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In this article, covariance matrix estimation of compound-
Gaussian vectors with texture-correlation (spatial correlation for the
adaptive radar detectors) is examined. The texture parameters are
treated as hidden random parameters whose statistical description
is given by a Markov chain. States of the chain represent the value
of texture coefficient and the transition probabilities establish the
correlation in the texture sequence. An expectation—-maximization
(EM) method-based covariance matrix estimation solution is given
for both noiseless and noisy snapshots. An extension to the practically
important case of persymmetric covariance matrices is developed
and possible extensions to other structured covariance matrices are
described. The numerical results indicate that the benefit of utilizing
spatial correlation in the covariance matrix estimation can be signif-
icant especially when the total number of snapshots in the secondary
data is small. From applications viewpoint, the suggested model is
well suited for the adaptive target detection in sea clutter, where
some spatial correlation between range cells has been experimentally
observed. The performance improvements of the suggested approach
for small number of snapshots can be particularly important in this
application area.
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[. INTRODUCTION

The problem of accurate and reliable (outlier robust)
covariance matrix estimation from a limited number of
snapshots is critically important in many applications. The
problem is typically treated for jointly Gaussian multivari-
ates (Gaussian vectors); but in some applications, such as
the clutter modeling, the total power of a snapshot vector can
fluctuate significantly from snapshot-to-snapshot leading to
deviations from the standard model. For such applications
the outlier robust estimators from statistics literature, such
as the Tyler’s estimator [1], normalized sample covariance
matrix [2], and Huber’s M-estimator [3], [4], have been
studied in depth to include some application specific needs
in the design, such as sample deficiency, low-rank con-
straint, known matrix structure, knowledge-aided opera-
tion [5], [6], [7], [8], [9], [10]. The common assumption
in these studies is the statistical independence of snapshot
vectors. In this study, we examine the case of correlated
snapshots for the covariance matrix estimation and present
a versatile solution for noisy/noiseless snapshots. The case
of noisy correlated snapshots is of practical importance
for airborne/seaborne adaptive radar detectors which is the
main motivation for this study.

Adaptive radar detectors aim to directly or indirectly es-
timate the interference (clutter plus noise) covariance matrix
from a set of snapshots called secondary dataset [11], [12].
More specifically, the Kelly’s test [13] and adaptive coher-
ence estimator (ACE) [14] indirectly estimate the unknown
interference covariance matrix in the generalized likelihood
ratio test (GLRT) framework. These two tests are similar
but have important differences in their assumptions. Kelly’s
test assumes that the covariance matrix of the primary data,
which is also called cell-under test (CUT), is identical to the
covariance matrix of the secondary data cells (homogeneous
environment assumption). ACE assumes that covariances
matrices of secondary data cells are identical; but differ
from the CUT covariance matrix by an unknown scaling
factor (partially homogeneous environment assumption),
[11, Sec. 2.3]. Hence, ACE assumes that the primary cell
can be at different average power level compared with the
secondary data cells. In literature, the compound-Gaussian
models are suggested to take into account such power fluctu-
ations [15]. For example, the clutter snapshot vector x; can
be modeled as a compound-Gaussian vector X; = /Txuy,
where t; (texture component) is a random variable inde-
pendent of the Gaussian vector u; (speckle component).
With the compound-Gaussian model, the texture parameter
7 in Kelly’s test becomes a global constant for both CUT
and secondary data cells. ACE also assumes a fixed value
for the secondary data texture parameter; but this value is
independent of the texture parameter of CUT. Note that
both methods assume a constant texture value for secondary
data cells. This assumption, i.e., the constant texture pa-
rameter assumption, is valid when the shape parameter v of
K-distributed clutter is arbitrarily large (as v — oo, the K-
distribution approaches Rayleigh distribution with constant
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Fig. 1.
rectangle with x;’s as observations) and Case 2: Noisy snapshots (outer
rectangle with y;’s as observations) studied in Section III. In both
models, 7; variables are hidden variables to be estimated from available
observations.

Hidden Markov model for Case 1: Noise-free snapshots (inner

power [16]) or when the texture is fully correlated (spatial
correlation) across the data cells. It is known that homoge-
nous or partially homogenous environment assumption is
not satisfied, or satisfied for only a limited number of cells
in a spiky clutter environment [17, Figs. 2 and 3], [16, Sec.
4.3.2]. Hence, the assumptions of Kelly’s and ACE detectors
are in mismatch with the experimentally observed statistical
description of sea clutter. This mismatch is considered to be
at least partially responsible for the deviation of the exper-
imental adaptive detector performance from the theoretical
predictions [18], [19].

