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ABSTRACT

An approximate mean square error (MSE) expression for the performance analysis of implicitly defined
estimators of non-random parameters is proposed. An implicitly defined estimator (IDE) declares the min-
imizer/maximizer of a selected cost/reward function as the parameter estimate. The maximum likelihood
(ML) and the least squares estimators are among the well known examples of this class. In this paper, an
exact MSE expression for implicitly defined estimators with a symmetric and unimodal objective function
is given. It is shown that the expression reduces to the Cramer-Rao lower bound (CRLB) and misspecified
CRLB in the large sample size regime for ML and misspecified ML estimation, respectively. The expression
is shown to yield the Ziv-Zakai bound (without the valley filling function) for the maximum a posteriori
(MAP) estimator when it is used in a Bayesian setting, that is, when an a-priori distribution is assigned
to the unknown parameter. In addition, extension of the suggested expression to the case of nuisance
parameters is studied and some approximations are given to ease the computations for this case. Numer-
ical results indicate that the suggested MSE expression not only predicts the estimator performance in
the asymptotic region; but it is also applicable for the threshold region analysis, even for IDEs whose ob-
jective functions do not satisfy the symmetry and unimodality assumptions. Advantages of the suggested
MSE expression are its conceptual simplicity and its relatively straightforward numerical calculation due
to the reduction of the estimation problem to a binary hypothesis testing problem, similar to the usage
of Ziv-Zakai bounds in random parameter estimation problems.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

form expression for the posterior density (and its moments) which
does not involve integration, differentiation and limit operations is

The topic of parameter estimation can be divided into two
classes, namely the estimation of random and non-random (deter-
ministic) parameters. The random parameter estimation (Bayesian
estimation) assumes that the parameter of interest is a random
variable with an a-priori distribution and the observations on a re-
alization of the unknown parameter are obtained according to a
known probabilistic mapping. Under this setting, the optimal es-
timator that minimizes the risk, say mean square error (MSE) or
mean absolute error, is a functional of the posterior density of
the parameter. For instance, the optimal estimator minimizing the
MSE is the mean value of the parameter with respect to the pos-
terior density [1]. In general, the posterior density calculation is
the key step for the Bayesian formulation. Unfortunately, a closed
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rarely available. In many problems, one has to resort to the Monte
Carlo methods or approximate inference techniques for an inexact
realization of the optimal Bayesian estimator. In such problems, the
estimator success is typically evaluated by comparisons with the
performance bounds.

Bayesian performance bounds have a vast literature [2]. Typ-
ically, these bounds do not impose any constraints on the esti-
mator. For instance the Bayesian Cramer Rao lower bound (CRLB)
[2,3], Weiss Weinstein bound (WWB) [4], Bayesian Bhattacharya
bound [3] are derived using the covariance inequality principle
(hence, sometimes referred as covariance bounds) and applicable
in general to any type of estimators. Another main class is the
Ziv-Zakai bound (ZZB) [5-7] type bounds which are derived by
converting the estimation problem into a binary detection prob-
lem. Bayesian CRLB is one of most fundamental bounds and pro-
vides the achievable MSE in the asymptotic region which is the
high signal-to-noise ratio (SNR) region. However, it suffers from
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the threshold effect [5-7], meaning that it provides unachievable
(optimistic) lower bounds at medium or low SNR values. ZZB and
WWB are among the tightest Bayesian bounds in all regions of op-
eration [2,7]. Bayesian bounds continue to be an active research
area. Recently, Bayesian bounds for estimating periodic parameters
(e.g., phase) have been developed [8-10].

Non-random parameter estimation involves some challenges
unique to this setting. In this setting, an estimator can be improved
for a specific value of the parameter at the expense of performance
for other parameter values [1,11]. Since there is no a-priori distri-
bution associated to the parameter of interest, it is not possible to
balance the performance gains and losses for different parameter
values as in the Bayesian setting. For example, the estimator ignor-
ing the measurements and producing a constant value, say «, as
the estimate has no error if the unknown parameter is indeed «;
but, suffers from performance losses at all other parameter values.
The development of lower bounds for the non-random parameter
estimation also suffers from similar inherent admissibility prob-
lems. To overcome these problems, the estimators in this setting
are typically restricted to the class of unbiased estimators and ex-
amined under the title of minimum variance unbiased estimators
[1].

The performance bounds for the non-random parameter esti-
mation are also developed for a specific class of estimators. For ex-
ample CRLB (for non-random parameters), Hammersley-Chapman-
Robbins Bound (HCRB) [12], Barankin Bound [13,14] require the es-
timator to be unbiased in an open neighborhood of a point, over a
set of two-points and over a set of many-points, respectively (also
see [15]). In [16], a general bound form for unbiased estimators
is given and it is shown that CRLB, HCRB and BB can be derived
by a proper choice of the kernel function of their integral trans-
form. Note that the unbiasedness condition may not be practical
or may be difficult to satisfy, especially for the parameters with a
finite support; since the estimation error approaches a one-sided
distribution at the edges of the parameter space in such cases [5].
Although it has been shown that for some problems with peri-
odic parameters [17-19], the problem with the one-sided error dis-
tribution at the edges may vanish; uniformly unbiased estimators
do not exist in these cases either [20]. Furthermore, the unbiased-
ness condition may not even be desirable in some problems. It is
known that there exist realizable biased-estimators for some prob-
lems whose MSE is lower than the Cramer-Rao bound for unbi-
ased estimators [21]. Perhaps, the most important aspect of un-
biasedness condition is in relation with the maximum likelihood
estimator. It is well known that the maximum likelihood estima-
tor is unbiased and efficient in the large sample size regime, under
fairly general conditions, providing a basis for the theoretical and
practical adoption of the unbiasedness condition [22,23].

The main problem considered in this paper is the performance
prediction of implicitly defined estimators (IDEs) of non-random
parameters. IDEs are estimators which produce an estimate by
maximizing an objective function of the measurements over the
parameter set under consideration. The maximum likelihood (ML)
estimator, least squares estimators are some well known examples.

In this study, we present an approximate MSE expression for
IDEs of non-random parameters that

gives the true MSE when the objective function of the IDE is
symmetric and unimodal,

reduces to the CRLB in the large sample size regime for ML es-
timation,

reduces to the misspecified CRLB (MCRLB) [24,25] in the large
sample size regime for misspecified ML estimation [25,26],
reduces to the ZZB when an a-priori distribution is assigned to
the parameter of interest for maximum a posteriori (MAP) esti-
mation.
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There are already some approximate MSE expressions available
in the literature for IDEs of non-random parameters. For instance,
[27] provides formulas for MSE and bias of IDEs using Taylor se-
ries expansion of the cost function along with some approximate
expressions for certain expectations and derivatives. The study in
[28] also uses Taylor expansion approach and derives different
approximations in the scalar parameter case. Both of these ap-
proaches are based on the Taylor series expansion around the true
parameter value and provide simple MSE expressions; but, do not
take into account the gross errors which becomes the significant
factor as the estimator nonlinearity increases and/or SNR is de-
creased below the threshold SNR.

The majority of work on the estimator performance predic-
tion focus on the performance of the ML estimator. The ML es-
timator is known to be asymptotically efficient (performance ap-
proaching CRLB at large sample size) under some regularity condi-
tions [3,22,23]. The method of interval errors (MIE) is a celebrated
method that was proposed by Van Trees [3] to assess the perfor-
mance of the ML estimator in the threshold region. This method
depends on a careful selection of intervals in the parameter space
and the calculation of their probabilities. Different approximations
have been proposed to approximate the probabilities [29-31]. The
MSE expression proposed in the present study can be interpreted
as a more principled version of the method of interval errors
where the need for the interval selection and the gross error prob-
ability calculation or approximation is not required.

Notation: Throughout the paper lower and uppercase letters de-
note scalars, e.g., a, A. Bold lowercase letters denote vectors, e.g., a.
Bold uppercase letters denote matrices, e.g., A. The ith element of
the vector a is denoted by [a];. The i, jth element of the matrix
A is denoted by [A]; ;. %{-} denotes the real part of the complex
argument.

2. Problem definition

We consider the estimation of the non-random real-
valued vector 02£1[0,0,--- QJ]T from the measurements
X2 [xo %1 -+ xy_1]T e CN distributed according to f(x; 6) where
02100, 6, --- 6|7 denotes the true value of §. An implicitly de-
fined estimator (IDE) generates an estimate 62 16,6, - éj]T by
maximizing an objective function £(;) of the measurements and
the parameters as shown below:

5éargm()ax£(x;0). (1)

The most well-known example of IDEs is the ML estimator where
the objective function £(-;-) is the likelihood function f(x;#).
Other examples of IDEs are M-estimators and (nonlinear) least
square estimators. We see that the estimate ] given by (1) is deter-
mined by the measurements implicitly, hence the name implicitly
defined estimator.

