EE555 HW3 Sol'n

Acknowledgment. Problems 3-4 are due to Professor Andrew Teel. More problems and their
solutions are available on the web site: http://www.ece.ucsb.edu/ teel/ECE236/

Problem 1 Exercise 4.54.

Sol’n. See end of document.

Problem 2 Consider the system below

1 = —axi]+ x9

to = bry—g(x1) — 22+ u

where a > 0, g(0) = 0, and sg(s) > 0 for all s. Using the below function

1 1 z1
V(z) = ix% + 5%% —i—/o g(s)ds

find a condition on the parameter b so that the system is input-to-state stable.

Sol’n. Note that

(VV(z), f(x))

—ax% + z1x9 — ax1g(x1) + 22g(x1) + br1me — 229(21) — x% + 291

—ax? + (b+ 1)x129 — 235 + Tou.

IN

Hence we can write
V(z) < —2TQx + xou

where

b+1
a —
o[ty 7]

2

Suppose now ¢ > 0. Then we have Apin(Q) > 0 and we can write

V(z) < —Auin(@Q)llz[* + [yl

)\min(Q) Amin(Cg)
= 2o o (25D - ul )

Therefore

2
>\min (Q)

which implies ISS by Theorem 4.19. Finally we ask when is Q > 0?7 We can show easily that if
|b+ 1| < 2y/a then @ > 0.

. )\min
V(e) < 2202 Ghen o =

< -tmn u

Problem 3 Consider the below system

y=f(y) +g9(y)u



where f is continuously differentiable and has a bounded Jacobian matrix, g is continuous and
bounded, and the origin of y = f(y) is globally exponentially stable. Using Theorem 4.14 show
that the system is input-to-state stable with a linear gain function. [By gain function we mean
the class-K function « of the inequality (4.47) in the text.]

Sol’n. By Theorem 4.14 there exists a Lyapunov function V; satisfying c;[|y[|> < Vi (y) < caly||?
and (VV1(y), f(v)) < —cslly||? and [|[VVi(y)|| < cally|l. Since g is bounded we can find some

¢s > 0 such that [|g(y)|| < ¢5 for all y. Now we can write

(VVi(y), f(y) + g(y)u) (VVi(y), f(y)) + (VVi(y), 9(y)u)
—csllyl? + IVVA@) - gl - llull
—cslyll® + cacs||yll]ull

=2yl = gl (Slgll = cacsllul) -

VARVA

Hence Vi < 0 when [|y|| > 2cscse5 t|ul|. By Theorem 4.19 therefore the system is finite-gain ISS

with v = 20{1/205/20:;10405.

Problem 4 Consider the second-order system

i1 = f(z1) + g(w2)z)
To = —:c2|x2|3+5x1

where f and g satisfy the conditions of the previous problem. Show that the origin is globally
asymptotically stable when ¢ = 0. Show also that if ¢ # 0 is sufficiently small we can still
establish GAS. Hint: You may want to use the Lyapunov function V(z) = Vi(z1) + %|$2\5
where K > 0 is your design parameter and you already know what Vi is from the previous
problem.

Sol’n. First case, ¢ = 0. Similar to the solution of the previous problem the system z; =
f(z1) + g(u)u* can be shown to be ISS. Also, note that the origin of the system #g = —xg|xo|3
is GAS, which can be shown with the Lyapunov function V(z2) = %m% Then the origin of the
cascade connection is GAS by Lemma 4.7.

Second case, € # 0. Using the suggested Lyapunov function V' we can write
Vo= VVi(z1)f(x1) + VVi(a1)g(ee)rs — Kab + Kexas
< —c32t + cqcs|zy|o — Kol + Kle||x |25
= —lloa| @3)Qlz1| w3]”
where

cacs+Kle
o o etk
- cacs+K|el
—==" K

(cacs + 1)2
c3

Note that Q > 0 guarantees GAS. Hence if we let K > then for |e| < % we achieve

what we desire.

Problem 5 Exercise 5.10.



Sol’n. See end of document.

Problem 6 Exercise 5.13.

Sol’n. See end of document.

Problem 7 Exercise 5.15(4).

Sol’n. See end of document.

Problem 8 Exercise 5.16. Hint: See the Lyapunov function construction of Problem 2.

