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ABSTRACT

Digital waveguide meshes provide a computationally simple physical modelling approach for simulating wave
propagation inside enclosures such as rooms. A digital waveguide mesh allows access both to the pressure
values at scattering junctions and to the incoming and outgoing wave variables at those junctions. It is thus
possible to access both the pressure and the velocity components of the simulated sound field. This paper
proposes a simple method to excite a digital waveguide mesh with outgoing wave variables at the scattering
junctions to simulate sound propagation from directional sources. Two examples are given for the 2D digital
waveguide mesh to demonstrate the utility of the method.

1. INTRODUCTION

Acoustical models of rooms have important uses not only

for testing the feasibility or usefulness of acoustical de-

signs for architectural considerations, but also for the

purpose of realistic auralisation in virtual and augmented

reality systems, and advanced telecommunication appli-

cations [1]. There are three main groups of such models:

wave-based models, geometrical models, and statistical

models. The first two groups are widely used in practical

auralisation applications [2].

Wave-based methods provide numerical solutions of the

wave equation. The room response at any given position

can be obtained up to the level of approximation pro-

vided by the respective model. Among these numerical

solvers, finite and boundary element methods (FEM and

BEM) operate in the frequency domain. Similarly, fi-

nite difference time domain (FDTD), digital waveguide

models (DWG) and other similar models provide tem-

poral solutions of the wave equation. The advantage of

these methods is that, they provide a discrete time and

discrete space solution of the wave equation. Therefore,

simulation of wave related phenomena (such as diffrac-

tion, occlusion etc.) requires no additional computational

effort.

All real sound sources (e.g. human mouth [3, 4], musi-

cal instruments [5] etc.) radiate sound unevenly towards

different directions and for different frequencies. It is

therefore essential to include the source directivity in the

acoustical model in order to simulate real sound sources

better. With geometrical methods such as the image-

source method [6], special directional filters are designed

for a finite number of sampled solid angles and the direct

sound and the early reflections are filtered with those to

obtain an approximation to source directivity [7], or as

with ray tracing [8] the distribution of rays emitted may

be selected accordingly.

Two methods to simulate directive sources in DWG

meshes are proposed in this paper: (1) When an analytic

source directivity function exists for the source the di-

rective velocity potential concept is used to obtain a ve-

locity field with which the DWG mesh is initialised, and

(2) when an empirical directivity function of a source is

avaliable, with which the intermediate velocity field is

directively weighted.

This paper is organised as follows. Section 2 provides

a brief summary of digital waveguide mesh models.

Section 3 reviews source directivity, shows the relation

between different acoustical parameters for a directive

source, and presents the method proposed with room

acoustics simulations based on DWG mesh models. Sec-

tion 4 presents simulation results for two different direc-

tive sources using the proposed method.
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2. DIGITAL WAVEGUIDE MESH MODELLING

Digital waveguides (DWG) are a family of very simple,

first-order finite-difference solvers for the wave equation

in the time domain. DWGs have successfully been used

in a number of acoustical modelling problems such as

the modelling of the vocal tract [9], vibrating strings [10,

11], drum membranes [12], and room acoustics [13]

2.1. Junction equations
A digital waveguide mesh is composed of scattering

junctions (i.e. nodes), bidirectional delays, and boundary

elements. Each scattering junction (Sx,y) is connected to

a number of other junctions with the bidirectional delays

over their input and output ports. Pressure values at each

port (pJ,i) and the junction pressure (pJ) are equal to each

other, and the sum of all port particle velocities (vJ,i) of

the given junction is zero. For an N-port junction this

amounts to:

pJ,1 = pJ,2 = · · · = pJ,N = pJ, (1)

N

∑
i=1

vJ,i = 0 (2)

The flow variables (i.e. corresponding to fluid velocity) at

port i, vcJ,i is defined as:

vJ,i = Yi

(

p−J,i − p+
J,i

)

(3)

where p+
J,i and p−J,i are the incident and reflected pressure

wave variables at the port i respectively, and Yi is the port

admittance [14].

