EE555 HW2 Sol'n

Problem 1 Consider the system & = f(x) with f(0) = 0. A solution z(t) is known to satisfy
z(0) # 0 and z(7T") = 0 for some finite 7' > 0. Show that f does not satisfy Lipschitz condition
at the origin, that is, no L > 0 and € > 0 exist such that || f(z) — f(v)|| < L||lxz — y|| for all
v,y € {n e Rt nf < e}.

Sol’n. Let ¢ : [0, T] — R™ be a solution of & = f(x) with ¢(0) # 0 and ¢(T) = 0 for some
T > 0. Without loss of generality let ¢(t) # 0 for all ¢ € [0, T'). Define 91 : [0, T] — R™ as
P1(t) := ¢(—t + T'). Note that we can write

Pi(t) = —o(—t+T)
= —f(o(=t+T))

= —f(®).
Hence v, is a solution of the system & = —f(x). Moreover, 11(0) = ¢(T)) = 0 and 1(t) =
¢(—t+T) #0for t € (0, T]. Since —f(0) = 0, the constant function ¢ : [0, T] — R™ with
9(t) = 0 is also a solution of the system & = — f(x). Therefore the system & = —f(x) admits
two different solutions 11 and v, starting from the origin 11 (0) = 12(0) = 0. This nonuniquess
of solutions implies that the righthand side —f cannot be Lipschitz at the origin (Theorem 3.1).
Therefore f cannot be Lipshitz at the origin either.

Problem 2 For each of the below systems determine whether or not finite escape times occur.

Ty = —xl—i—x%xg 1 = 1’%1’1

Sol’n. (a) First recall that the scalar system ¢ = g2 is prey to finite escape times. In particular,
for (0) = 1 the solution y : [0, 1) — R reads y(¢t) = (1 —t)~!. That is, we have y(t) — oo as
t — 1. Now returning to our system we can write

iy = —x1 + 12(0)e 23,

Choose z1(0) =1 and 22(0) = 2e. Then we can write for t € [0, 1]

T —r1 + Qel_tm%
—z1 + 21‘%

2

=
> x7.

Hence, for some ¢ € (0, 1] we should have z1(t) — oo as t — t. That is, finite escape times do
occur for the system.

(b) Note that z2(t) = —10+ (10 4+ 22(0))e’. Therefore for any finite time interval xo(¢) remains
bounded. Now, given an arbitrary initial condition x2(0) let us define a(t) := (=10 + (10 +
72(0))et)2. Then we can write

1 =a(t)zy =: f(t, z1).
Given an arbitrary finite time 7" > 0 let us define L := max |a(t)|. Note that L < oo because

t€[0, T
a is continuous. Then we can write

1f(t,y) = ft, 2)] = la(t)(y — 2)]
Lly — 2|

IN



for all y, z € R and ¢ € [0, T]. Then by Theorem 3.2 for any initial condition 1 (0) the solution
x1(t) is defined for all ¢t € [0, T|. But T' was arbitrary. Therefore the solution z(¢) must exist
for all ¢ € [0, c0). Hence the finite escape times are ruled out for this system.

Problem 3 Consider the system & = f(z) where f is continuous and f(Ax) = Af(z) for all
A>0and z € R".

(a) Show that if ¢(t) is a solution to this system so is A¢p(t) for each A > 0.
(b) Show that this system cannot exhibit finite escape times.
(c) Show that no solution z(t) exists satisfying x(0) # 0 and z(T") = 0 for some finite 7" > 0.

Sol’'n. (a) Given some solution ¢(-) and a positive number A let us define 9 (t) := Ap(t). We
can write

b(t) = Ad(t) = Af(6(1) = F(AS(t) = [((1)).