This article suggests a novel compound-Gaussian model
with texture-correlation. The texture-correlation in this
study is induced through a Markov chain. From an adap-
tive detection perspective, the states of the chain can be
considered to reflect the power ratio between CUT and
a secondary data cell. This ratio is taken as 1 and a de-
terministic (nonrandom) unknown for Kelly’s and ACE
tests, respectively. Here, we allow this ratio to be a random
variable and study the covariance matrix estimation for this
setup. The suggested Markov model is also in agreement
with some empirical observations on sea clutter, where a
sequence of high clutter power cells are observed to be
followed by a sequence of low powered cells, as shown in
[16, Fig. 2.21] and also with the experimentally observed
spatial correlation of sea clutter [17, Figs. 2 and 3].

More specifically, [16, Fig. 2.21] shows the sea-clutter
measurements and their spatial correlation for different
operating conditions in relation with the grazing angle,
range resolution, sea state, etc. It can be observed that there
exists a significant correlation between the clutter powers
for more than ten range cells in some scenarios. It has also
been observed in [20, Fig. 2] that for the range resolutions of
10 m or less, there exists some spatial correlation between
the neighboring cells in the field data recorded by IPIX radar
of McMaster University (Canada). In the same study, the
periodicity of clutter power, due to the periodic behavior
of sea surface and wave motion, is also observed at high
range resolutions, say at 3 m. The adaptive target detection
methods in literature typically ignore the spatial correlation,
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with the notable exception of [21], and run the risk of
underperforming due to its mismatch. In [21], the effect of
spatial correlation on the covariance matrix estimation from
secondary data and its effect on the performance of ACE
detector is studied. Results indicate that there is a significant
performance improvement when spatial correlation is taken
into account. In another related work, the clutter subspace
is estimated via the expectation—maximization formulation
for the case of nonhomogenous but uncorrelated texture
parameters [22]. Different from this work, we consider the
spatially correlated clutter and also take into account the
effect of white noise (thermal noise) in the covariance matrix
estimation.

The main contribution of this article is to build a hidden
Markov model (HMM)-based scheme to take into account
both amplitude/power fluctuations and spatial correlation in
the secondary data. To this aim, we study the compound-
Gaussian model for the texture-correlated snapshots and
develop a maximum likelihood (ML) covariance matrix es-
timator, via the EM method. The suggested method is easily
applicable for the structured covariance matrix estimation.
To illustrate that, we also examine the important case of
persymmetric covariance matrix estimation.

Notation: Small and capital bold letters, as in x and M,
refer to vectors and matrices, respectively. The probability
mass function of discrete random variables, which is the
texture variable in this study, is denoted with p(t = 7). Here
7 is the random variable and ¢ is an element of sample space
K,t € K ={ky,...,«ks}. The probability density functions
of continuous random variables are denoted with f(x). Here
x denotes a random vector with the joint density f(x). The
density function for mixed random variables are also de-
noted with f(x, 7), where the Dirac delta functions are uti-
lized to represent the finite sample space K = {«1, ..., ks}
of the discrete random variable 7. The conditional densities
are shown with f(x;|tx = k). The parameters of the den-
sities are shown as in f(xi|tx; M), that is the nonrandom
parameters are separated by the semicolon which is the
matrix parameter M in this example. The operators E{-} and
E{-]A} denote the expectation and conditional expectation
given the event A, respectively.

. HMM-BASED TEXTURE-CORRELATED
COMPOUND-GAUSSIAN MODEL

1) Compound-Gaussian Signal Model: The snapshot
vector x; is formed by the product of a scalar variable
/T (texture amplitude) and N x 1 dimensional vector c
(speckle)

X, = /e, k={1,...,L}. (1)
The speckle component ¢; is assumed to be independent
and identically distributed (iid) with circularly symmetric
complex Gaussian random vector with zero mean and co-
variance matrix M, ¢, ~ CN (0, M).

The texture variables 1 are discrete-valued random vari-
ables with the sample space K = {«q, ..., kg}. We assume
that the texture variables (the parameter in relation with the
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Unit mean correlated gamma distribution (v = 2, p = 0.75)

—»—samples
= = —quant. borders
O quant. levels
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Fig. 2. Samples of unit mean correlated gamma distribution with
parameters v = 2 p = 0.75. Five-level quantization values {ki, ..., k5}
and the quantization borders are also shown.

clutter power in radar applications) are mapped to a total
S levels, say {0, 10, 20, 40} dB, indicating the severity of
clutter in a range cell.! We assume that the clutter severity
level persists for a number of range cells, say a strong
clutter cell is more likely to be followed by another strong
clutter cell; as observed in some sea-clutter measurements.
The main goal is to make use of this dependency in the
estimation of clutter covariance matrix and also in adaptive
target detection.