2.2. 2D Rectilinear DWG

Although a 3D model is necessary for simulating wave

propagation inside enclosures, it has been shown that

a 2D model can also be used to demonstrate basic

wave propagation on a particular plane [15, 16]. There

are only three regular discretisation strategies for a

plane. These are triangular, hexagonal, and rectilinear

sampling. All of these discretisation strategies cause

direction-dependent dispersion, rectilinear sampling be-

ing the less accurate option [17]. However, rectilinear

sampling has a particular advantage in the sense that

the junctions are more intuitively positioned for post-

processing, and that the computational complexity is

lower as it requires no multiplications. Further, the

direction-dependent dispersion that is the major unde-

sirable consequence of using rectilinear meshes may be

mitigated by the use of interpolated DWG meshes [18].

Fig. 1: 2D digital waveguide mesh structure. Sx,y are the

scattering functions, where T represents a unidirectional

delay element.

In a rectilinearly sampled 2D mesh, each node has four

ports. A given port can be named geographically as N,

S, E, or W depending on its relative orientation in the

mesh (see Fig. 1). A two-step iteration scheme is used for

obtaining the junction pressures at a given sample time,

n. The junction pressure, and outgoing wave variables

are calculated as:

pJ,x,y(n) =
1

2

[

p+
N,x,y(n)+ p+

S,x,y(n)+ (4)

p+
E,x,y(n)+ p+

W,x,y(n)
]

p−N,x,y(n) = pJ,x,y(n)− p+
N,x,y(n), (5)

p−S,x,y(n) = pJ,x,y(n)− p+
S,x,y(n), (6)

p−E,x,y(n) = pJ,x,y(n)− p+
E,x,y(n), (7)

p−W,x,y(n) = pJ,x,y(n)− p+
W,x,y(n), (8)

The incident wave variables of neighbouring junctions

of a given junction are simply delayed versions of the

outgoing wave variables of that junction:

p+
N,x,y−1(n + T) = p−S,x,y(n), (9)

p+
S,x,y+1(n + T) = p−N,x,y(n), (10)

p+
E,x−1,y(n + T) = p−W,x,y(n), (11)

p+
W,x+1,y(n + T) = p−E,x,y(n), (12)
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where the temporal sampling period, T , is the delay ele-

ment between junctions.

The calculation of the junction pressure requires four ad-

ditions and a single left shift operation (i.e. multiplication

by 1
2
). The rectilinear DWG mesh is computationally

cheap. In addition, the junction positions conveniently

coincide with discrete Cartesian coordinates making it

easier to use simple analyses and post-processing on the

obtained data.

In a simple practical implementation, the iteration ex-

plained above is carried out in two consecutive stages:

• Scattering is the process carried out in Eqs. 4 and

5-8 by calculating the outgoing wave variables by

scattering the incoming wave variables. It is possi-

ble to skip the calculation of the junction pressure

in Eq. 4 and use a matrix multiplication instead for

obtaining the outgoing wave variables directly from

incident wave variables [14].

• Propagation is the shifting of outgoing wave vari-

ables within the DWG mesh as shown in Eqs. 9-12

to obtain the incident wave variables for the next it-

eration.

3. MODELLING SOURCE DIRECTIVITY

3.1. Definition of source directivity
The source directivity, Γs(θ ,φ), is intimately related to

the radiation pattern of a source, J(θ ,φ), defined as the

acoustic power radiated per unit solid angle [19].

The instantaneous intensity of the sound field in the ra-

dial direction is defined as I = pv, where p is the pressure

and v is the velocity component of the sound field. The

average intensity at a distance, r, is defined as:

I(r,θ ,φ) =
J(θ ,φ)

r2
ur, (13)

=
1

∆T

∫ t0+∆T

t0

I(r,θ ,φ ,t) ·ur dt. (14)

Then, the radiation pattern of the source, J(θ ,φ), can be

expressed as:

J(θ ,φ) =
r2

∆T

∫ t0+∆T

t0

pv ·ur dt. (15)

Let us consider the velocity potential, Φ, from which the

pressure and velocity parameters can be derived, such

that:

v = ∇Φ, p = −ρ
∂Φ

∂ t
, (16)

where ρ represents the density, and ∇ denotes the gradi-

ent operator.