In this study we are interested in the performance of IDEs and
we give an expression for the (diagonal elements of the) MSE ma-
trix of the estimate @ which is defined as

MSE(9) 2E[ (0 - 6)(6 - 6)T]. (2)

Here it should be mentioned that the methodology presented in
the current work can be straightforwardly extended to the other
moments of the estimation error @ — 6.

Except for few cases like ML estimation for Gaussian likelihoods
with linear models, the estimate 6 in (1) cannot be analytically ex-
pressed in terms of the measurements X, i.e.,, one cannot find a
closed form expression for the function h(-) such that 0= h(x).
As a consequence the determination, evaluation and comparison
of performance (say, in terms of MSE) of an IDE usually involves
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extensive Monte Carlo studies and/or problem specific approxima-
tions. In this work we first give an MSE expression which is exact
for an IDE of a scalar parameter whose objective function is both
symmetric (around the estimate) and unimodal in Section 3. Since
the symmetry and unimodality conditions are typically satisfied by
the objective functions of IDEs in the asymptotic or small error re-
gion, as further examined in Section 4; we suggest to use the MSE
expression to study the performance of IDEs in the small error and
threshold regions. We refrain from calling the suggested MSE ex-
pression as a bound due to the lack of performance guarantees in
the non-asymptotic regions. The suggested expression can be con-
sidered to be in the same league with the MIE [3] which lacks a
performance guarantee in all regions including the asymptotic re-
gion. Such expressions are also called approximate bounds in some
studies [31,32]. Yet, our main goal in this study is to develop an
MSE expression similar to ZZB, which is known to be a tight ran-
dom parameter estimation bound in the threshold and asymptotic
regions, for non-random parameters.

3. Case of a scalar parameter with symmetric and unimodal
objective functions

In this section we are going to restrict ourselves to a scalar un-
known parameter 6 € R (i.e., /= 1) and provide a predicted MSE
expression which is equal to the true MSE for an IDE whose objec-
tive function satisfies symmetry and unimodality assumptions. Our
main results are given in the following theorem and its corollary.

Theorem 1. Consider the IDE given as

0 éargmgax[:(x;@). (3)

Let the objective function L(X;-) satisfy the following conditions for
all x e CN.

1 L0 +h)=L£x0—h) for all h e R, ie., the objective function
is symmetric around its peak. R

2. L(x;0) is strictly-increasing (strictly-decreasing) for 6 <6 (6 >
0).

Define the true estimator statistic Vs 8) as

V;(0) £ E[(6 - 6)], (4)
where 0 is an arbitrary fixed parameter value. Then,
V;(0) = V;(0), (5)

where the predicted statistic Vé (0) is defined as
Vé(e)ézf elP(L(X: 6 + 2€) > L(x; 0))de. (6)

Proof. A proof is presented in Appendix A. The main idea of the
proof is to show that the events (67 —60)>¢€ and (é —0) < —€ are
equivalent to the events £(x; 6 + 2¢€) > £(x;0) and L£(x; 60 —2¢€) >
L(x; 0), respectively, when the assumptions of the theorem hold.
An illustration of this equivalence is given in Fig. 1. O

The following remark applies Theorem 1 to find the true MSE
of the estimator 6.

Remark 1 (MSE of IDE). The true MSE of the IDE 6 in Theorem 1 is
given as

MSE() = MSE(9) (7)

where the predicted MSE, denoted as MS\E(Q_), is defined as

MS\E(H_)éZ/OC leIP((x; 6 +2¢) = L(x; 6))de. (8)
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Proof. The proof is trivial by realizing that MSE(§) = Vs ) and
MSE(d) = V,(0). O

In the special case of a parameter 6 with finite support, e.g., 6 €
[Omin. Omax], the estimation error 6 — 6 is restricted to the interval
[Omin — €, Omax — 0] and the predicted MSE becomes

Omax—f¢
MSE@) =2 [, ", lelP(£00+26) = £x6)) de. (9)
2

We can interpret the MSE expression (8) intuitively as fol-
lows. When the probability P(£(x: 6 +2¢€) > £(x:6)) is large for
large values of |e|, then it is probable for the IDE § to make
gross errors, resulting in a large MSE. On the other hand, if this
probability is small for large values of |€|, the contribution of
gross errors in the MSE becomes negligible, resulting in a small
MSE. Consequently, IDEs with a small MSE would have the prob-
ability P(L£(x:6 +2€) > £(x:6)) (thought of as a function of €)
highly concentrated in a small neighborhood of € = 0 and quickly
vanishing elsewhere. More specifically, a sufficient and neces-
sary condition for existence of the integral in the MSE expres-
sion (8) is P(L(x: 0 +2¢) > L(x; 9_)) =o0(1/|€|?), i.e., the probabil-
ity P(L(x;60 +2€) > £(x:0)) decaying strictly faster than 1/|€[?
as |€| — oo. The integral in the MSE expression (9), on the other
hand, always exists.

We can put the expression MS\E(Q_) to a test by considering the
optimal but infeasible estimator § = 6. This estimator can be for-
mulated as an IDE using the objective function £(x;0) £ —(6 —
§)2. Since the objective function £(x;-) does not depend on the
measurements X, we see that the probability of the deterministic
event £(X; 0 + 2¢) > L(x; 0) is given as

1, e=0

0, otherwise’ (10)

P(L(x:0 +2€) = L(x:0)) = {
When (10) is substituted into (8), we have MS\E(G_) =0, which is
the true MSE. Similarly, for the feasible (but biased) version of this
estimator 6 = 6y, where 6 € R, the objective function is £(x;60) £
—(6 — 6;)?% and the corresponding probability becomes

- - _ 2} _ 2 _ —_ )
P(£(X;9+26)z£(x;9)):{é’ ~(0 426 - 60" = =@ - )
1, 0ze>-0+6
-0 +6y>€>0, (11)
0, otherwise

Il
—_

which yields MS\E(Q_) = (6 —6p)? when substituted into (8) for
both 6y > 0 and 6y < 6. This also is the true MSE. The following
corollary applies the result in Theorem 1 to ML estimation.

Corollary 1 (MSE of ML Estimator). If the likelihood function f(X; )
satisfies the conditions in Theorem 1, then the true MSE of the ML
estimate 6 is given as

MSEp (6) = MSEp(0) (12)
where the predicted MSE, denoted as l\//IS\EML(G_), is defined as
MSEy () éz/ |6|P<M . l)de. (13)
—oo fx;0)
Proof. Since we have £(x;0) £ f(x; 6), we can write
P(L(x:0 +2€) = L(x:0)) = P(f(x: 0 +2€) = f(x:6))

= [0+ 26) = Fx: ) fx: ) dx (142)
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Fig. 1. Illustration of the fact that the events (6 — ) > € and (f — 0) < —e are equivalent to the events £(x; 0 +2€) > £(x;0) and L(x; 0 — 2€) > L(x; §), respectively, when

the assumptions of Theorem 1 hold.

=[50+ 26) = £060)) fx: D) dx
f(%:6)#0

- fxb+26) _ \eos

_/”’“‘”#OI( f(x:0) ‘]>f(x’9)d" (14b)
_p(fx0+2¢)

_P( f(x:6) ‘1>’ (14c)

where [(-) denotes the indicator function for event arguments.
Substituting the last probability into the integral in (8) completes
the proof. O

Note that the expression (13) connects the MSE of the ML esti-
mate to the error probability of a likelihood ratio test. This connec-
tion between estimation and detection theory is further explored
in Section 4.3 in relation with the ZZB.

Theorem 1 and its corollary provide compact expressions to
evaluate the MSE of an implicitly defined estimator exactly even
when there is no explicit analytical expression connecting the
estimate 6 to the measurements x. However, it has some limi-
tations imposed by the assumptions required for its validity. In
fact, almost all practical estimation problems violate one of the
assumptions of symmetry, unimodality and infinite support (of
the parameter 6). For these problems it is certainly possible to
have MSE() # MS\E(G_). Hence, in general the proposed expres-
sions in (8) and (13) can only serve as approximate MSE perfor-
mance prediction tools. Keeping this fact in mind, we show several
relations between the suggested MSE expression and well-known
bounds in Section 4.

4. Relationship to performance bounds

In this section we present the relationship of the suggested MSE
expression (13) to some well-known performance bounds.

4.1. Relationship to CRLB

In this section, we consider the ML estimation for a scalar pa-
rameter 6 € R. In order to use the large sample asymptotic results
for the ML estimate 6, we are going to assume that the elements
X, n=0,...,N—1, of the measurement vector X are independent

and identically distributed as x, ~ f(xn; 9).! The likelihood for the
measurement vector X is then given as

N-1
fx:0) =[] f(xn: 0). (15)

n=0

The relationship of the suggested MSE expression @ML(é) to
CRLB is given in the following proposition.