The statistical dependency of the texture variables t are
modeled by a Markov structure shown in Fig. 1 and the joint
density of the texture variables can be written as follows:

pt=t,no=h,..., T =1)
L
=pm=t)]]p@=tlua=6) @
=2

where t; €e K ={ky,...,ks}, [ ={1,...,L}. The state-
transition probabilities of the Markov chain is denoted
with 7;; = P(ty = k| i1 = k). It is easy to see from
(1) that the snapshot vector x; given 1z = k; € K has the
distribution of x; | 7z = k; ~ CN(0, k,M).

Our goal is the estimation of the covariance matrix M
given the observations x;, / = {1, ..., L} in the absence of
information on the texture variables, i.e., when the texture

I'The conventional texture variable is a continuous-valued random variable,
typically representing the clutter power from a range cell in radar sig-
nal processing applications. With the introduced discrete-valued texture
variable, we consider that the clutter power is mapped (quantized) to
the values representing low, medium, and high power cases with some
granularity. Fig. 2 illustrates this operation for the gamma distributed
correlated texture variable for a five-level quantization. The introduced
discretization/quantization of clutter power is necessitated by the need
of the posterior distribution calculation of hidden variables () in the
graphical model shown in Fig. 1. More details about the HMM model
and its construction is given in Section IV.

CANDAN AND PASCAL: COVARIANCE MATRIX ESTIMATION OF TEXTURE CORRELATED COMPOUND

variables are hidden. With marginalization operation over
the texture variables, the joint density of observation vectors
can be written as follows:

L
fX1,X0,...,X) = Z l_[f(lefl =1)

nek,..., ek =1
T =11). (3)

Note that, the argument of the sum on the right-hand side of
(3) is the joint density f(xy, ..., Xz, T, ..., Tz). We give
an EM-based solution to the problem by treating the texture
variables as hidden variables in this study.

2) Noisy Snapshot Case: In many applications, the
snapshot vector x; is not directly observed, but its noisy
version yy is available

p(ti =t, ...

Ve =X +ng, k={l,...,L} 4)

Here the noise vector ng is assumed to be independent
of all other random variables and is Gaussian distributed,
n; ~ CN(O0, onzI). The covariance matrix estimation prob-
lem for this setup is the estimation of M given the noisy
snapshots yi, k = {1, ..., L}. The graphical model for this
case is illustrated as Case 2 in Fig. 1.

In the context of adaptive target detectors, the first cell,
that is y;, can be considered as CUT with the texture pa-
rameter 7;. The other cells correspond to the secondary data
cells with texture parameters ;. The texture variables are
correlated according to the density given in (2). The central
goal is to estimate the CUT clutter covariance matrix from
the secondary data cells {y,,...,y.}. In Section IV, we
suggest a method for the construction of the HMM structure
required for the described system model.

3) Identifiability Problem: Since the snapshot x; =
/Tk€ is the product of random variable 7; and random vec-
tor ¢, the factors of the product can be identified apart from
a constant scaling factor. Stated differently, the substitution
of 7, with a1y, thatis 7, < a1y, and ¢, < a~'¢; yields an
identical product for tc;. Hence, the unknown covariance
matrix M can only be identified apart from a constant. (Note
that due to the discrete-valued t; definition in this study,
the scaling factor « is limited to the ratio of two outcomes
in the sample space IC = {xy, ..., ks} of this variable.) To
uniquely identify M, a constraint on M, such as tr{M} = N,
is required. Here, without any loss of generality, we assume
that the texture variable is scaled such that E{t;} = 1.

[lI.  COVARIANCE MATRIX ESTIMATION FOR TEXTURE
CORRELATED SNAPSHOTS

We present an EM method-based solution for the covari-
ance matrix estimation for noise-free and noisy snapshots
in this section.

A. Case 1: Noise-Free Snapshots

We assume L  snapshots x; = .7, k=
{1,2,...,L} are given for the estimation of M. The
texture variable vector T =1[t; ... 1.] is the hidden
(unobserved) vector variable of the problem and
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N x L dimensional X =[x ... x;] is the matrix of
observation vectors. For the EM formulation, we specify
the complete dataset as Xcomp = {X, 7}. The log-likelihood

of complete dataset, AXcomp) = log(f Xeomp)) =
log(f(x1, ... ,xL, T1, ..., Tr)) can be expressed as
M X[
AXeomp) = Zlog(|nM|>+ S ©®
T

=1

Here = shows to presence of additional terms on the right-
hand side of the equation that do not affect the subsequent
optimization steps for the estimation of M matrix.