The velocity potential for an omnidirectional spherically

symmetric source is Φo(r,t) = −F(t − c−1r)/ρr where

F is an arbitrary function of (t − c−1r). It is possible to

express omnidirectional velocity and the pressure com-

ponents as [19]:

vo(r,t) =

[

po(r,t)

cρr
+

F(t − c−1r)

ρr2

]

ur, (17)

po(r,t) =
1

r

∂

∂ t
F(t − c−1r). (18)

The second term on the r.h.s. of Eq. 17 is inversely

propotional to the square of distance from the source and

is negligible in the far-field. The radiation pattern in the

far-field for an omnidirectional source can thus be de-

fined as:

Jo =
1

rρc∆T

∫ t0+∆T

t0

f 2(t − c−1r)dt, (19)

where f (t) = dF(t)/dt. The omnidirectional radiation

pattern, Jo, is constant across θ and φ as the source has

equal intensity for all directions.

Let us define a directional velocity potential, Φd , as the

omnidirectional velocity potential, Φo, weighted by the

directivity function, Γs, such that:

Φd(r,θ ,φ ,t) = Γs(θ ,φ)Φo(r,t). (20)

At an observation point in the far-field and with the con-

stant vorticity assumption [19], the directional velocity

and pressure components can be expressed as:

vd(r,θ ,φ ,t) = Γs(θ ,φ)vo(r,t) (21)

pd(r,θ ,φ ,t) = Γs(θ ,φ) po(r,t) (22)

Then, the radiation pattern as measured in the far-field

for the directive source is:

Jd(θ ,φ) = |Γs(θ ,φ)|2 Jo. (23)

Using the concept of secondary sources on the

wavefront, following the Huygens’ principle and the
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Kirchhoff-Helmholtz integral, it may be suggested from

Eqs. 21 and 22 that, if the omnidirectional velocity field

or pressure field and the source directivity function in the

far-field at the time t = c−1R f are known, the directive

response of the source can be obtained for t ≥ c−1R f .

Following the discussion on the far-field component it is

possible to define two different directivity functions. An-

alytic directivity function refers to the directivity func-

tion mathematically defined at the source location. Em-

pirical directivity function in contrast, is a source direc-

tivity function measured at a distance and is thus con-

sidered to be free from the contribution of the near-field

components.

The discussion above has two important results which

will be discussed further in the following section:

1. If an analytic directivity function is given for a di-

rectional source, it is possible to excite the model

using the velocity field derived from an omnidirec-

tional velocity potential by directional weighting to

simulate the directional wave propagation associ-

ated with the source.

2. If an empirical directivity function for directional

source measured at a given distance in the far-field

exists, it may be used to obtain a directional veloc-

ity vector field to simulate wave propagation for dis-

tances greater than or equal to the measurement dis-

tance.

3.2. Source directivity on 2D DWG mesh
As mentioned above, directivity functions are classified

into two groups in this paper as analytic and empirical

directivity functions. It is possible to use analytical di-

rectivity functions to weight the initial velocity field di-

rectly for designating the directional source to excite the

DWG mesh with. The empirical directivity functions are

valid only at the distance at which the measurement is

made. Therefore, sources with known analytical and em-

pirical directivity functions require two different mod-

elling strategies.

3.2.1. Analytic directivity functions

The analytic directivity function can be used for direc-

tionally weighting the source volume velocity distribu-

tion at the initial excitation stage of the DWG.

