EE555 HW1 Sol'n

Problem 1. Exercises 1.19, 1.20(a), 1.21(a) from the textbook.!
Sol’n. See the end of file.

Problem 2. 2.1(1), 2.1(5), 2.1(6).
Sol’n. See the end of file.

Problem 3. 2.15.
Sol’n. See the end of file.

Problem 4. 2.17(2).
Sol’n. See the end of file.

Problem 5. 2.20(3), 2.20(4), 2.20(5).
Sol’n. See the end of file.

Problem 6. Consider the system

T1 = ary — T1T2
Ty = bx% — CTy
where ¢ > a > 0. Let D = {z € R? : 25 > 0}.
(a) Let b > 0. Show that every trajectory starting in D stays in D for all future time.
(b) Let b > 0. Show that there is no periodic orbit through any = € D. Hint: Use Lemma 2.2.
(c) Still letting b > 0, show that there can be no periodic orbits (in R?).
(d) This time let b < 0. Show that there can be no periodic orbits for this case, either.

Sol’n. (a) On the border of D (73 = 0) we have & = [az1 bz?]T, that is, the velocity vector
never points outside the set D. Therefore, given that it starts in D, no solution can leave D.

(b) For x € D we can write

%—F% a—To—C
81‘1 8%2 2

< a-—c¢

< 0.

Since g—:ﬁ + g—g is strictly negative in D, by Lemma 2.2 there can be no periodic orbit that

entirely lies in D. By part (a) it is not possible that there is a periodic orbit that lies partly in
D and partly out of it. Hence there is no periodic orbit through any =z € D.

(c) Suppose there is a periodic orbit 7. We know by part (b) that v must lie entirely in R?\D.
Corollary 2.1 tells us that inside « there should be an equilibrium point, which implies the
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existence of an equilibrium point in R?\D. The system has three equilibria: (0, 0), (1/ac/b, a),
and (—+/ac/b, a); all of which are in D. Hence «y cannot exist.

(d) For b < 0 the origin is the only equilibrium point. The linearization at the origin yields the
following A matrix

whose eigenvalues are at A\ = a > 0 and Ay = —c < 0. Therefore the origin is a saddle. As a
result, by Corollary 2.1, the existence of a periodic orbit is ruled out.

Problem 7. 2.24.
Sol’n. See the end of file.



"+ 1.19 {a)
h
~j—t( [ Ao d,\) % Wkl
A(h)h = u—k@

s 1
z= m[‘u -k /pi3], y==z

{b) z = p—pa = pgh.

N A(;?pg) (u-kvz), y=2/(pg)

{(c) At equilibrium,
0=ug - k\/P9Tss,  Yss = Tay =T
Hence, u,, = k\/pgr

» 1.20 (a) From the equations = w; — w, and p = pa + (pg/AJv, we have

p= o= B - w) = Blo~ (8p) - k/Bo)

Using = = Ap as the state variable, we obtain
=Bl @)~ kvE)

+ 1.21 {a) We have . )
9 =wpy—wy, Up=UWp=Up
E P9 . . pg .

.pl A! '01, P2 AQ

Wi :"-kl\a‘p]_ng w2=k2Up2"'p¢) P~ Pa =¢(wp)

Let 23 =P — Po and Tz = P2 — Pa-
ho= b= L) = L) -kvE )

1

Ip = P2 = %i“(."-’l -} = i—;[sz.wzz—szz-i

e 2.1 (1)
D=--:J:1+Zzi‘+zg, O0=—3; —zp

Ty = -1y => 0*:*—2::1(:%-—1) = 51=0, I, or —1

There are-three equilibrium points at (0,0), (1, ~1), and (=1,1). Determine the type of each point using

linearization.
of _[-1+6zF 1
az ~ -1 -1
af  _[-1 1 _ _ .
9% |(0.0) =1 _1 23| = Ma2=-1%j = (0,0)isa stable focus
2 5 1
oz {1,-1) - [ -1 -1 ] = ha=23 V8 = (1,~-1) is 2 saddle
Similarly, (~1,1) is a saddle.
(5}

0= (z—z2)(1 —2% ~23), 0= (z; +a2)(1~2f—23)
{22 +23 = 1} is an equilibrium set and (0,0} is an isolated equilibrium point.

af

bz

1= 322 2k +2zy2s  —22325 — 1 + 23 + B2}

1 -._1}
2=(0,0) - [ 1 —3_3%'“5‘%_23}1&2 —2zyx9 + 1*$¥‘*3I§ ](D.O} { 1 1

Eigenvalues are 1 j; hence, (0, 0) is unstable focus.