(b)&(c) Let us define the set R := {x € R" :

continuous and R is compact we have L < co. Now consider any solution z(-) with ||z(0)| = 1.
Let T > 0 be such that z(t) € R for all t € [0, T]. We can write for ¢ € [0, T

< |lz|| <2} and L := mz%Hf(x)H Since f is
S

N | =

le@] = ||z(0) + /0 f(a(r))dr
< =) + /0 | F (@) dr
< 1+Lt. (1)
Likewise, again for t € [0, T,
le@l > a©)] - /0 | £ ((r)lldr
> 1-1Lt. (2)

Eq. (1) allows us to write

1
z(0)] =1 = [z(t)]| <2 forall te [0, L]

Likewise, by eq. (2) we can write

1
lz(0)|| =1 = |lz(®)|| > 3 forall te [O, QL}
Combining these we can write
1 1
lz(0)]| =1 = 3 <|lz(t)|| <2 forall te [0, QL] (3)

Now given an arbitrary solution ¢(t) with ¢(0) # 0, let A := ||¢(0)||. Define 9 (t) := \~Le(¢).
By part (a) v is also a solution. Note that ||1)(0)|| = 1. Hence we can write by (3)
lw@®l e 27! 2] veelo, 2L)7'] = M)l €27\ 2\ Vtelo, (2L)7]
= [le(®)] € 27 6(0)]], 2l¢(0)[] ¥t e [0, (2L)71)



By time invariance we can therefore write
27¥(|(0)[| < llo(t)l| < 2*[l¢(0)]| vt € [0, k(2L) "]
forall k=1, 2, ...

Problem 4 Exercise 4.3.

Sol’n. See end of document.

Problem 5 Exercise 4.7.

Sol’n. See end of document.

Problem 6 Exercise 4.21.

Sol’n. See end of document.



* 4.3 (1) Let V(z) = (1/2)(z} + z2).
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In the region V(z) < 1/2, V is negative definite. Hence, the
is positive. Hence, trajectories starting in the region V
grow unbounded. Thus, the origin is not globally asym

x X ptotically stable.
(3) Let V(z) = 27 Pz = pyy 2} + 2p1p21 2, + p2273,
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Near the origin, the quadratic term dominates the higher-order terms. Thus, V will be negative definite in

the neighborhood of the origin if the quadratic term is negative definite. Choosing py2 = 1
P11 = 3 makes V'(z) positive definite and V(z) negative definite. Hence, the origin is asympt

It is not globally asymptotically stable since the origin is not the unique equilibrium point. T

is an equilibrium set.
(4) Let V(z) = =7 + (1/2)23.

V= —2:? — 2511 + 22125 —z; = —:f - :.:g

Hence, the origin is globally asymptotically stable.

¢ 4.7 (a) Let VV(z) = g(z). Then, V = —gT(z)Q¢(z). Choose g(z) = Pz so that V(z) =

need to choose P = PT > 0 such that V = —zT PQ¢(z) is negative definite. Choosing P =

V=-zTg(z)= - zzis‘bi(zi)
=1

V is negative definite in the neighborhood of the origin because y@(y) > 0 for y # 0. Hen

asymptotically stable.

(b) The function V(z) is radially unbounded. The origin will be globally asymptotically

negative definite for all z. This will be the case if y¢;(y) > 0 for all y # 0.

y Paz = 2, and
ptically stable.

he set {z2 = 1}

1/2)zTPz. We
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stable if V is

(c) The function ¢; satisfies the condition y¢;(y) > 0 for all y £ 0. The function ¢; satisfies the condition

only near y = 0 because ¢, (y) vanishes at y = 1. Thus, we can only show asymptotic stabili

- using the Lyapunov function V(z) = ITQ_lz = z? + 22132 + 25%_

e 4.21
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Hence, V(z) = 0 if and only if z is an equilibrium point.

(b) Every solution starts in a set 2. with ¢ > V(z;). Since ¥V < 0 in £, the solution remain

ty of the origin

1s in {1, for all
> 0.

t > 0. Since (2. is compact, we conclude by Theorem 3.3 that the solution is defined for ali ¢
(c) By LaSalle’s theorem, z(t) = M = {p,...,p,} as t — co. Since the points py,...,p, ai
conclude from Exercise 4.20 that z(t) — p; as t — co for some p; € M.
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