Proposition 1. Assume that

A0 The parameter 0 has finite support, i.e., 0 € [Omin, Omax], and
the true parameter value 9 satisfies 6 e (Bmin» Omax)-

A1 The first three derivatives of In f(x; 8) with respect to 6 exist
for all 6 and are continuous with respect to 6.

A2 For every 6, the functions Ia%lnf(x;e)l, i=0,1,2,3, are
dominated by functions b;(x), i =0, 1, 2, 3, which all have finite vari-
ance.

A3 The KL divergence D(f(x; 0)||f(x; 0)), where

Pz 2 [ fe0n % dx

has a unique minimum with respect to 6 at 6 = 6.

A4 The expectation E[% In f(x; 6)] is non-zero.

The assumption A0 is sufficient (but not necessary) for the con-
vergence of the integral in (13). Under the assumptions A1-A3, it
can be shown that (See [22, Theorem 2.1]) the ML estimate g2
argmaxg In f(x; 0) is consistent, ie, 0 236 as N— oo . Then, we
have
MSEn () — MSEn(6) (17)

as N — oo, ie., the finite support version of the MSE expression
MS\EML(O-) in (13) converges to the true large sample asymptotic MSE
of the ML estimate 6 as N — oo. If the ML estimate is also asymptot-
ically efficient, then we have

MSEp (§) — C(), (18)

as N — oo where C(0) 2 7-1(8) with ¢(§) and T(6) denoting the
CRLB and the Fisher information matrix, respectively, at the true pa-
rameter value 6.

(16)

T In order not to incorporate additional notation, we will keep here the individual
measurements x, € C as scalars but the same results can be obtained for the case
when x, is a vector.
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Proof. The proof is given in Appendix B. O

4.2. Relationship to MCRLB

In this section, we consider the misspecified ML (MML) esti-
mation [25,26] for a scalar parameter 6 € R. In order to use the
asymptotic results for the MML estimate 0, we are going to as-
sume that the elements xp, n=0,...,N —1, of the measurement
vector x are independent and identically distributed as x;, ~ f(xp)
where f(-) denotes the true measurement distribution. The true
distribution for the measurement vector x is then given as

N-1
fox) =TT fxn). (19)
n=0

We assume that MML estimate 6 is calculated by maximizing the
assumed likelihood f(x;6) given in (15). The relationship of the
suggested variance expression %(9) to MCRLB [24,25] is given in
the following proposition.

Proposition 2. Assume that

AO The parameter 0 has finite support, i.e., 6 € [Omin, Omax]-

A1 The first three derivatives of In f(x; 0) with respect to 6 exist
for all © and are continuous with respect to 6.

A2 For every 0, the functions |33—9'i1nf(x;9)|' i=0,1,2,3, are
dominated by functions b;(x), i =0, 1, 2, 3, which all have finite vari-
ance with respect to the true measurement distribution fx).

A3 The KL divergence D(f(x)||f(x;0)) has a unique minimum
with respect to 0 at 0 =0, € (Oin, Omax).’

A4 The expectation E f—[% In f(x; 6.)] is non-zero.

The assumption A0 is sufficient (but not necessary) for the con-
vergence of the integral in (6). Under the assumptions A1-A3 it
can be shown that (See [22, Theorem 2.1]) the MML estimate g2
argmaxy In f(x; 6) is misspecified consistent, i.e., 020, asN— 0.
Then, we have

Vi (6.) — Vi (6.) (20)

as N — oo, ie., the finite support version of the expression Vi (6:)
converges to the true large sample asymptotic variance Vi (6«) of
the MML estimate 6 as N — oc. If the MML estimate is also asymp-
totically misspecified efficient, then we have

B(6.)
A%(6,)

as N — oo where the quantity sz(fg)) is the MCRLB and

Vi (6.) —

(21)

A@,) & Ef-[aa—;lnf(x; 9*)], B@.) & Ef[(%lnf(x; 9*))2].
(22)

Proof. The proof is given in [35, Appendix C], which is the ex-
tended preprint version of this manuscript. O

Note that according to the proposition, V(6,) converges to the
asymptotic variance Vi (6:) of the MML estimate 6. When the
true measurement distribution f(-) admits the same parameteri-
zation as the assumed measurement distribution f(-;0) with the
true parameter value 6 = 6, i.e., f(x) = f(x; 6), then we might pre-
dict the MSE performance of the MML estimator 0 as

I\/A-S\EMML(Q_) £ VMML(G*) + (6, — 9')2! (23)

2 Note that the existence of the KL divergence D(f(®)||f(x:0)) necessitates ad-
ditionally the existence of the Ef—[ln fx)], which we implicitly assume for the sake

of conceptual simplicity. We may eliminate the need for the existence of E f»[ln foo]
by stating this assumption differently as in [22,33,34].
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which would converge to the true MSE of the MML estimator as
N — oo if the assumptions of Proposition 2 are satisfied.

4.3. Relationship to ZZB

We consider a Bayesian estimation problem where the param-
eter 0 is assigned with the prior distribution f(6). The MAP esti-
mate of 6 can then be defined as follows.

02 arg meaxf(xle)f(Q) (24)

where the likelihood f(x;6) is shown with the conditioning no-
tation as f(x|6) since 6 is now a random variable. Note that the
MAP estimator given above corresponds to an IDE with the objec-
tive function £(x;0) £ f(x|0)f(0). The true MSE of the MAP esti-
mator is given as

MSEyap é//(é —0)2f(x|0) dxf(6) dO (25a)
=E[E[(0 - 6)%|6]] (25b)
=E[ MSEmap(9)]. (25¢)

where the outer expectation in (25b) is with respect to the ran-
dom variable 6 and MSEyap(6) denotes the true MSE of the MAP
estimator when 0 is given, i.e.,

MSEwap(0) 2 E[(6 - 6)?|6]. (26)

where the expectation is only with respect to the noisy mea-
surements X given 6. Since the problem becomes a non-random
parameter estimation problem when 6 is given, we can predict
MSEpap(0) of the MAP estimator using (8) as follows.

WiSEur(0) = 2 [ h [elP(Fxi0 +26)£(6 +2€) = FxI0)f(©)|0) de.
(27)

By substituting the MSE estimate MS\EMAP(Q) in (27) into the place
of MSEpap(0) in (25¢) we can predict the overall MSE of the MAP
estimate as follows.

MS\EMAP £ E[MS\EMAP(Q)] (28a)

éz/:: £6) /: |e|P<f(x|9 +26)(6 +2€)

> f(xI6)f(6)[0) dedo (28b)

= [ [ tels@p(sexie + 26056 + 26) = Fexiense)]e) de o
[T [ 1el@ - 2ep(xl6 - 26076 - 26)

> f(x|6)f(6)[0) dedo  (28¢)

= [ [ tels@p (o0 + 2656 + 26) = Fexio)£(©)]6) de o

N f Z / Z|e| £ +2€)P(F(xI6)f(6)

> f(x|0 +2€)f(0 + 26)’9 + 26) dedd (28d)
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:/_Z/_Z €[(f(0) + f(0 +2¢))

X [n1P<n2f(x|9 +2€) > nlf(x|0)‘9)

+712P(mf(x|9) > 7, f(x|0 +26)‘9+26)]d6 d6 (28¢)
=[: f:|e|(f(9)+f(9+ze))p;in(9,9+ze)ded9 (28)
=2/0°°f:e(f(9)+f(9+z€))P;in(0,9+26)d9 de
=%f0°° f:)e(f(@) L fO+ )P (0.0 +€)dode,  (28g)

where P¢, (01,6;) is the minimum probability of error for the bi-

nary hypothesis testing problem given below.

Hq i x~ f(x|67), (29a)

Hy @ X~ f(xX]6), (29b)

with the prior hypothesis probabilities P(#;) = m; and P(H;) =
7y =1 —m; where

T 2 f(gl) Ty 2 f(GZ)
fO) + f(6)’ fO)+ f(6)°

The expression (28g) can be seen to be the ZZB (See |[7,
Eq. (14)]) without the so-called valley filling function. As a result
l\//IS\EMAp calculated using (8) in a Bayesian framework is equal to
the ZZB. Note that this equality is satisfied irrespective of whether
the objective function f(x|0)f(0) satisfies the assumptions of
Theorem 1 or not. If the objective function f(x|0)f(0), which is
actually the joint density f(x,0) of x and 0, also satisfies the con-
ditions of Theorem 1, then this would mean that MSEyap(f) =
l\//IS\EMAp(G) for all € R and hence MSEyap = MS\EMAP =ZZB and
hence ZZB would have to be tight, i.e., ZZB would have to be equal
to the true average MSE of the MAP estimate 0. As a result, the
conditions of Theorem 1 are also a set of sufficient conditions for
ZZB to be tight.

