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Read before you start:
e There are four questions.

e The examination is closed-book.

e No computer/calculator is allowed.

e The duration of the examination is 100 minutes.

e Please EXPLAIN all your answers.
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Q1.

It is known that the origin of 7 = [F + GH]n is asymptotically stable, where F € R™*",
G € R and H € R'™ In particular, we have two symmetric positive definite matrices
P, Q € R™*" satisfying the Lyapunov equation

[F+GH)TP+P[F +GH] = -Q.
Consider now the system

n = Fn+G¢
£ = u.

Using backstepping, design a feedback law u = (7, &) under which the origin of the closed-loop
system is asymptotically stable.

Detne 2= v?..H"z Pd  write (‘7,2,) 535"(!!“

,vz"..—_ Fnz4{,[z+|4'7) = TF-P(Jl*]“z + 6z
3= §-Hq = y- HFy -HGS

e
=tV

=% y}: rFéaH]ﬂ + G2

.
G B “:.\f

s
Let = yTPy & :‘Zz

=\ = anPn? ¢ '1"97' F2z
= ,,71 ([c-r{.-.a]TP }»P[F&bﬂ)"{ i Zn?TP{,z p 2V
=-n"Qm & (2o17P(;+u)z
Chrocte V= -2~[’P(,—L’-7— (¢y2) ‘

=V, = -qT8m - ez neg. demite
-y (g2 20 ~¥ b,8) —¥O

= e £ HOS —277P0 ~\(5-Ha)

: we ¢y let
Twat s,

Wil g) = [ *%TP*WH ¢ [He-k]s




- Q2.

Consider the second order system
]
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with a > 0, where e is the input and y the output.

a) Show that the system # is finite-gain £, stable. Find an upper bound on the gain. Hint:
You may want to work with V(z) = 0.25z% + 0.523.

b) Find a condition (in terms of & and ) under which the below closed-loop system (with
input u and output y) is finite-gain £, stable. Find an upper bound on the gain.
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Q3.

Let H; and Ha be two single-input single-output systems. Both 7{; and Hs are output strictly
passive and zero state observable. Consider the following feedback connection with input u =
[u1 w2]T and output y = [y; y2]7.
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a) Is the closed-loop system (from u to y) output strictly passive?
b) Is the closed-loop system zero state observable?

¢) Is the origin of the unforced (u = 0) closed-loop system asymptotically stable?
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Q4.

Determine whether each of the below systems is input-to-state stable or not. Hint: If needed,
you may want to work with V(z) = ||z||* and use the inequality 2(z$ + 23) > ||z||%.
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