The expectation-step (E-step) of the EM-algorithm re-
quires the expectation calculation of A(Xcomp) over the
posterior distribution of hidden variables t given the ob-
servation X. E-step can be explicitly written as

JM,M®) = E { AXcomp) I X; M}

L
1
= — Llog(IM))= > Egix;me {;} XM 'x,
1
=1
(6)

where M® is the estimate for the unknown covariance
matrix at the kth iteration.

The maximization-step (M-step) requires the optimiza-
tion of J(M, M®) over the deterministic variable M. By
differentiating (6), we can get the maximizer as

L
1 1

MED = — E E,x. — xxy
L — o[ X;M® 7 121

L

s
1 7 = K| X; MP
=7 (E r(= ) xx; (1)
=1 \s=I s

where M*+1 is the updated covariance matrix estimate.
EM-algorithm is run by inserting the updated variable
M+ into E-step, repeating the process until convergence.
EM-algorithm is an ascent algorithm that increases the
likelihood of the parameter estimate at every update. The
algorithm is guaranteed to convergence; but, possibly to a
local maxima [23].

It should be noticed that the implementation of E-step
requires the marginal posterior distribution of hidden vari-
ables 1; given the observations X. For the problem of
interest, this is the marginal posterior distribution of each
texture variable given the noise-free snapshot vectors, that
is p(t; = ks|X; M®), which is given as follows.

1) Posterior Probability Calculation via a8 Recursion:
The «f recursion is one of the methods for the marginal
posterior probability calculation for the HMM structures
with the graphical model in Fig. 1 [24].

The joint density of {7, X, Xz, ..., X;} is denoted as
oz,(k)(/cy) =p(T; = kg, X1, X2, ..., X s MO) [ =(1,...,L}.
In this definition, the superscript (k) denotes the depen-
dence of the probability expression to the covariance matrix
estimate at the (k)th iteration, i.e., M®. The «-recursion
is initialized with otlk)(/q) = p(1; = k) f(X1]T1 = ky; MP)

3012

Algorithm 1: Proposed Method for Texture-

Correlated Noise-free Snapshots, [25].

Input : X =[x;Xx; ... X, ], maxiter: maximum
number of iterations

: M,, (normalized covariance matrix),

n (power normalization factor)

Requires: HMM initial state probabilities p(7; =«;),
HMM state transition probabilities (7 ),
the conditional distribution of the observation
given the hidden state, (f(x;|1;)).

1: Initial Conditions: k = 0, M© =T

2: Marginal posterior density calculation:

oV ky) = p(ri = k) f (%1171 = ks MP)

Output

forl=2:1L,
aPe)=Fx | r=ns MO0 el ey
end
ﬂ“km =1
forl=L:—1:2,

“ (m > Fxilm=x;s MO B0 (ieyr)
end

p(r = ks 1 X M) o @) B (1)
3: Covariance matrix update:
M&+D —
EXE (S (1 =l M) L)
k<—k+1
ifk < maxiter, goto Step-2
Return M,, = M® x N/tr(M®}, n = tr(M®} /N

SANANE

and recursively evaluated for / > 2 via
S

a0 = f (%117 = ks M) Y “ma® (k). (8)
s'=1
Here m,y is the state-transition probability, w, = p(t; =
ke|T—1 = ky) and f(x;| 7 = ks MP) is the likelihood
value of x;|7; = k3 ~ CN(0, k,M®).

The function ,B;k)(/cs) = f(Xiq1, .- X | T = ks MB))
denotes a likelihood value for the /th texture variable for/ =
{1, ..., 1}. B-recursion is initialized with ﬁ(k)(/cs) =
1 Vi, € IC and B-sequence recursively evaluated for de-
creasing [ from L to 2

B ) = Zf x| 7 = ket MP) 710, B0 (y). (9)
s'=1
Finally, the posterior probability that we are after, p(t; =
K | X; M%), is the normalized version of the product of «
and S sequences obtained from « 8 recursion, [24]

p (1= 1 X MO) o aP )P s).  (10)

The suggested covariance matrix estimation algorithm
is summarized in Table I. A ready-to-use MATLAB im-
plementation, including the persymmetric case, is provided
in [25].

We would like to note that the suggested algorithm does
not assume any structure on M matrix. Yet, any additional
knowledge on the structure of M matrix can be easily taken
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TABLE I
Suggested 3/5/7 Level Quantization Values, in Decibels, for Unit Mean Gamma Distributed Texture Parameter With Shape Parameter v