(30)

5. Extension to the case with nuisance parameters

Suppose now that we have | > 1 unknown scalar parameters,
ie, @ ¢ R/, and we would like to estimate only one of them while
keeping the others as unknown nuisance parameters. Without loss
of generality we assume that we would like to estimate 6; while
treating the other parameters 6,,...,0; as nuisance parameters.
We can express the estimate é1 for 6; as
0, & [9]1 =arg meax [n;axﬁ(x; 0)] = arg meax L1(X,07), (31)

1 \1 1
~———
L10,(x.60,)

where 6\; £ [6; 65 - GJ]T. If we assume that the function
£1(x,60;) defined as £,(x,0;) & maxg, L(Xx; 0) satisfies the condi-
tions in Theorem 1, applying the result of Remark 1 to the IDE
in (31) would give

MSE(d,) =2/Oc le|P(£L1(x, 0y +2€) > £1(X, é1))de,

:2]“ |e|P(r%ax£(x; 61 +2€.0,1) = max L(x; él,o\l)) de.
—o0 \1 \1
(32)
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With the selection £(x; 0) £ f(x;0) > 0, we can obtain the MSE of
the ML estimate 6; of 6; similarly to Corollary 1 from (32) as

maxg , f(X; 01 +2¢.0\))

MSEy (01) =2/_Z|6|P( = 1)de, (33)

maxy,, f(x;61,6\1)
connecting the MSE of the ML estimator to the error probability of
a generalized likelihood ratio test (GLRT) (instead of a likelihood
ratio test) in the presence of nuisance parameters [36].

In Section 6.2 below, we are going to investigate the expres-
sion (33) further on the specific case of the parametric mean
model and make approximations to facilitate its calculation, which
are later extended to the general case in a remark.

6. Application to ML estimation with the parametric mean
model with Gaussian noise

We consider ML estimator with the measurement model given
as

x=m(f) +v, (34)

where v~ CN (v; 0, 02Iy) represents the measurement noise and
the manifold function m : R/ — CN is, in general, a complex-valued
function of the unknown parameter vector @ € R/. The measure-
ment model in (34) is widely used in signal processing applica-
tions. For example, a linear manifold function m(#) = Hf may rep-
resent a multi-input multi-output (MIMO) communication system;
a non-linear manifold function may represent the array response
in the direction of arrival estimation problems [1].
The likelihood function for an arbitrary @ is given as

fx;0) =cN(x; m(0), o°Iy). (35)
We investigate the cases of a scalar parameter with and without
nuisance parameters in different subsections below. In order to cal-
culate the predicted MSE values we will need the following log-
likelihood ratio expression.

fx60) 1
fx:6) o
where ﬁ1(01; 02) £ m(01) - m(02)

In (20t{@" (6: ) (x — m(6))} — (@ (6: )[|?). (36)

6.1. Case of a scalar parameter with no nuisance parameters

Suppose now that we have a scalar parameter 6 with the true
value 0 (J = 1). Note that this case can also be interpreted to be the
case when we have multiple parameters 6 = [6; 0\1] and the true
values 67\1 of the nuisance parameters 0\1 are perfectly known. We
can evaluate the probability in (13) as

P(W > 1) :p<1nf(";9_+_26) . 0)
fx;0) fx:0)

= P(25{i" (6 + 2¢: 0)v} > || (6 + 2¢:6)|?) (37a)
= Neear([IT2(6 +2¢:0) 1% 0, 202 ([ (6 + 2¢:6) |?) (37b)
= ccdf(||m(é+2€§é) |;O, 20'2)7 (37C)
under the assumption that ||@(f +2¢;0)] #£0, where

Needae(X; m, X) denotes the complementary cumulative distribution
function (ccdf) of a real Gaussian random vector with mean g and
covariance ¥ evaluated at x. Assuming that ||f(0 + 2¢;0)| £ 0
for almost all € € R, we can substitute this probability expression
into (13) to get

MSEw.(0) = 2 | lelNecar(I2( +2¢.0)[1:0.20%) de.  (38)
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s N: number of samples (1x1)
m = Q@(w) Axexp (lix(0:N-1)'xw);
MSEhatML = calculateMSEhat (m,tw,-pi,pi,sigma2);

17 % sigma2: \7mp10>< normal noise variance (1x1)

19 (tmin-tt) /2, (tmax-tt) /2);

-pi < tw < pi)

1 function MSEhatML = MSE_ML_frequency (tw,A, sigma2,N)

2 % Calculate MS M r ML frequency es stimate

3 tru v f 1) (rad/sec)
4 I known complex amplitu

5 3 sigma known complex mal noics ance (1x1)
6

7

8

10 function MSEhatML = calculateMSEhat (m,tt,tmin, tmax, 51gma2)

11 % Calculates the MSEhat for the parameterized mean mode

12 % m: function handle: m(.) takes a 1xL array of parameter values [thetal theta2 ... thetal]
13 % : and it returns the Nm x L matrix [m(thetal) m(theta2) . m(thetal)]

14 % tt: true theta value (1x1)

15 % tmin: minimum value of theta (1x1)

16 % tmax: maximum value of theta (1x1)

18 MSEhatML = 2xintegral (@ (e)abs (e) .* (1-normcdf (vecnorm(m(tt+2+e)-m(tt),2,1)/sqgrt (2+xsigma2))), ...

Fig. 2. A Matlab code (R2021b) for predicting the MSE of the ML estimator for the frequency estimation problem.

Remark 2. If both the function m(-) and the measurement noise v
are real-valued, i.e., if we have m : R — RN and v ~ N/ (v; 0, 0 2Iy),
then, instead of (38), one needs to use

MSEyy(4) = 2/ €[ Necar (1106 + 2¢,6)]1: 0, 40%) de.  (39)

Using this expression amounts to replacing the variance o2
in (38) with 202

Note that the likelihood (35) does not satisfy the conditions
of Theorem 1 and its corollary in general except for some trivial
cases, e.g., the case of linear or affine manifold function m(9). As a
result, the predicted MSE expressions in (38) and (39) are expected
to be only an approximate estimate of the true MSE of the ML es-
timator. Furthermore, a closed form solution rarely exists for the
integrals in (38) and (39). Therefore, numerical integration meth-
ods have to be used as shown in Example 1 below.

The relations in (38) and (39) provide some insight on the sug-
gested MSE expression. As ||@(f + 2¢,8)||, which is the norm of
the difference between manifold vectors m(@ + 2¢) and m(6), gets
larger, it should be easier to accurately estimate 6 and we get a
smaller predicted MSE value (since the function M.4f(-) monoton-
ically decreases as its argument gets larger). Also, it is interesting
to see that, for the simplest case m(6) £ 0, the expression for the
predicted MSE in (38) simplifies to;

o _ 00 2
MSEy () = 2/ |€|Necar (I2€1: 0, 20%) de = % (40)
—00

which can be obtained by integration by parts. This result is ex-
pected, as the corresponding ML estimator is 0= R{x}, hence, the
true MSE must be equal to half of the noise variance. We have an
exact result since the objective function is a Gaussian likelihood
satisfying the conditions of Theorem 1. We finally consider the fol-
lowing example in order to illustrate the practical simplicity of the
expression (38).

Example 1 (Frequency estimation using ML). Consider the follow-
ing signal model.

Xp=Ael® yy, n=0,....N—1, (41)

where A€ C is the known complex amplitude; @ €[-m, ] is
the unknown true frequency to be estimated using the ML es-
timator; v, ~CN(vn;0,02), n=0,...,N—1, is the white mea-
surement noise. MSE of the ML estimator based on the mea-
surements X, n=0,...,N—1, can be calculated with the Mat-
lab function given in Fig. 2, which involves only three lines
of code. A sample run can be made using the command
MSE_ML_frequency(pi/2,1,1,16) for the true frequency
value @ = 7 /2, amplitude A = 1, noise variance o2 =1 and num-
ber of samples N =16 gives MSTEML(%) —6.417e-4 rad®. Note

that the function calculateMSEhat(.) in Fig. 2 can be used
for predicting the MSE performance of the ML estimator for
any measurement model of type (34) for a scalar parameter 6 ¢
[gmin» Omax]-

6.2. Case of a scalar parameter with nuisance parameters

When some nuisance parameters exist, we consider the case in
Section 5 and use the MSE expression in (33). Unfortunately it is
analytically difficult to calculate the maxima and the probabilities
in the integrands on the right hand side of (33) exactly. In the fol-
lowing, we are going to make some approximations to facilitate the
calculation. Similar approximations can also be made for the more
general case in (32) (See Remark 3 below).
maxg, f(X; 01 +2¢.0\)) maxy,, f(x; 61 +2¢.0\))

fx:01.0,)
f(X 91 + 2e, 0\1)
0\1 fx: 01,0,
x; 01 +2¢.0
~ max f(x; 601 \1)’ (42)
610, f(x:0:.0,)

where the first approximation in (42) is made by assuming that
the maximum in the denominator of the left hand side is achieved
approximately at the true values of the nuisance parameters, ie.,
at 6\; = 6\;, which is reasonable under asymptotic conditions. The

set @\1 :{0\] 0\1,...,

points including the true value 5\1 of 0\1. Using these approxima-
tions, we can approximate the probability in (33) as