While obtaining the impulse response of a modelled vir-

tual room, DGW meshes are usually excited with a low-

pass filtered spatial impulse by setting the junction pres-

sures in such a way that the pressure values are symmet-

rically distributed around a central excitation point. After

setting the initial junction pressure distribution, the itera-

tion is started with the scattering step. If all the incoming

wave variables are set to zero, the outgoing wave vari-

ables are all equal to the initial junction pressure (see

Eqs. 5-8), effectively setting each junction as an indi-

vidual omnidirectional source. This allows for a low-

pass filtered omnidirectional impulse to be positioned at

the excitation point. If a source directivity other than

omnidirectional is required, both the junction pressures

and the incident wave variables at each junction have

to be initialised. However, this may not be suitable for

some practical applications as the outgoing wave vari-

ables may also be calculated by multiplying a scattering

matrix with input wave variables without calculating the

junction pressures at all [14].

Therefore, instead of setting both the junction pressures

and the incident wave variables, the outgoing wave vari-

ables are initialised and the iteration is started with the

propagation step instead of the scattering pass. The fol-

lowing strategy is proposed:

1. A bandlimited excitation pulse is selected as the
omnidirectional velocity potential. A suitable can-
didate is symmetric bivariate Gaussian function
weighted with the inverse of the density, ρ−1, ex-
pressed in the Cartesian coordinates as:

Φo(x,µ,0) = − 1

2ρπσ2
e−[(x−µx)

2+(y−µy)
2]/σ2

, (24)

where (σ2
x = σ2

y = σ2) and (σ2
xy = σ2

yx = 0). Note

that, in order to designate Φ as the initial velocity

potential for a sound source, its sign is set to be neg-

ative.

2. The x and y components of the initial omnidirec-

tional velocity, vo(x) = vx ux + vy uy, at a given po-

sition x = (x,y) can then be calculated from Eq. 16

with a change of coordinates from polar to Carte-

sian as:

vx =
x− µx

ρπσ4
e−[(x−µx)

2+(y−µy)
2]/σ 2

, (25)

vy =
y− µy

ρπσ4
e−[(x−µx)

2+(y−µy)
2]/σ 2

, (26)

3. As 2D DWG meshes are considered for the purpose

of this paper, the directivity function is a function of
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Fig. 2: The conventions used in the derivation of direc-

tional velocity vectors. The roman numerals denote the

usual quadrant convention

the azimuth angle, θ , only. For a known directivity

function Γs(θ ), at a given position, x, with an arbi-

trary rotation angle ϑ , the directive velocity vector

is obtained as:

v(x,0) = Γs(θ −ϑ) [vo,x vo,y] , (27)

where θ = tan−1(
y−µy

x−µx
) (see Fig. 2). It is thus

shown that the velocity values at a given scattering

junction can be calculated from the selected veloc-

ity potential and directivity functions.

4. If the incoming pressure variables for each junction

are set to zero, the velocity variables at each port

can be defined as:

vN(x,0) = Y p−N,x,y(0), (28)

vS(x,0) = Y p−S,x,y(0), (29)

vE(x,0) = Y p−E,x,y(0), (30)

vW (x,0) = Y p−W,x,y(0), (31)

where Y is the common port admittance. In the orig-

inal formulation of DWG networks a single velocity

variable at a junction is not defined. Therefore we

define the x and y components of the junction veloc-

ity at a given sample time n as:

vx(x,n) = vE(x,n)− vW (x,n), (32)

vy(x,n) = vN(x,n)− vS(x,n), (33)

consistent with the Cartesian coordinate system. At

the initialisation stage these components are:

vx(x,0) = Y
[

p−E,x,y(0)− p−W,x,y(0)
]

, (34)

vy(x,0) = Y

[

p−N,x,y(0)− p−S,x,y(0)
]

. (35)

The following selection is made for convenience: In

quadrant I, p−S,x,y(0) = p−W,x,y(0) = 0, in quadrant II,

p−S,x,y(0)= p−E,x,y(0)= 0, in quadrant III, p−N,x,y(0)=

p−E,x,y(0)= 0, and finally in quadrant IV, p−N,x,y(0)=

p−W,x,y(0) = 0.