3 Level 5 Level 7 Level

K—1 KO K1 K—2 K—1 KO K1 K2 K—3 k—2 | K—1 KQ K1 K2 K3
v=1 -17.05 | -1.76 | 3.24 -19.8 -5.09 -0.8 2.26 | 5.15 -21.68 | -7.24 | -3.14 | -041 | 1.81 | 3.87 | 6.11
v=1.25 -11.77 | -1.53 | 2.97 -14.37 | -4.55 | -0.76 | 2.03 | 4.71 -16.16 -6.5 -2.9 -0.43 1.6 3.5 5.61
v =1.50 -9.17 -1.27 | 2.81 -11.51 | -4.04 | -0.66 1.9 44 -13.12 | -5.81 | -2.63 | -0.39 | 148 | 3.25 | 5.24
v =175 -1.7 -1.08 | 2.68 -9.83 -3.64 | -0.58 1.8 4.15 -11.29 | -527 | -2.41 | -0.36 | 1.38 | 3.05 | 4.94
v=2 -6.74 -0.94 | 2.57 -8.69 -3.32 | -0.51 | 1.71 | 3.95 -10.03 | -4.84 | -223 | -0.32 | 1.31 | 2.89 | 4.69
v=4 -3.82 -0.45 | 2.02 5.1 -2.12 | -0.26 | 1.32 | 3.01 -5.96 -3.15 | -148 | -0.18 | 0.99 | 2.17 | 3.56
v==6 -2.88 -0.3 1.73 -3.89 -1.66 | -0.18 | 1.12 | 2.54 -4.56 248 | -1.17 | -0.12 | 0.84 | 1.82 | 3.01
v=2_8 -2.39 -0.22 | 1.54 -3.25 -1.4 -0.13 | 0.99 | 2.25 -3.81 2.1 -0.99 | -0.09 | 0.74 | 1.61 | 2.67
v =10 -2.08 -0.18 1.4 -2.83 -1.23 | -0.11 0.9 2.05 -3.33 -1.85 | -0.88 | -0.07 | 0.67 | 1.46 | 2.42
v =100 -0.57 -0.02 0.5 -0.79 -0.35 | -0.01 | 0.32 | 0.71 -0.93 -0.54 | -0.25 | -0.01 | 0.23 0.5 0.84

into account in the M-step of the algorithm. As an example,
when M matrix is restricted to the class of persymmetric
matrices; the M-step of the suggested scheme should be
restricted to the search space of persymmetric matrices. In
the literature, there are several studies describing such re-
strictions and these studies can be integrated easily with the
proposed method. As an example, with the persymmetric
matrix constraint, the required modification is simply the
replacement of M-step in (7) with

M*+D

persym
I (o 2 (1= lX M®)
=22 .

=1 =1

(ot +xF (6)")
(an

Here xf denotes the reversed (flipped up-down) and conju-
gated vector x; (see the Appendix for more details).

As another example, the set of feasible covariance
matrices can be restrictedto S = {R: R=M + oL M >
0, rank(M) < r}, as in [26] for the goal of low-rank co-
variance matrix estimation. The algorithm in [26] can also
be utilized in the set up of this article by replacing the
sample covariance matrix calculation step (given as XX/
in [26]) with (7) and running the low-rank covariance matrix
estimation method in [26]) after this replacement.

B. Case 2: Noisy Snapshots

In this section, we extend the algorithm developed for
noise-free snapshots to the noisy snapshots. The compound-
Gaussian snapshots x; are assumed to be observed accord-
ing to the following model:

Ve =X+ = e+, k={1,...,L}. (12)

Here, the noise vector ny, is assumed to be zero-mean white

Gaussian noise, n; ~ CN (0, o°I). The problem statement is

n
the estimation of covariance matrix M given the observation
matrix Y = [y, ¥2, ... ,Yy.], as illustrated in Case 2 of
Fig. 1.

To adapt the earlier solution to this problem, we include
the noise-free snapshots x; among the hidden variables of
the problem. Hence, the complete dataset for this problem
becomes Yeomp = {7, X, Y} witht =[71, ..., z]and X =
[X1, ..., x.]. The joint density function of the complete

CANDAN AND PASCAL: COVARIANCE MATRIX ESTIMATION OF TEXTURE CORRELATED COMPOUND

dataset can be factorized as follows:

f(Ycomp) = f(‘[ltLv X1:L, Yi:Ls M)
= fx)fxilr; M) f(yilx1)

L
[[r@ln-nfilm: Mfylx). — (13)

1=2

Note that the conditional densities f(x;|t;; M) are the only
factors having dependency on M, where x; | 7; = k3 ~
CN(0, ksM). Due to noisy observations, we have an addi-
tional conditional density for the observation vector which
isy; | x; ~CN(x,, crnzl).