;9_ 2¢,0
P(maxa\1 fx 1+ 2€ \1) . 1)
maxy,, f(x; 61,6\1)

maxy, , f(x: 61.0\1)

02’?} appearing in (42) is a set of grid

~ P< max JXO+2€00) 1)’ (43a)
0,,€0\, f(x; 0y, 0\1)
:P( max —f(x 1 +2¢.611) > O) (43b)
"\159\1 fx:61.0,)
= P( max [2%{m”(91 +26€,0\1;01,0,,)v}
0\1€®\1
- 182G +2¢.0,1:01. 8, | = 0) (43¢)

1 —P(Gmax [2%{m“(91 + 2, 0\1,91 0\1)v}
\1E \1
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~ 1@ +2¢.0,1:01.8,) | <0) (43d)

where (6], 0\,:02.6%,) £m(6].6\,) - m(62.63)).
Let us now define the matrix M € RN*No and the vector i, e
RN as

[ W0, +2¢.0\,:0,.6,)
M, 2 : :
i Iﬁ“(é1+2€,0l\\l§;é1,é\1)
”r’i‘l(él +26,9<1;9_1,é\1)”2
i, 2 : (44)
|6 +2¢.6%:6. 8,

We can now write (43d) as
P([Tléng\l f(x; 9—] -i- 2€, 0\1)
Mmaxy, fx:01,0\1)

v

1) ~ 1 —P(zm{ﬁl:'v} < fi.

9)
= ccdf(ﬂ‘é 0, 2029’{{&[?]\7[6 })7 (45)

under the assumption that ||f(6; +26,0'\1;9_1,0-\])|| #0 for i=
1,....Ny. Note that the inequalities between vector quantities
above should be interpreted in an elementwise manner. The prob-
ability given in (45) is the generalization of the single parameter
probability in (37b) to the case of (presence of) nuisance parame-
ters. In fact, when we select the set ©®\; as @, = {9_\]}, i.e., when
we have a grid composed of only the true nuisance parameter
0\1, the probability (45) reduces to the probability (37b). More-
over since the set ©,; contains the true value 0-\1, the probabil-
ity (45) is always larger than or equal to the probability (37b). Sub-
stituting the result (45) into (33) we get

MSE(d,) = 2/00 € Nzcar(e; 0, 2025 [ MEM, | de. (46)

Note that since the probability (45) is always larger than or equal
to the probability (37b), the predicted MSE in (46) is always larger
than or equal to the single parameter predicted MSE in (38).

Although we ended up with an analytical expression for the
predicted MSE in the nuisance parameter case, unfortunately, the
calculation of the predicted MSE in (46) involves the numerical cal-
culation of the Ny-variate normal (c)cdf which can be carried out
for only small values of the number of grid points Ny. Furthermore,
the covariance matrix S)t{l\Nllng\N/le} might be ill-conditioned or singu-
lar which makes the calculation of the probability even more diffi-
cult. As a result, the calculation of the predicted MSE in (46) would
be computationally infeasible for large grid sizes Ny. To avoid this
calculation we might follow an alternative approach by approxi-
mating the right hand side of (43c) as

P(max,,\1 f(x|6 +2€,0\1) . 1)
maXxy,, f(x161.0\1)

~ P( max [291{&”(@1 +2€.0\1:61.60,,)v}

0,10,
— 1B, + 2¢. 0, 6y, 6\1)||2] > o) (47a)
~ max p([zm{mﬂ 6y +2¢,0\1: 61,0, 1)v}
0,10,
— By + 2€. 0,6y, é\1>||2] > o) (47b)

= max P(zm{ﬁlH (9_] + 2e, 0\1; 0_1 s é\l v}
0,1€0\,
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= 06 +2€.0,:61. 0, (47¢)
= max Nccdf(”ﬁl(é] +26,0\1;9_1,6\1)||22
0,10,
0.202|[M(0; + 2€. 0, 01, 6\1)”2) (47d)
= max Necar(I182(01 + 2€.0,1:61.6,1)]: 0. 26?) (47e)
\1€9\1
= Near(,min 18 +2€.0,;:61.0,1)[1:0.202), (476)
\1€9\

under the assumption that min0\1e®\1 I8, + 2e, 0\ 61, 5\1)|| +
0. The approximation sign in (47a) represents the approximations
made until reaching (43c). The approximation sign in (47b) can
be replaced with a greater than equal to sign, i.e., the right hand
side of it is a lower bound for the left hand side. Substitut-
ing (47f) into (33) gives the predicted MSE expression shown be-
low:

MSEw.(61) = 2/ €]

xNeaar(,min 180, +2€.0,,:01.0,1)

\1€O\;

; 0, 202> de.

(48)

The predicted MSE in (48) is always smaller than or equal to the
computationally prohibitive predicted MSE in (46) due to the ap-
proximation made in (47b), however, it requires the calculation of
the ccdf of only a univariate normal random variable. Note that
the MSE in (48) is still always larger than or equal to the single
parameter MSE in (38) since the parameter grid ®,; contains the

true value 5\1 of 6\;. This is because of the fact that

min [|@(0; +2€,0,,: 01,0, < |/ +2€.0,;:6,.0,)|
0\1€0,;

= /(6 + 2¢: 6y (49)

and that the function NV (-, 0, 20°2) monotonically increases as its
argument gets smaller.

The intuitive meaning of the MSE expression (48) can be ex-
plained as follows. When the nuisance parameters 6\; are known,
i.e., we have the case of a single parameter in Section 6.1, the MSE
is seen to be dependent on the distance between the mean vector
m(0; +2¢,6,;) and the true mean vector m(6, #\;), which was
shown as (the magnitude of) the vector m(0; +2¢;6;) 2 Mm@ +
2€,6\1;01.0\1) in (38). On the other hand, when the the nuisance
parameters 0\1 are not known, the predicted MSE is dependent
on minimum distance between the mean vectors m(6; +2€,0\1),
where 9\] takes values in a grid containing the true nuisance
parameter value 5\1, and the fixed true mean vector m(él,é\l).
Hence if the vector m(6; +26,0\1) is similar to the fixed vector
m(§1,5\1) for some values of the nuisance parameter 0\1 in the
grid, the resulting predicted MSE would get larger.

Remark 3. The approximations made in this section on (33) can
be applied to the general case (32) as follows.

P(rr(}axc(x; 0, + 2e, 0\,) > r%axc(x; 01, 0\1)>
\1 \1

A P(omég( L(X; 6, + 2€, 0\1) = L(x; o;, 5\1)>, (50a)
\1€9\1
~ max P(E(x; 0 + 2e, 0\1) > L(x: 8_1,67\1)). (50b)

0,,€0\,
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6.3. Application to ML estimation under model mismatch

In this section we consider the problem of ML estimation with
the parametric mean model under model mismatch, also known
as misspecified ML (MML) estimation in the literature [25,26].
For the sake of simplicity we consider only the scalar pa-
rameter case, i.e, 6 € R. The measurements X are modeled as
x=m(f) +v, where m(-) denotes the true mean function and
vV~ CN(v; 0, 621N) represents the measurement noise with the
true variance 2. This model corresponds to the true likelihood
fx:0) 2 ceN(x: m(Q), G21y). We are interested in the MSE of the
mismatched ML estimator 6 of 6 given as

ééargmeaxf(x;@), (51)

where the objective function is the assumed likelihood f(x;6)
given as

f(x;0) 2 CcN(x;m(0), o21). (52)

For predicting the performance of the MML estimator given
above, we can use the MSE expression of Remark 1 by setting
L(x;0) 2 f(x;6) and calculating the probability in the integrand
of (8) with respect to the true measurement distribution f(-; ).

The log-likelihood ratio In % in this case is given as

{0 +26) 1 (2 {@m" (6 +2¢; 0)(x —m(6))}

fx6) o2
— 1M +2¢:0) 1> + 20t { " (6 + 2€:6)u(6)}) (53)
where m(-, -) was defined in (6) and
pr(0) =m(@) - m(o). (54)

We can now calculate the probability of the event
In(f(x;0 +2¢€)/f(x;0)) =0 with respect to the true measure-
ment distribution f(-;0) as

P(ln w
fx16)

m"()

> 0) =Nccdf(||ﬁ1(‘)“ 2%[ [l

u(e)] 0, 252)
(55)

under the assumption that [|f(-)|| # 0, where we dropped the ar-
guments of the function m(6 + 2¢; @) for brevity. Substituting this
expression into the integrand of (8) we get the following predicted
MSE for the MML estimate.