Sol’n. See end of document.



+ 4.54 (1} The system is not input-to-state stable sinée with-2(t) = ¢ > 1 and 2(0) > 0, 2(8) = o as
it —+ co. : g

(2) Let V(z) = 122
V =zt +uzt -8 < gt Vizl > va
By Theorem 4.19, the system is input-to-state stable.

{3) The system is not input-to-state stable since with u(t) =1 aud 2(0) >0, (¢} — o0 as ¢ — co.

(4) With u = 0, the origin of £ = 2 — 2 is unstable. Hence, the system is not input-to-state stable.

e 5.10 (1) Let V(z} = 3a*.
Ve=—(1+u)e! <—(1-r)e!, Yilgre<1

By Thearem 5.2, we conclude that the system is small-signal Lo, stable for sufficiently small {z(0)]. Taking
u(t) = -2, it can be seen that the system is not L, stable. The origin of the unforced system in not
exponentially stable. However, the origin of the forced system is asymptotically stable for |u} < 1, which
implies that |y(t)| < A(|zol,). Therefore, the system is small-signal finite-gain £, stable.
(2) We saw in Exercise 4.54 that the system is input-to-state stable. Using Theorem 5.3, we conclude that
the system is L, stable. The origin of the unforced 'system in not exponentially stable. However, the
origin of the forced system is asymptotically stable for |u] < 1, which implies that Jy(t)] < B{jzal.t) + Ju(2}]
Therefore, the system is small-signal finite-gain £ stable. :
(3) Since [y| < I, the system is finite-gain Lo, stable.
(4) With V = 1z*, we have

Ve—ezy2%u <m2?, Yzl
By Theorem 4.19 we conclude that the system is input-to-state stable. Using [y| = |esin(x)} < |z, we
conclude by Theorém 5.3 that the system is £, stable,

* 5.13 Since W(z} is positive definite and radially unbounded, it follows from Lemma 4.3 that there is a
class Ko, function a such that W(z) > o(|lz|]) for all z € R™. Since |{u)] is positive definite, it follows
from Lemma 4.3 that there is a class K function py such that [¥(2)] < po(ilull) for all u € R™. Hence,

T 1) < —allel) + i) < - 2alel), ¥ el 0™ el

We conclude from Theorem 4.19 that the system is input-to-state stable. Furthermore, [|h(z,u)|| is a positive
definite function of [ z j} It follows from Lemma 4.3 that there is a class Ko, function 1 such that

x
u

Im@mnsm( )Smamm+m@%m.vmw

Thus, (5.23) is satisfied globally with 5 = 0. We conclude from Theorem 5.3 that the system is £, stable.

. 545 @ e
Hz) = { —{1'{"2?;:_3—&:? ], G= [ 2 },, h{z) =7,
Let W(z) = iz} + 3a3. -
”a“g"“f-&} =[21 =] [ ~ *:-522 sl ].z--—_(l +13)a} < —2izz = —h¥(z)

8
g@:[zf -I:] [2?1}=$132=h{3)

Thus, W(z) satisfies (5-32)-(5.33) globally with k¥ = 1. It follows from Example 5.9 that the system is
finite-gain £, stable and its £, gain is less than or equal to 1.

. . 516 (a) Let V() = [ o(y) dy + 2(a? +22).

<~ -0l - Blizlly + llallalul < —(1 - 6)llzli3 ¥ llzlla > Jul/o

V = —zi’—x;o{zlj-—zg-f-xzu < :-Zf—I%-l'Ig‘u

where 0 < 8 < 1. It follows from Theorem 4.19 that the system is input-to-state stable. Since fyl = |z2] <
{lz]l2, we conclude from Theorem 5.3 that the the system is £, stable.

(b) Let V(2) = ol 5" o(v) dy + 3 (23 + z3)]).

_ V. 1ov_ .revNT 1.

H = 6£f+§;5‘;66 ("5;-) +‘§h h
e 22 2 a® 5, 1, o 1 5%
B {t{— l—x;cr(zi}—z:2]+§~§5::2+§z2 < “'&'{"2—‘}34‘5 2

Choosing @ = v = 1 yields H < 0. Hence, the system is finite-gain £ stable with £5 gain less than or equal
to one.