1) Expectation Step: The conditional expecta-
tion of complete data log-likelihood J(M,M®) =
Ex 1)y gouf{log f(Ycomp)} is

L
J(M,M®) = 3By flog £ (xi]7; M)}
=1

I~

L xFM™'x,
- ZEX],'L'/‘Y log | M| + —
1

=1
— Llog | M|

L XIHM_lx,
—E Eq v { Ex oY — . (14)
1
=1

The inner expectation in (14), Ex,|,, y{x’M~'x;/7;}, can be
evaluated by first rewriting the argument of the expectation
as tr(M_lxlle )/7; and interchanging trace-expectation op-
erations and utilizing Ex,r, y{xx"} = X, X', + K. This
expectation easily follows from the conditional density of
x; given {77, Y}.

It can be easily verified from the graphical model in
Fig. 1 that x; is independent of x;, k # [ conditioned on
7; and y;. Hence, we only need to process the observation
y; = x; + n; for the estimation of x; when the outcomes
for 7; and y,; are provided, i.e., fixed, via the conditioning
operation. The a priori distribution of x; given the texture
parameter t; and the kth iteration estimate of M matrix is
x;|7; ~ CN(0, ;M®). The noise vector is independent of

the signal vector and has the distribution n; ~ CN(0, o 2I).

n
Under these conditions, the posterior distribution of x;

given y; and 1y, that is x; | {y;, 7/}, is also jointly Gaussian
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distributed [23, Sec. 4.3] with x; | {y;, 7;}
where

~ CN(il,TH KT]),

il,r, = ‘L']M(k) (‘L'[M(k) + O'nzl)_l A

1 | -
K, = ;I—i——(M ) :

T
n
Once the inner expectation result is inserted in (14), we have

15)

JM, M®) £ —Llog M|

X M7+ (MK }

L
_ E Et;\Y , ) -
=1 !

c Y
£ Llog M|~ ZZP(” Mg Mg,

=1 s=1

S 2 p—
— LZ Mtr (M7'K,,).

Ks

(16)

s=1

Here

P(t = K|Y) A7)

L
= % > p(n = k|Y)
I1=1

denotes the average posterior of texture variable over all
snapshots. The marginal posterior probability calculation
is similar to the noiseless case. The main difference in
marginal probability calculation is the replacement of ear-
lier likelihood function f(x;|t;) with f(y;|t;). Details are
given in Algorithm 2.

2) Maximization Step: The maximization step involves
the maximization of J(M, M®) given by (16) with respect
to M. By differentiation, we get the extrema as

Z Z p(t = Kv|Y)_l KYX?K
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Pt = K,|Y)
+ Z K—SKK
s=1

Note that, the covariance matrix estimation step for the
noiseless and noisy snapshots, given in (7) and (18), respec-
tively, are quite similar. In the noisy case, the mse-optimal
estimate for the snapshot vector, that is X;,, is utilized
instead of x;. Also, the estimation error on x; is taken into
account with the inclusion of the error covariance matrix
K,, in (18).

The maximization step generating the covariance matrix
estimate in (18) does not assume any matrix structure. As
in the noise-free case, the maximization step can be easily
updated to include the structural constraints. For example,
with the persymmetry constraint, the update equation be-
comes

M(k+l)

(18)

P(Tz Kks|Y) R
My =57 ZZ S (@R R (7))
l 1 s=1
>\ Bz = ]Y)
+y K. (19)
—1 K
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Algorithm 2: Proposed Method for Texture-
Correlated Noisy Snapshots.

Input : Y =[y,y2 ... y.], maxiter: maximum
number of iterations
: M,, (normalized covariance matrix),
n (power normalization factor)
Requires: HMM initial state probabilities p(7; =«;),
HMM state transition probabilities (i, ), the
conditional distribution of the observation
given the hidden state, (f(y;|1;)).
1: Initial Conditions: k = 0, M© =T
2: Marginal posterior density calculation:

Output

a(z) = p(ri = k) f (11T = ks MP)
forl=2:1L,
o (k)= f(yilt =k M) Y5 g e (ko )
end
B (k) = 1
forl=L:—1:2,
(k)l (Ks) Z —] f(y1|TI Ky M(k))ns S,B (Ks
end
P11 = Ky | Ys MP) o o (k) B (1)
Snapshots:
fors=1:8,
forl=1:L,
X/, = k,M® (KSM(") + 0,%1)_1 v
end;
K, = ( I+ L (M®)” )
end;

3:  Covariance matrix update:
(et1) — L 5oL S opa=g  gH
M — L Zl:l Zs:] Ky Xl,KxXZ,KS—i_

ZS_I P(T=K:\Y)KK
4 k<—k+1 "
5: if k < maxiter, goto Step-2
6

: Return M, = M® x N/ur{M®©}, 5 = r{M®}/N

Note that Mg;j;;,l)n in (19) is persymmetric provided that K,,
is persymmetric. The suggested EM algorithm initialization

M@ =T given in Algorithm 2 guarantees that.