H
WisEun 0) = 2 [ lelaar (101 - 20 S

||*<>||”(9)} 0.25) de.

(56)

7. Numerical results

In this section, we examine the performance of the proposed
MSE expression on four different direction of arrival (DOA) estima-
tion problems. The first two problems study the conventional and
misspecified ML estimation respectively. In the third one, we inves-
tigate the performance of an IDE whose objective function is not
the likelihood function, but a function derived from the manifold
characteristics. The fourth problem investigates Bayesian DOA esti-
mation. The implementation details of the numerical experiments
are given in [35, Appendix D], which is the extended preprint ver-
sion of this manuscript.

7.1. DOA Estimation (No model mismatch)

Consider the DOA estimation problem with an N-element sen-
sor array with the following array manifold.

a, =[a1.a.....aqn]", @y _exp< N pnu,/,>
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cos(¢) sin(8) J 2
u, = | sin(@)sin@) |, pa=| pr | (57)
cos(0) Ph

where, ¥ 2 [¢, 6]T denotes the unknown DOA vector composed
of azimuth ¢ € [0, 27) rads (measured from the x-axis in counter-
clockwise direction) and elevation 6 € [0, 7r) rads (measured from
the z-axis). p, is the position vector of the nth sensor containing
the x, y and z-coordinates; N = 11 is the number of sensors; A de-
notes the wavelength.

The array, whose sensor positions are given in Table 1, is il-
lustrated in Fig. 3a. The sensor measurement vector X € CV under
additive noise is modeled as

X:ﬂa'p +V, (58)

where v~ CN(v; 0,02%Iy); B € R (B is taken as a real-valued scalar
with no loss of generality due to the circular symmetry of the com-
plex Gaussian noise) and ¥ 2 [¢, O]T denotes the true value of
the angle vector . The true target angular positions are (ﬁ =25°
and @ = 60°. The beampattern of the array, obtained using the con-
ventional, i.e., Bartlett, beamformer with coefficients steered to the
true DOA, for this angular position is shown in Fig. 3b. The beam-
pattern contains sidelobes as high as —2 dB, with a response nor-
malized to O dB at the true DOA. Consequently the array is prone
to gross errors. With these definitions, the ML estimator involves
the following optimization problem:

¥ =arg mﬁx fi{x"ay}. (59)

Since the signal model is a parametric mean model with the mean
function m(y) = ,Ba,/,, the finite support versions of the expres-
sions (38) and (48) can be utilized for MSE prediction. We consider
three different cases: (i) Azimuth ¢ is unknown, but elevation
6 = 6 is known; (ii) Elevation 6 is unknown, but azimuth ¢ = ¢ is
known; (iii) Both azimuth ¢ and elevation 6 are unknown. The re-
sults of 10° Monte Carlo simulations are given in Fig. 4a and b for
azimuth and elevation estimates, respectively. For comparison pur-
poses the corresponding CRLBs (see [37] for the analytical expres-
sions), Barankin bounds (BBs) [14] with single test point optimized
over a grid, Fessler’'s method [27], So et al.’s method [28], and
method of interval errors (MIE) [29] are also illustrated. As seen
from Fig. 4, the proposed method is able to predict the thresh-
old SNR below which the ML estimator starts following the CRLB
and tracks the CRLB in the asymptotic region as expected. BB, on
the other hand, converges to CRLB at a much smaller SNR value
than the ML estimator. MIE closely follows the ML estimator in the
threshold region. This is essentially due to the problem specific se-
lection of the intervals and accurate gross error probability calcu-
lation. Note that MIE does not have any assumptions on the objec-
tive function, such as symmetry or unimodality, leading to a better
tracking of ML estimator performance especially in the threshold
region. Taylor expansion based methods of Fessler and So et al. fol-
low the CRLB values in all regions of operation and they are unable
to take into account the gross errors the ML estimator makes be-
low the threshold SNR.

7.2. DOA Estimation (Model mismatch)

In this section we consider the misspecified ML estimation
problem examined in Section 6.3 on the parameterized mean
model. For this purpose we consider the near field azimuth esti-
mation problem with known elevation angle, in which the estima-
tor uses the plane wave propagation assumption (far field assump-
tion) rather than the true propagation model which is the spherical
spreading.

A uniform circular array of radius 5A/3 with 12 elements is
used. The signal of interest emanates from a target at a range of
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Table 1
Sensor positions for the array in Figure 3a
Sensor-ID 1 2 3 4 5 6 7 8 9 10 1
X, [A] 1.6667 1.1785 0 -1.1785 -1.6667 -1.1785 0 1.1785 0 0 0
y, [A] 0 1.1785 1.6667 1.1785 0 -1.1785 -1.6667 -1.1785 0 0 0
z, [A] 0 1.1785 1.6667 1.1785 0 -1.1785  -1.6667 -1.1785 0 1.6667 -1.6667
—@ Sensors
----- True DOA 180
————— True azimuth
[ Ixy plane 160
140
2 L
- 3 120
- S o
1 & -
< 100 :
o % 80 :
N z g
53
p 60
40 B
-2
20
0
120 180
Azimuth, degrees
(a) Array configuration. (b) Array beampattern at true DOA, ¢ = 25°, 6 = 60°.

Fig. 3. Array configuration and array beampattern at true DOA.
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(a) Azimuth estimation at the true DOA: ¢ = 25°, § = 60°.
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(b) Elevation estimation at the true DOA: ¢ = 25°, § = 60°.

Fig. 4. Azimuth and elevation estimation performance curves for the array configuration in Figure 3a. Blue and orange colors correspond to the cases without and with the

nuisance parameter, respectively.

5A, which is closer than the far-field limit 2(10A/3)2/A = 2001/9
[38]. The array configuration and the target position are illustrated
in Fig. 5. )

The true signal model is given as m(¢) = [d;. dy. ..., ay]", an
exp (- j&dn($)),  where  dn(@) = [lpn—rugll,  uy,
[cos(¢), sin()]T, pn= [p%, ph]T and r is the range of the
target from the array center as illustrated in Fig. 5. The as-
sumed model by the estimator is the plane wave model, given
as m(¢) = [a,az,....ay]", an=exp (jZEpiuy). There is no
misspecification in the noise variance, i.e., 02 = 2.

The MSE values for this experiment with 10,000 Monte
Carlo runs are given in Fig. 6 along with the corresponding
MCRLBs [24,25], BBs [14], and the results for Fessler’s [27] and So
et al.’s [28] methods. MCRLB reduces to the following expression

for this specific problem.

MCRLB($) = C; ($)Zn($)Cp' (@), (60)

where

26)= 2| O )=z 2| [T i),
(61)

and p(-) was defined in (54). BB [14] with a single test point opti-
mized over a grid, which is also the HCRB [12,15] can be expressed
as follows.

(¢ - $)?
o2z Im(¢)-m()|>2

BB(¢) = HCRB(¢) = max (62)

-1

10



E. Mehmetcik, U. Orguner and C. Candan

4F
® Sensors
m Target /‘
L k4
S iy [— True DOA //
0,’
K4
2F ~
[ ] el
— L] ®
=< ’
1 s’
= [ J el
‘/
R4
R4
0 (] r ()
[ ] [ ]
Ak
[} [ ]
°
B . | .
2 1 0 1 2 3 4 5
x
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Fig. 6. Near-field and far-field performance of a 12 element uniform circular array,
for a target at 5A distance. (Matlab codes for this simulation is available at: https:
|//codeocean.com/capsule/6744831/.)

The results given in Fig. 6 indicate that the proposed MSE ex-
pression again predicts the threshold SNR quite closely and tracks
MCRLB in the small error region. On the other hand BB is opti-
mistic about the threshold SNR and both Fessler’s and So et al.’s
methods yield the same results as CRLB and MCRLB for the no
model mismatch and model mismatch cases respectively.

7.3. DOA Estimation by an IDE (ESPRIT)

We consider a uniform linear array composed of N = 15 sensors
with A/2 element spacing. The signal model is as follows

Xp = elTO@N Ly —0,1,...,N—1, (63)
~———
émn(‘[’)
where « €C is the wunknown complex amplitude, wy~

CN(wn,0,02), and ¢ =35m/180 rad is the unknown true az-
imuth angle to be estimated. We denote the spatial frequency
with @ and define @ 2 7 cos(¢).