(8) :
IOV .
=12 % n(l-2)=0= 5 =00rzi=1

The equation z§ =1 has two real roots at z; = 1. Thus, there are three equilibrium points at (0,0), (1,1),

{"lv"l)'.
@:4‘3“""’: ' ]
9z 1 -3
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_ [ 0 é]’ Ei-genvalﬁea :1,-1 = (0,0) is a saddle
z=(0,0)

-3 1
?_f-‘ — H
az

z:{l,l) 1 —_—

Eigenvalues: ~2,—4 = (1,1)is 2 stable node

a

Similarly, (—1,~1) is a stable node.

# 2.15 The solution of the state eciua.tion

Tg, 5.1(9) =z
k, 22{0) =220

&y

il

Iy
where k = &1, is given by

zg(t) = kt+zy
nf{l) = %’ktz-i-::_mt*{r'zm

Eliminating ¢ between the two equations, we obtain

2 = 1xz+c
1"’2;;.2 3

where ¢ = 219 — £4,/(2k). This is the equation of the trajectories in the z;~z, plane. Different trajectories
correspond to different, values of ¢. Figures 2.24 and 2.25 show the phase portraits for u = 1 and u = -1,
respectively. The two portraits are superimposed in Figure 2.26. From Figure 2.26 we see that trajectories
can reach the origin through only two curves, which are highlighted. The curve in the lower half corresponds
to u = 1 and the curve in the upper half corresponds to u = ~1. We will refer to these curves as the
switching curves. To move any point in the plane to the origin, we can switch between +1. For example,
1o move the point A to the origin, we apply u = -1 until the trajectory hits the switching curve, then we
switch to u = 1. Similarly, to move the point B to the origin, we apply 4 = 1 until the trajectory hits the
switching curve, then we switch to u = —1. When the trajectory reaches the origin we can keep it there by

switching to u = 0 which makes the origin an equilibrium point.
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Figure 2.24: Exercise 2.15, Figure 2.25: Exercise 2.15,

Figure 2.26: Exercise 2.15.



» 2.17 (2) Let V() = 2% +23. ‘
| f(2) - VV(2) = 223(2 — 32} — 223) = 423(1 — of — =3) — 22}23 < dod(1—2? —23)
Hence, [(z) - VV(z) < 0 for 2§ + =3 > 1. In particular, all trajectories starting in M = {V(z) < 1} stay

in M for all future time. M contains only one equilibrium point at the origin. Linearization at the origin

vields the matrix [ _E]l ; ], whose eigenvilues are 1 and 1. Since f(z) is an analytic function of z, we

conclude that the origin is unstable node. By the Poincaré-Bendixson criterion, there is a periodic orbit in M.

» 2,70 (3) The equilibrium points of the system are the roots of
' 0=1—.~:1:|:§, 0=z

These equations have no real roots. Thus, there are no equilibrium points. Since, by Corollary 2.1, a closed
orbit must enclose an equilibrium point, we conclude that there are no closed orbits.

(4). The zy-axis is an equilibrium set. Therefore, a periodic. orbit cannot crass the zi-axis; it must lie
entirely in the upper or lower halves of the plane. However, there are no equilibrium points other than the
zl;a.ﬁs_. Since, by Corollary 2.1, a periodic orbit must enclose an equilibrium point, we conclude that there
are no periodic orbit;. :

(5) The equilibrium points are the roots of

O=zycosz;, O=sinm

The equilibrium point are (nw,0) for n = 0,1,2,-. Linearization at the equilibrium points yields the

matrix 2 g where a = +1. Hence, all equilibrium points are saddles, Since, by Corollary 2.1, a
periodic orbit must enclose equilibrium points such that N — 5 = 1, we conclude that there are no periodic

orbits.

e 2.24 Suppose M does not contain an equilibrium point. Then, by the ?oincaxé_-B‘endbcsg:} c;'-i,terion: there
is a periodic orbit in M. But, by Corollary 2.1, the periodic orbif must contain an equilibrium point: A
contradiction. Thus, M contains an equilibrium point. : :



