
EE555 HW3 Sol’n

Acknowledgment. Problems 3-4 are due to Professor Andrew Teel. More problems and their
solutions are available on the web site: http://www.ece.ucsb.edu/~teel/ECE236/

Problem 1 Exercise 4.54.

Sol’n. See end of document.

Problem 2 Consider the system below

ẋ1 = −ax1 + x2

ẋ2 = bx1 − g(x1)− x2 + u

where a > 0, g(0) = 0, and sg(s) ≥ 0 for all s. Using the below function

V (x) =
1

2
x21 +

1

2
x22 +

∫ x1

0
g(s)ds

find a condition on the parameter b so that the system is input-to-state stable.

Sol’n. Note that

⟨∇V (x), f(x)⟩ = −ax21 + x1x2 − ax1g(x1) + x2g(x1) + bx1x2 − x2g(x1)− x22 + x2u

≤ −ax21 + (b+ 1)x1x2 − x22 + x2u .

Hence we can write

V̇ (x) ≤ −xTQx+ x2u

where

Q =

[
a − b+1

2

− b+1
2 1

]
Suppose now Q > 0. Then we have λmin(Q) > 0 and we can write

V̇ (x) ≤ −λmin(Q)∥x∥2 + ∥x∥|u|

= −λmin(Q)

2
∥x∥2 − ∥x∥

(
λmin(Q)

2
∥x∥ − |u|

)
.

Therefore

V̇ (x) ≤ −λmin(Q)

2
∥x∥2 when ∥x∥ ≥ 2

λmin(Q)
|u|

which implies ISS by Theorem 4.19. Finally we ask when is Q > 0? We can show easily that if
|b+ 1| < 2

√
a then Q > 0.

Problem 3 Consider the below system

ẏ = f(y) + g(y)u



where f is continuously differentiable and has a bounded Jacobian matrix, g is continuous and
bounded, and the origin of ẏ = f(y) is globally exponentially stable. Using Theorem 4.14 show
that the system is input-to-state stable with a linear gain function. [By gain function we mean
the class-K function γ of the inequality (4.47) in the text.]

Sol’n. By Theorem 4.14 there exists a Lyapunov function V1 satisfying c1∥y∥2 ≤ V1(y) ≤ c2∥y∥2
and ⟨∇V1(y), f(y)⟩ ≤ −c3∥y∥2 and ∥∇V1(y)∥ ≤ c4∥y∥. Since g is bounded we can find some
c5 > 0 such that ∥g(y)∥ ≤ c5 for all y. Now we can write

⟨∇V1(y), f(y) + g(y)u⟩ = ⟨∇V1(y), f(y)⟩+ ⟨∇V1(y), g(y)u⟩
≤ −c3∥y∥2 + ∥∇V1(y)∥ · ∥g(y)∥ · ∥u∥
≤ −c3∥y∥2 + c4c5∥y∥∥u∥

= −c3
2
∥y∥2 − ∥y∥

(c3
2
∥y∥ − c4c5∥u∥

)
.

Hence V̇1 < 0 when ∥y∥ ≥ 2c4c5c
−1
3 ∥u∥. By Theorem 4.19 therefore the system is finite-gain ISS

with γ = 2c
−1/2
1 c

1/2
2 c−1

3 c4c5.

Problem 4 Consider the second-order system

ẋ1 = f(x1) + g(x2)x
4
2

ẋ2 = −x2|x2|3 + εx1

where f and g satisfy the conditions of the previous problem. Show that the origin is globally
asymptotically stable when ε = 0. Show also that if ε ̸= 0 is sufficiently small we can still
establish GAS. Hint: You may want to use the Lyapunov function V (x) = V1(x1) +

K
5 |x2|

5

where K > 0 is your design parameter and you already know what V1 is from the previous
problem.

Sol’n. First case, ε = 0. Similar to the solution of the previous problem the system ẋ1 =
f(x1) + g(u)u4 can be shown to be ISS. Also, note that the origin of the system ẋ2 = −x2|x2|3
is GAS, which can be shown with the Lyapunov function V2(x2) =

1
2x

2
2. Then the origin of the

cascade connection is GAS by Lemma 4.7.

Second case, ε ̸= 0. Using the suggested Lyapunov function V we can write

V̇ = ∇V1(x1)f(x1) +∇V1(x1)g(x2)x
4
2 −Kx82 +Kεx1x

4
2

≤ −c3x
2
1 + c4c5|x1|x42 −Kx82 +K|ε||x1|x42

= −[|x1| x42]Q[|x1| x42]
T

where

Q =

[
c3 − c4c5+K|ε|

2

− c4c5+K|ε|
2 K

]

Note that Q > 0 guarantees GAS. Hence if we let K >
(c4c5 + 1)2

4c3
then for |ε| < 1

K we achieve

what we desire.

Problem 5 Exercise 5.10.



Sol’n. See end of document.

Problem 6 Exercise 5.13.

Sol’n. See end of document.

Problem 7 Exercise 5.15(4).

Sol’n. See end of document.

Problem 8 Exercise 5.16. Hint: See the Lyapunov function construction of Problem 2.

Sol’n. See end of document.