Due to the structure of uniform linear arrays, we can write
mn(43) = ef‘z’mn,l(tj_)) for the elements of the array manifold vec-
tor my(¢) in (63), which is the rotational invariance property ex-
ploited in ESPRIT [39]. Using this property we can define a some-
what adhoc cost function as follows

N-1
J(@) =Y X0 — /%01 °. (64)
n=1

1
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By minimizing (64), we can get an estimate for @ as &2
argmin,, J(w) = arg (Y7_{ x;_;xa); from which an estimate for
the DOA can be generated as (f) £ arccos (%) which we call the
ESPRIT estimate. Note that the cost function J(-) is neither sym-
metric around the estimate, nor is unimodal. Hence it does not
satisfy the conditions for which the proposed method yields the
true MSE. The cost function J(w) in (64) can be written in matrix
form as follows.

J(@) = |Ax - e’""on”2 =x"(A; - ef“’Ao)H(A1 —el“Ag)x. (65)
where

X1

x=[ % XN-1 ]T, Ao=[ In-1y Op-ny1 |

A =] Oy Iy |- (66)
Using w £ 7 cos(¢), we get,
J(@) = x"(Ay — T @A) (A — /T DA )x. (67)

Note that in order to use the approximate MSE expression in (8),
we need to evaluate the following probability,

P(J(® +2€) <J(§)) = P(J(® + 2€) —J($) < 0) 2 P(AJze <0).
(68)

where the inequalities are the reverse of those in Remark 1 since
we have a minimization problem instead of a maximization prob-
lem in our IDE. Using (67) and after some basic algebraic op-
erations we can express A 2 J(¢ +2€) —J(¢) as Afe = xHQx
where

Q A (ejrr cos(@) _ el™ cos(<5+25))A}]1A0

(69)

Even though the density of the quadratic form AJ,. = x"Qx is
known to be the generalized chi-squared distribution and can be
evaluated numerically [40, Appendix A], we pursue a Gaussian fit
to the density in order to simplify the probability calculations. To
do that, we evaluate the first two moments of AJ,.. Using the fact
that x"Qx is always real, we can reach the following expressions
(after some algebra)

s (@, €) =E{ALc} = optr(Q) + m"(¢)Qm(4),

+ (e—jrr cos(¢) _ eI cos(t};+2€))AElA].

(70a)

02(¢.€) =Var{Ahe} = otr(Q?) +202m" (9)Q@m(P). (70b)

where m(¢) £ [mg(¢p), my(¢), -, my_1(¢)]" and we used the
result E[(y?Qy)?] = tr2(QX) + tr((QX)?) for any Hermitian matrix
Q and y ~CN(y; 0, X) [41, Ch. V, Lemma 2.2]. With the Gaussian
fit, an approximation to the suggested MSE expression becomes

-4
—_— = 2 - -
MSE@) ~2 [ lelNar(0: s (. ). 02 (6. €))de. (71)
2

where we used (9) with @i = 0; ¢max = T to set the integration
limits and the cdf of the normal distribution is used instead of
the ccdf due to the reversal of the inequalities in (68). Figure 7
shows the results of 10,000 Monte Carlo runs for this experiment.
The CRLB, BB with single test point optimized over a grid, Fessler’s
[27] and So et al.’s [28] methods are also illustrated for com-
parison purposes. Note that the estimator in this experiment is
not efficient, hence its performance does not reach CRLB at high
SNR.

Consequently, the estimator performance is not characterized
by the CRLB in any SNR region. Therefore, one needs the asymp-
totic MSE values as well as the pairwise error probabilities in order
to calculate the MSE prediction using MIE. BB provides a very op-
timistic prediction for this specific problem as in the earlier exam-
ples. Although Fessler’s and So et al.’s methods predicted the esti-
mator performance well at high SNR region, they have difficulty in


https://codeocean.com/capsule/6744831/

E. Mehmetcik, U. Orguner and C. Candan

—e— ESPRIT
Proposed (Gauss)
So et al.

= # =Fessler
Barankin
CRLB

Root mean square error (degrees)

0
SNR (dB)

Fig. 7. Non-random DOA estimation performance of ESPRIT along with values of
different bounds and MSE prediction expressions.

representing gross errors of the estimator for low SNR values. The
proposed method, on the other hand, closely follows the estimator
performance in all SNR regions.

7.4. Bayesian DOA estimation

We consider the DOA estimation problem in Section 7.3 in a
Bayesian framework. The unknown angle ¢ has now a prior den-
sity f(¢), which is given as the symmetric beta distribution

B 1 ¢ a-1 7T—¢) a-1

T nBaa\n T ’
1

ﬂ(a,méfo ¢ 11— ) 1dp, 0<¢p<m

with a = 10, and the performance of the ML and MAP estimators
is examined. The proposed Bayesian MSE expression for the ML es-
timator can be expressed as MSEy. = [y f(¢)MSEp (¢)d¢ where

f(9)

(72)

T-¢
MSEw.(9) =2 [ lelNecar(R(9 + 2€: 9)11:0.202)de.  (73)

where the integration limits are selected as in (9) with @y, 20
and ¢max £ 7. The proposed MSE expression for the MAP estima-
tor can be expressed as MSEyap = [y f(¢)MSEyap(¢)d¢ where

MSEyap () = 2 / |emcdf(||ﬁn<¢+2e¢>||

O F@) \.ooo
+||ﬁ1(¢>+26;¢>)|| (f(¢+2 )),0,20W>de. (74)

Note that @MAP(¢) in (74) reduces to MS\EML(@ in (73) when
the prior is flat. BCRLB for this Bayesian estimation problem is
given as 2]

sin® ¢ f(¢) dgp

_ _ T
BCRLB — (nZSNRw /
0

4(a—-1)Q2a-1)\_,4
-2 ) (73)
where SNR £ ' ® and N = 15. ZZB (without the valley filling func-

tion) for the problem can be expressed as

228 = / / R(F(@) + F($ + M)IPE (@, ¢ + h)dOdh,  (76)

12
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Fig. 8. Bayesian DOA estimation performance of MAP and ML estimators along with
the values of BCRLB, ZZB and the proposed MSE prediction expressions (for ML and
MAP).

where the minimum error probability P¢

e (¢1.¢7) can be calcu-
lated as

. Yw 1 2
||m<¢>2 ool % 7,0 2""“)

~=£:0,20 ) (77)
with the prior probabilities 71 £ % and 7, £ 1 — 4.
Figure 8 shows the RMSE performances of the MAP and ML es-
timators over 10,000 Monte Carlo runs for each SNR value along
with the values of BCRLB, ZZB and the proposed MSE prediction
expressions @ML and MS\EMAP. The values of ZZB and the pro-
posed MSE prediction expression MS\EMAP are identical, as expected
from the results of Section 4.3.

P (@1, ¢2) = m ccdf<||m(¢2 o0l +

+ ﬂzf\/ccdf(”ﬁl((f)l; d) |+ m

8. Conclusions

In this study we propose an MSE expression for the perfor-
mance prediction of IDEs of non-random parameters. The method
provides the exact MSE value when the objective function of the
IDE is unimodal and symmetric. Even though, this is a rather strin-
gent restriction for the general practice; the symmetric unimodal
objective function assumption is in alignment with the operation
of consistent estimators in the asymptotic region. The maximum
likelihood estimator is the prime example for the consistent esti-
mators. Specific to the maximum likelihood estimator, it has been
shown that the suggested MSE expression reduces to the CRLB and
MCRLB in no-misspecification and misspecification cases, respec-
tively. Furthermore, the suggested expression also yields the ZZB
when an a-priori distribution is assigned to the unknown parame-
ter for the MAP estimator.

An extension of the suggested MSE expression to the parameter
estimation in the presence of nuisance parameters is given. Numer-
ically friendly, but approximate, versions of the MSE expression are
developed and some application examples are given. Numerical re-
sults show that the expression not only predicts the performance
in the asymptotic region, but also provides valuable information in
the threshold region. We consider that the applicability of the ex-
pression in other regions is related with the gradual degradation
of asymptotic region operation conditions as the operating point
moves from asymptotic region to the threshold region, say, with
the reduction of SNR.

A possible interpretation for the MSE expression can be given
in relation with the method of intervals (MIE). The MIE predicts
the MSE by taking into account both small and gross error events



E. Mehmetcik, U. Orguner and C. Candan

via CRLB and the interval error probabilities, respectively. The sug-
gested MSE expression for the ML estimator uses the likelihood ra-
tio for the same purpose; but, it does not have a problem specific
interval selection.

Another interpretation for the MSE expression can be given in
connection with the ZZB. As in ZZB, the suggested MSE expression
is based on the pairwise error probabilities. Furthermore, the av-
erage of the expression for the MAP estimator exactly reproduces
ZZB for random parameters. Hence, the suggested MSE expression
for the ML estimator can also be considered, at least informally, as
the non-random parameter version of the ZZB.

