
EE555 HW2 Sol’n

Problem 1 Consider the system ẋ = f(x) with f(0) = 0. A solution x(t) is known to satisfy
x(0) ̸= 0 and x(T ) = 0 for some finite T > 0. Show that f does not satisfy Lipschitz condition
at the origin, that is, no L > 0 and ε > 0 exist such that ∥f(x) − f(y)∥ ≤ L∥x − y∥ for all
x, y ∈ {η ∈ Rn : ∥η∥ ≤ ε}.
Sol’n. Let ϕ : [0, T ] → Rn be a solution of ẋ = f(x) with ϕ(0) ̸= 0 and ϕ(T ) = 0 for some
T > 0. Without loss of generality let ϕ(t) ̸= 0 for all t ∈ [0, T ). Define ψ1 : [0, T ] → Rn as
ψ1(t) := ϕ(−t+ T ). Note that we can write

ψ̇1(t) = −ϕ̇(−t+ T )

= −f(ϕ(−t+ T ))

= −f(ψ1(t)) .

Hence ψ1 is a solution of the system ẋ = −f(x). Moreover, ψ1(0) = ϕ(T ) = 0 and ψ1(t) =
ϕ(−t + T ) ̸= 0 for t ∈ (0, T ]. Since −f(0) = 0, the constant function ψ2 : [0, T ] → Rn with
ψ2(t) ≡ 0 is also a solution of the system ẋ = −f(x). Therefore the system ẋ = −f(x) admits
two different solutions ψ1 and ψ2 starting from the origin ψ1(0) = ψ2(0) = 0. This nonuniquess
of solutions implies that the righthand side −f cannot be Lipschitz at the origin (Theorem 3.1).
Therefore f cannot be Lipshitz at the origin either.

Problem 2 For each of the below systems determine whether or not finite escape times occur.

(a)

{
ẋ1 = −x1 + x21x2
ẋ2 = −x2

(b)

{
ẋ1 = x22x1
ẋ2 = x2 + 10

Sol’n. (a) First recall that the scalar system ẏ = y2 is prey to finite escape times. In particular,
for y(0) = 1 the solution y : [0, 1) → R reads y(t) = (1 − t)−1. That is, we have y(t) → ∞ as
t→ 1. Now returning to our system we can write

ẋ1 = −x1 + x2(0)e
−tx21.

Choose x1(0) = 1 and x2(0) = 2e. Then we can write for t ∈ [0, 1]

ẋ1 = −x1 + 2e1−tx21

≥ −x1 + 2x21

≥ x21 .

Hence, for some t̄ ∈ (0, 1] we should have x1(t) → ∞ as t → t̄. That is, finite escape times do
occur for the system.

(b) Note that x2(t) = −10+ (10+ x2(0))e
t. Therefore for any finite time interval x2(t) remains

bounded. Now, given an arbitrary initial condition x2(0) let us define a(t) := (−10 + (10 +
x2(0))e

t)2. Then we can write

ẋ1 = a(t)x1 =: f(t, x1) .

Given an arbitrary finite time T > 0 let us define L := max
t∈[0, T ]

|a(t)|. Note that L < ∞ because

a is continuous. Then we can write

|f(t, y)− f(t, z)| = |a(t)(y − z)|
≤ L|y − z|



for all y, z ∈ R and t ∈ [0, T ]. Then by Theorem 3.2 for any initial condition x1(0) the solution
x1(t) is defined for all t ∈ [0, T ]. But T was arbitrary. Therefore the solution x1(t) must exist
for all t ∈ [0, ∞). Hence the finite escape times are ruled out for this system.

Problem 3 Consider the system ẋ = f(x) where f is continuous and f(λx) = λf(x) for all
λ > 0 and x ∈ Rn.

(a) Show that if ϕ(t) is a solution to this system so is λϕ(t) for each λ > 0.

(b) Show that this system cannot exhibit finite escape times.

(c) Show that no solution x(t) exists satisfying x(0) ̸= 0 and x(T ) = 0 for some finite T > 0.

Sol’n. (a) Given some solution ϕ(·) and a positive number λ let us define ψ(t) := λϕ(t). We
can write

ψ̇(t) = λϕ̇(t) = λf(ϕ(t)) = f(λϕ(t)) = f(ψ(t)) .

(b)&(c) Let us define the set R := {x ∈ Rn :
1

2
≤ ∥x∥ ≤ 2} and L := max

x∈R
∥f(x)∥. Since f is

continuous and R is compact we have L <∞. Now consider any solution x(·) with ∥x(0)∥ = 1.
Let T > 0 be such that x(t) ∈ R for all t ∈ [0, T ]. We can write for t ∈ [0, T ]

∥x(t)∥ =

∥∥∥∥x(0) + ∫ t

0
f(x(τ))dτ

∥∥∥∥
≤ ∥x(0)∥+

∫ t

0
∥f(x(τ))∥dτ

≤ 1 + Lt . (1)

Likewise, again for t ∈ [0, T ],

∥x(t)∥ ≥ ∥x(0)∥ −
∫ t

0
∥f(x(τ))∥dτ

≥ 1− Lt . (2)

Eq. (1) allows us to write

∥x(0)∥ = 1 =⇒ ∥x(t)∥ ≤ 2 for all t ∈
[
0,

1

L

]
Likewise, by eq. (2) we can write

∥x(0)∥ = 1 =⇒ ∥x(t)∥ ≥ 1

2
for all t ∈

[
0,

1

2L

]
Combining these we can write

∥x(0)∥ = 1 =⇒ 1

2
≤ ∥x(t)∥ ≤ 2 for all t ∈

[
0,

1

2L

]
(3)

Now given an arbitrary solution ϕ(t) with ϕ(0) ̸= 0, let λ := ∥ϕ(0)∥. Define ψ(t) := λ−1ϕ(t).
By part (a) ψ is also a solution. Note that ∥ψ(0)∥ = 1. Hence we can write by (3)

∥ψ(t)∥ ∈ [2−1, 2] ∀t ∈ [0, (2L)−1] =⇒ λ∥ψ(t)∥ ∈ [2−1λ, 2λ] ∀t ∈ [0, (2L)−1]

=⇒ ∥ϕ(t)∥ ∈ [2−1∥ϕ(0)∥, 2∥ϕ(0)∥] ∀t ∈ [0, (2L)−1]



By time invariance we can therefore write

2−k∥ϕ(0)∥ ≤ ∥ϕ(t)∥ ≤ 2k∥ϕ(0)∥ ∀t ∈ [0, k(2L)−1]

for all k = 1, 2, . . .

Problem 4 Exercise 4.3.

Sol’n. See end of document.

Problem 5 Exercise 4.7.

Sol’n. See end of document.

Problem 6 Exercise 4.21.

Sol’n. See end of document.




