleration as given in [26].
“Proximal-a” is the adaptive version of the suggested scheme
where 1, changes at every iteration.

In “Proximal-a,” the step-size of current iteration is taken as
the bound /i in (18) calculated from the data of the previous itera-
tion, 1(®) = (=1 Ttis observed from Fig. 2 that “Proximal-a”
converges rapidly to the accuracy of the computing platform with
this policy. Table I shows the number of iterations required to
get 10 digit accuracy in the capacity estimate. Main conclusions
of this experiment are i.) “Proximal-c” with a constant step-size
of 1+ =1 has a monotonic performance as expected and out-
performs Arimoto’s method, ii.) Nesterov’s acceleration brings
some improvements over “Proximal-c”; but requires more effort

IEEE SIGNAL PROCESSING LETTERS, VOL. 27, 2020

TABLE I
NUMBER OF ITERATIONS REQUIRED FOR 10 DIGIT ACCURACY AT c-CAPACITY
IN EXAMPLE 1 SETTING (§ = 0.1)

Arimoto [14] | Proximal-N | Proximal-c | Proximal-a
a=0.1 2034 119 17 5
a=0.3 228 72 18 5
a=0.5 84 79 19 5
a=0.7 44 101 21 5
a=0.9 28 10 22 5
o Chebyshev radius estimation accuracy (o = 0.5)
10 T T T T T T T T
=3 N — Arimoto, [14] i
n.? 10 ,‘!\_. ------- - = = Proximal-c (u=1) R
g \,, Proximal-N (Nesterov)
S “\"« ----- Proximal-a (adaptive) | |
(@]

107 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ I
0 50 100 150 200 250 300 350 400 450 500
k (iteration number)

Chebyshev center estimation accuracy (o = 0.5)

- — Arimoto, [14]
T e ——

________________ = = =Proximal-c (u=1) —
Proximal-N (Nesterov)|

"~ q

W A A Proximal-a (adaptive)

la® —a®||
)

1 071 0 1 1 1 1 1 1 I I I
0 50 100 150 200 250 300 350 400 450 500

k (iteration number)

Fig.3. Example 2 - Convergence of methods to Chebyshev circle parameters.

for its adaptation to the probability simplex, iii.) “Proximal-a”
with suggested step-size policy yields very rapid convergence.

Example 2: This example presents a higher dimensional com-
parison with M = 25 vectors on N = 100 dimensional proba-
bility simplex. Fig. 3 shows the results for randomly sampled
probability vectors on the simplex. Analytical expressions for
the Chebyshev center and radius are not available and calculated
by the general purpose numerical optimization routines. We see
that Arimoto’s method and “Proximal-c” present monotonic per-
formance improvements; while “Proximal-a” suffers intermit-
tent performance losses. In this example, we limit the adaptive
step size range to 11 € [1, 50] by setting 1(¥) = min(50, g1,
Here, the factor 50 indicates that acceleration over “Proximal-c”
can be up to 50 fold and observed sporadic performance losses
are due to over-acceleration.

Computational Complexity Discussion: The sum for the
update in (10) corresponds to a matrix and vector product,
with a complexity O(N M) multiplications, assuming that
Pgix_; () is pre-computed and stored. The update in (14)
requires M fold a-divergence calculation, an operation of com-
plexity O(N M) multiplications, and an additional O(M) mul-
tiplications. Hence, the overall complexity of suggested scheme
is O(N M) multiplications per iteration.

V. CONCLUSION

An efficient method for the computation of Chebyshev center
and radius (maximum a-mutual information) with a-divergence
measure for finite samples spaces is given. The scheme gener-
alizes the celebrated Arimoto-Blahut algorithm to a-divergence
measure. An important open problem is the extension of the
suggested method to continuous random variables. Ready-to-use
Matlab codes reproducing the results in paper (and more) are
available in [27].
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