An interesting observation in the non-random parameter case
was that, for medium and low SNR, the proposed MSE expressions
usually slightly underestimated the true MSE of the estimators.
Hence, a potential future study is to investigate whether the pro-
posed expressions have any lower bounding properties in medium
and/or low SNR regions under some conditions.
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Appendix A. Proof of Theorem 1

Note that the true estimator statistic Vé(Q) defined in (4) can
be written as [7,42]

V;(0) = Z/OweP(lé—Glze)dez 2/;06[P(67—926)

+P(67—9 < —€)]de, (A1)
and the expression (5) follows from (A.1) if the equalities
PO -0 >¢€)=PLX: 0 +2€) > L(X:0)), (A.2a)
PO -0 < —€)=P(L(x;0 —2€) > L(x:0)), (A.2b)

hold for € > 0. In the following we first show that the equalities
in (A.2) indeed hold under the symmetry and unimodality assump-
tions of Theorem 1. Only the proof of the equality (A.2a) will be
made since the proof for (A.2b) is very similar. In order to prove
(A.2a), we will show that  — 6 > € if and only if £(x;0 +2¢€) >
L(x; 8). The proof has two parts.

« Proof of the implication § — 0 > ¢ = L(x;0 +2¢) > L(x;0):
Suppose that § > 6 + €. Since € > 0, it is clear that 6 <@. If
0 +2¢ <0, since £(x:0) is strictly increasing for all < 0 and
since 0 <6 +2¢ <6, we would have £(x;0 +2¢€) > £(x;0)
and this would make the inequality £(x; 6 + 2¢) > £(x; 6) hold.
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Hence, we only need to consider the case 6 <0 <0 +2e
In this case we will show that the inequality £(x;6 + 2¢) >
L(x;0) holds by contraposition. Suppose that the reverse in-
equality, i.e., £(X;0 + 2¢) < L(x;0), holds. By the symmetry
property we have

L(X; 0 +2€) =L(X: 0 + (0 +2¢ —0))

= L0 - (0 +2-60)) = £(x:20 -6 —2¢), (A3)

which shows that £(x; 20 — 6 —2¢) < £(x;6). Since 20 — 6 —
2¢ <0 (since 26 — 6 — 2¢ is the mirror image of 6 + 2¢ (with
respect to ), which is greater than or equal to 0) and
since £(x;0) is strictly increasing for all 8 < 0, the inequality
L£(x;20 —0 —2€) < L(x:0) implies that AZQA — 60 —2¢ < 0. This
inequality is equivalent to the inequality 8 — 6 < €, which com-
pletes the proof.

Proof of the implication £(x;60 +2¢) > L(x;0) = 0-6z>e:
Suppose that £(x; 0 +2¢€) > L£(x; 0). Since £(x; 0) is strictly de-
creasing for all @ > 6, we cannot have 6 > 6. Hence, we need to
have 6 < 0.1 0 + 2¢ < §, we have § — 6 > 2¢ > ¢, which makes
the inequality Aé — 60 > € hold. Hence, we only need to consider
the case 6 <6 <60 +2¢. By the symmetry property (A.3) we
see that £(x;20 —6 —2¢) = £(x;0 +2¢) > L(x;6). Since we
have 20 — 0 —2¢ <@ and 0 < 0 and since L(Xx; 0) is increasing
for all # <8, we need to have 20 — 6 — 2¢ > 6. This inequality
is equivalent to the inequality 0 — 6 > ¢, which completes the
proof.

Hence the equalities in (A.2) hold and we can write (A.1) as

V;(0) éZ/OOOG[P(L(x; 0 +2€) > L(x;0))

+P(L(X: 0 —2€) > L(x:0))] de, (A4a)
- 2/00 P(L(X: 0 +2€) > L(x: 0))de
0
+ 2/°° €P(L(X: 0 — 2€) > L£(x: 0))de, (A.4b)
0
= 2/00 €P(L(X; 0 +2¢€) > L(x;60))de
0
+ Z/W P(L(X: 0 +2€) > L(x:0))de, (A4c)
0
= 2/00 €P(L(X; 0 +2€) > L(x;0))de
0
0
- 2f eP(L(X: 0 +2€) = L(x; 0))de, (A4d)
:zfoo |€IP(L(X: 0 +2€) = £(x: 0))de £ T, (0), (Ade)

which completes the proof.
Appendix B. Proof of Proposition 1

We can write the probability in the integrand of MS\EML(G_)

in (13) as
p(L0220) 1) _p(1 [60420) o)

f(x;0) f(x;0)
yal f(x;é + 2€) -
_ P(N In T = 0) (B.1a)
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f(x; 6 +2¢)
=P(-InZ=2" 22 L D@6 +2 D@||0 +2 B.1b
(i ey D0 +20) 2 D@1 +20))  (B1b)
f(x; 6 +2¢)
P(|~In—="""2 1 D(@]|0 +2€)| = D@OI|0 +2
=p(|gm T g D@10 +20)| 2 D@10 +20)) ~ 0
(B.1¢)
for €#0 as N-—oo where D@||0 +2¢) stands for
D(f(x;0)||f(x; 0 + 2¢€)). This is because we have
f(x|9+2€) ®
L2 T2 B D@00 + 2¢) (B.2)
N f(x16)

as N — oo by the law of large numbers and D(8]|0 + 2¢) > 0 for
€ # 0 due to the assumption A3. As a result, as N — oo, the inte-
gration in (13) will be effectively only over an infinitesimal neigh-
borhood of € =0 and it is only the behavior of the probability
P(f(x;0 +2€)/f(x;0) > 1) as € — 0 which determines the MSE
expression MSEpy (9) in (13).

Using the assumption Al, we can now obtain the Taylor expan-
sion of In f(x; § + 2¢) around € = 0 given as

In f(x; 9+26)—lnf(x 0)+2 0 lnf(x e

lnf(x 0)e? +4 0

37503 In f(x; 6)e3,

(B.3)

where § is between 6 and 6 + 2e. Since the % In f(x; 9) is
bounded by assumption A2 as N — oo, the approximation

In f(x; 0+2€) ~In f(x; 0)+2 0 lnf(x 9)6+2 o2 5 In f(x; 0)e?
(B4)
becomes valid as € — 0. By rearranging, we can write
n f(x:0 +2¢)
fx:6)
as € — 0.
We can also write the Taylor expansion of

0 =6 given as

~2—lnf(x 0)e —|—2 8 5 In f(x; 0)e? (B.5)

5 In f(x; ) around
0= 3lr1f(x9)_81nf(x9)+8

1 83
*290%

where 6’ is between § and 6. Since the % In f(x; 6) is bounded
by assumption A2 as N — oo, the approximation

In f(x; 9)(9 0)

Inf(x;0)(@ —0)2, (B.6)

0~ilnf(x 0)+ 8

5 In f(x; 9)(9 0) (B.7)
becomes valid as 8 23§ as N — oo. Rearranging, we obtain
ad = 02
@lnf(xﬁ)w—wlnf(x 9)(0 0) (B.8)
as N — oo. Substituting % In f(x; ) in (B.8) into (B.5), we get
f(x; 0 + 26) 2 = oA =
In—————~ 2¢e ——=Inf(x;0)(0 -0 — ¢ B.9
o t) €557 Inf(x:0)( ) (B)
as € — 0 and N — oo. We can now substitute the result (B.9) into

the the probability in the integrand of I\//IS\EML(G_) in (13) to obtain

-1) (-

(f(x 0 + 2¢€)

2 _ - -
s ewlnf(x;e)(9—8—6)20>.

(B.10)
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Using assumptions A1-A4, it can be shown that (See [33,
Lemma 2.1 Part-i] or [34, Lemma 4.1 Part-i])

1 92 =

gz fx: ) 2 - E[aez In fx; 9)] —7@)>0  (BI1)

as N — oo where we used the law of large numbers. This allows us
to write (B.10) as

F&O+26) N\ _pleid o)~
( 0 >_P(e(9 0 —€)>0)
P(é—éze), €>0
~ 11 €=0, (B12)
P(é—éfe), €<0

for €¢ > 0 and N — cco. Note that the probabilities P(é -6 > €),
€>0and P(é -0 < €), € < 0 would vanish as N — oo, just as the
probability P(f(x: 6 +2¢)/f(x;6) = 1), € #0, itself, thanks to the

fact that 8 23 6. As a result, we can substitute the right hand side
of (B.12) into the finite support version of the integral (13) to get

MSEML(H) 2 Zfomax,g (f(xf(é—g)Ze) > 1) de

_Z/Onm*" (f(x 0 + 2¢) . 1)d€

fx; 0)
_2/

0 emax—e_
/ Ef; s(e)de +/ e
Onin—0 0

'min

emax*é 2
[ e
Omin—0

‘min

(B.13a)

gmax*é A -
ége)de+2[ eP(@—@ze)de
0
(B.13b)

5 5(€)de

5 g(©)de =E[(O —0)*] £ MSEn(§).  (B13¢)

as N — oo, which completes the proof of (17). The proof of (18) fol-
lows trivially if the ML estimate 6 is also asymptotically efficient.
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