Therefore, when the outgoing wave variables are ini-

tialised accordingly by using the velocity values obtained

from the gradient of the selected velocity potential func-

tion, the room impulse response obtained at a given point

is that of an excitation by the directive source.

3.2.2. Empirical directivity functions
Far-field directivity functions are usually measured at

different angular positions at a fixed distance, R f ≫ λ ,

from the sound source in the far-field, where λ is the

wavelength. As an example, loudspeaker directivity

functions are typically measured at 1 to 2 meters away

from the loudspeaker. The directivity of the sound field

in the DWG mesh must be equal to the measured direc-

tivity function at the mesh distance corresponding to the

actual measurement distance. The following strategy is

proposed:

1. The DWG mesh is first excited with an omnidirec-

tional source. A number of iterations are carried out

until the wavefront arrives at the desired measure-

ment position. The wave speed in the 2D rectilinear

mesh is defined as:

γ = c/
√

2, (36)

where c is the speed of sound (i.e. c = 344m/s). The

number of iterations after the excitation moment for

the wave to travel a distance of R f is then:

Ni =

⌊

R f fS

γ

⌋

=

⌊

R f fS

√
2

c

⌋

, (37)

where fS is the temporal sampling rate (i.e. update

frequency) of the mesh.
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2. The outoing wave variables of the model p−N,x,y(Ni−
1), p−S,x,y(Ni − 1), p−E,x,y(Ni − 1), and p−W,x,y(Ni − 1)
with omnidirectional excitation are obtained at the

iteration index, Ni − 1, and weighted with the em-

pirical directivity function, Γs(θ −ϑ) such that:

p̂−N,x,y(Ni −1) = Γs(θ −ϑ) p−N,x,y(Ni −1), (38)

p̂−S,x,y(Ni −1) = Γs(θ −ϑ) p−S,x,y(Ni −1), (39)

p̂−E,x,y(Ni −1) = Γs(θ −ϑ) p−E,x,y(Ni −1), (40)

p̂−W,x,y(Ni −1) = Γs(θ −ϑ) p−W,x,y(Ni −1), (41)

where θ and ϑ are as previously defined. This op-

eration is equivalent to weighting the velocity com-

ponent of the sound field as in Eq. 27.

3. The obtained directional outgoing wave variables

are used to excite the DWG mesh at the next iter-

ation step, Ni. Therefore the empirical directivity

function can be observed beginning with the itera-

tion Ni.

It should be noted that the method proposed for the far-

field directivity function does not allow the simulation of

source directivity before the iteration step, Ni.

4. EXAMPLES

In this section, source directivities for a dipole source

and a generic loudspeaker are simulated. For all cases a

900-by-512 rectilinear DWG mesh is used. The bound-

aries (i.e. walls) of the DWG mesh have a small absorp-

tion coefficient, α ≈ 0.12, and cause phase reversing re-

flections.

The mesh is excited at the point, µ = (260,256) using

the velocity vectors obtained from the velocity poten-

tial function as described before. The velocity potential

function was a bivariate Gaussian with zero covariance

terms and the same standard deviation for both variates,

σ = 5 samples. Depending on the type of the source (i.e.

analytic or empirical), one of the proposed methods was

used for exciting the mesh with a given source directivity

function. In order to demonstrate the wave propagation

at different iterations, the pressure values on the mesh at

the 200, 300, 400, 500, and 600 iteration steps are super-

imposed in the figures. Figure 3 shows the usual omnidi-

rectional wave propagation pattern at the same iteration

steps to allow comparison with the examples that follow.

Fig. 3: 2D DWG mesh excited with omnidirectional

source.

4.1. Dipole source

A dipole source has a bidirectional (i.e. figure-of-eight)

radiation pattern, with the directivity function defined as:

Γs(θ −ϑ) = cos(θ −ϑ). (42)

Linear combinations of dipole point sources and

monopole point sources can be used to express many

different source directivities. A loudspeaker on an open-

back baffle is a real-life example to a dipole source. Here,

dipole directivity function is considered to be analyti-

cally defined.