[V. CONSTRUCTION OF HIDDEN MARKOV MODEL

In almost all applications, the texture parameter T of
the compound model is a continuous random variable.
For example, the frequently used K-distributed sea-clutter
model utilizes the gamma distribution as the texture distri-
bution [16]. The gamma distribution has two parameters,
namely, shape and scale parameters. In sea-clutter model-
ing, the shape parameter characterizes the spikiness of the
clutter. A small shape parameter v, say v = 0.5, corresponds
to a highly spiky clutter and as v increases, the spikiness
is reduced. The scale parameter of the gamma distribution
is related with its spread, that is when a gamma variate
is multiplied/scaled by «, the resulting random variable
is also a gamma variate with the same shape parameter;
but its scale parameter is multiplied/scaled by «. In this
study, we consider texture variables having unit mean value.
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Fig. 3. Unit mean gamma distributions with shape parameters
v = {1.5, 4, 10} and three-level quantization values for each distribution
(shown with the matching color diamond-shaped marker).

(When texture is gamma distributed, this corresponds to
setting the scale parameter as 1/v.) Working with a unit
mean texture variable is not a limitation of the study as
previously mentioned in the identifiability discussions given
in Section II.

The conventional continuous-valued texture random
variable can be utilized in the suggested HMM-based co-
variance matrix estimation setup provided that 1) the tex-
ture random variable can be accurately quantized taking
into account the needs of the covariance matrix estimation
application; 2) the state transition probabilities of the chain
can be properly assigned. The solution of these problems
are studied under the topic of HMM training in the litera-
ture [27]. Here, we deviate from the standard HMM training
practice for the first problem (quantization of continuous
valued texture random variable) which is mainly due to
the application specific needs of the covariance matrix
estimation problem.

1) Quantization of Continuous-Valued Texture Random
Variable: Fig. 3 shows the density of unit mean gamma
distributions with different shape parameters. In the same
figure, a set of three-level quantization values for each distri-
bution is also given. (The quantization values are indicated
with diamond markers whose color match the color of the
continuous density in the figure.) The choice for the number
of quantization levels and their values is the first problem of
HMM training [27]. For the specific application of interest,
we suggest to utilize a modification of classical Lloyd-Max
quantizer [28], [29].

The classical Lloyd-Max quantizer is the mse-optimal
quantizer that minimizes the quantization error, E,{(x —
QO(x))?} [28], [29]. Here Q(-) refers to the quantization op-
eration. The main application of the mse-optimal quantizer,
with the error definition specialized to the quantization error
X — Q(x), is the source coding. Different from the source
coding problem, the continuous valued texture variable 7 is
not to be reconstructed in this application. On the contrary, t
is a nuisance parameter of the problem whose value is not of
any interest. An examination of Algorithm 1 should reveal
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that it is not the random variable 7, but its reciprocal 1/t
affects the steps of estimation algorithm. More specifically,
in the third step of Algorithm 1, the conditional mean of
1/7, which is explicitly shown as £, x.m {1/} in (6), is
evaluated. Given this, we suggest to set the quantizer such
that the reciprocal of t is to be mse-optimal represented
by minimizing E.{(1/t — Q(t))*}. A straightforward ex-
tension of the conventional Lloyd-Max quantizer to this
problem leads to

1
Step1l:  pgt =§(Kq+/cq+1) qg=10,...,5—-2}

Pg+1 1
1 S0 L fe(nydr
Step2: — =2

e U L 0,8 1)
Ky f;{’ f(n)dt

(20)

where py £ 0 and ps = oo. In (20), k,, g = {0, ..., S —
1} indicate the quantization values and p,; indicates the
separation boundary between «, and «,;. Step 1 of (20)
is identical to the classical Lloyd-Max quantizer, while the
conditional mean of 1/7, instead of t, is calculated in Step
2. Similar to the conventional Lloyd-Max algorithm, these
steps are run sequentially starting from an inital set of «,
values, until convergence.

The quantization values shown in Fig. 3 correspond to
the application of the modified Lloyd-Max quantizer for
three quantization levels. The location of diamond markers
on x-axis denotes the quantization values {k, 1, k»} for
each distribution. It can be observed that the quantization
values are more spread for small valued shape parameters
and as the shape parameter increases, the quantization levels
concentrate around unity. Table I gives the numerical values
for the quantization for different cases. (The cases shown
in Fig. 3 are marked with bold case.) The numerical values
reflect the skewness of the distribution toward 0 for small v.
As v increases, the distribution becomes almost symmetric
around 1; it is not exactly symmetric, since the distribution
is a one-sided.

The suggested method in (20) for setting quantization
values is applicable to any texture distribution with density
f:(7). If the density is not available in closed form, the
conditional mean operation in Step 2 of (20) can be evalu-
ated by the conditional mean of the empirical data. Hence,
a distribution fitting to the empirical data is not required
when setting the required quantization values for the HMM
structure.