Figure 4(a) shows the dipole directivity function for ϑ =
0. Figure 4(b) shows the wave propagation on the DWG

mesh excited using the proposed method for analytic di-

rectivity functions. It may be observed that wave prop-

agation is bidirectional in the ±x direction and that the

wave propagation in −x direction has inverted phase (i.e.

light color represents negative amplitude and vice versa).

The nulls of the directivity function along the ±y direc-

tion may also be observed.

4.2. A generic loudspeaker
Directivity functions of real sources are generally mea-

sured in octave and 1
3
-octave bands with a limited angu-

lar resolution in the horizontal and vertical planes and

interpolated to other angles.

The directivity function used in this example belongs to

a generic passive loudspeaker highly directive towards

the front direction, measured on the horizontal plane at

1m distance with 5◦ intervals in the 1
3
-octave band with

fC = 2kHz. A 13th-order polynomial of cosine functions

was fit (r2 = 0.99) to the raw directivity data obtained

from a CLF (Common Loudspeaker Format) file [20].
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(a)

(b)

Fig. 4: (a) The directivity function of a dipole source,

and (b) 2D DWG mesh excited with a simulated dipole

source.

Figure 5(a) shows the fitted directivity function. The di-

rectivity function of the loudspeaker is empirical. There-

fore the model was iterated up to 180 iterations (i.e.

∼ 1m) before the directional weighting is applied. Fig-

ure 5(b) shows the wave propagation on the DWG mesh

for the pulse train. The dotted circle shows the distance at

which the directivity function measurement was made. It

may be observed that, as the directivity function provides

around 20−30 dB attenuation in the back side the wave

propagation is strongly directional in the +x direction.

5. DISCUSSION AND CONCLUSIONS

Two simple methods to simulate room impulse responses

in DWG meshes, excited by sources with known (i.e.

analytic) or measured (i.e. empirical) source directivity

functions have been presented in this paper.

(a)

(b)

Fig. 5: (a) The directivity function of a generic loud-

speaker, and (b) 2D DWG mesh excited with the generic

loudspeaker.

The first method pertaining to the simulation of sources

with analytic directivity functions is derived from the ba-

sic physical notion of velocity potential and are based on

the selection of a suitable velocity potential function and

obtaining the velocity component of the sound field us-

ing the directionally weighted gradient of that function.

The resulting velocity vectors are then used to initialise

the outgoing wave variables in the DWG mesh which re-

quires starting the DWG iteration not from the scattering,

but from the propagation step rather than the scattering

pass.

The second method pertaining to the simulation of

sources with empirical directivity functions is based on

the weighting of the intermediate values of the veloc-

ity vectors at a given iteration step corresponding to the
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measurement distance on the DWG mesh.

Two examples have been provided of a 2D DWG mesh

demonstrating the utility of the proposed method. The

first example is the simulation of the directivity of a

dipole (i.e. bidirectional) source, and the second exam-

ple is the simulation of the directivity of a generic loud-

speaker. Although the examples were given for a 2D

DWG mesh, the method is easily applicable to 3D DWG

meshes modelling 3D wave propagation in rooms.

It should be noted that the method proposed for empir-

ical directivity functions is only valid for the impulsive

excitation of the DWG mesh and not for an analytical

excitation signal which is not concentrated in time. This

is due to the fact that for such continuous signals the di-

rect wave front and the reflections will be present in the

sound field which is being weighted. This is in contrast

with the assumption that the sound field in the travelling

direction of the wavefront should be undisturbed.

Direction dependent dispersion is an inherent problem

with rectilinearly sampled waveguide meshes. It is es-

pecially important as the directional properties of the

source is being simulated. One of several existing meth-

ods can be applied in order to reduce directional disper-

sion in rectilinearly sampled DWG meshes to achieve

better results [21, 22]. The proposed methods which only

depend on the spatial distribution of the wavefront and

which are independent of frequency are compatible with

such methods.
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Page 8 of 9
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