2) Assignment of State Transition Probabilities: For the
solution of the second problem of HMM training, we follow
the standard practice given in [27]. We assign the state
transition probabilities according to the ratio of expected
number of transitions from state-i to state-j and the ex-
pected number of times state-i is visited. Hence, following
the conventional method, the assignment of state-transition
probabilities reduces to counting the number of transitions
between states.

3) Comments: For illustration purposes, we generate
a sequence of correlated unit mean gamma random vari-
ables with shape parameter v = 2 and scale parameter 1/2
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according to the linear transformation method described
in [30]. The covariance function between the kth and /th
element of the sequence is set as p/*~/I with p = 0.75.
Fig. 2 shows a sample run containing a total of 150 samples.
The quantization values k, for five-level quantization and
the quantization borders are also shown in the figure. An
examination of this figure reveals that pairs of consecutive
quantized samples exhibit a tendency to stay in the same
or neighboring state. This is perhaps most clearly seen for
the samples quantized to k5 value in the figure. The set of
next-states visited when the current-state is x5 is exclusively
limited k4 to and k5 in this Monte Carlo run. In fact, a large
number of Monte Carlo runs indicate that this is the case
90% of the time. The main of goal of this article is to make
use of this knowledge, that is the observed persistence of
states, in the covariance matrix estimation. Furthermore, the
suggested HMM-based model easily enables to empirical
observations, such as “the state x5 occurs rarely; but when it
occurs, it persists for a number samples” into the covariance
matrix estimation setting.

V.  NUMERICAL EXPERIMENTS

We present performance comparisons for the suggested
method with two numerical experiments. In the first exper-
iment, the covariance matrix of an AR(1) process is esti-
mated from noiseless and noisy snapshots. The comparison
metric is the Frobenius norm?||A||r = \/tr(ATA). In the
second experiment, we explore the significance of the pro-
posed method for the adaptive target detection application.

In both experiments, we present comparisons with the
Tyler’s estimator [1] and the clairvoyant estimator. The
clairvoyant estimator is assumed to have access to the noise-
less snapshots and the true value of the texture parameter
for each snapshot and can be expressed for general and
persymmetric matrices as follows:

L
) 1 1 H
persym — oL § : r_ (XIX{I + Xf (Xf) ) : 20

Note that the results for the clairvoyant estimator should
be interpreted as a performance bound for other estimators.
Tyler’s estimator and its persymmetric version are described
in the Appendix of this study.

2We have also made comparisons with the metric proposed by Forstner,

d(M, M) = || InM~2MM~172)||p = /3, In?(A;) (%; are the general-

ized eigenvalues of M and 1(7[) [31]. Forstner’s metric is designed for the
positive definite matrix comparisons and it is affine invariant, i.e., invariant
to a measurement unit change, say from meters to kilometers. We only
report the results for more commonly used Frobenius norm; since the
results for both metrics are similar.
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A. Experiment 1: Estimation of AR(1) Autocorrelation
Matrix

In this case, the unknown covariance matrix M is
taken as a Toeplitz matrix with the first row entries
[1pp?... pY~']. This matrix corresponds the covariance
matrix of a stationary AR(1) random process having the
autocorrelation sequence r[k] = p/K!. The texture parameter
of this experiment is assumed to be quantized to five-
levels 7 € {1/100, 1/10, 1, 10, 100}. In this experiment,
the probability of preserving the same state is 0.9, r;; = 0.9;
the transitions to other states are equally probable, i.e.
m;j = 0.025,i # j.Hence, astate is maintained, i.e., no state
transitions, on the average of 1/(1 — ;) = 10 consecutive
observations.

Fig. 4(a) shows the results for N = 10 dimensional
covariance matrix estimation for the noiseless case. Plots
with dashed lines in all figures show the results when
the persymmetry constraint is taken into account. [For the
stationary AR(1) process, the unknown covariance matrix
is Toeplitz; hence, satisfies the persymmetry condition,
as explained in the Appendix.] It can be observed from
Fig. 4(a) that the inclusion of persymmetry constraint brings
significant gains. The suggested method can be noted to
closely track the clairvoyant estimator at almost all L values.
When compared with the Tyler’s estimator, the suggested
scheme achieves the performance of the Tyler’s estimator
with 5-10 fewer number of snapshots. This result can be
significant in applications where the number of snapshots
is scarce.

The results of the same experiment in the presence of
noise is given in Fig. 4(b). Here, the snapshots are assumed
to be contaminated with white-Gaussian noise with variance
1/SNR. Note that in this experiment, the signal power is
normalized to 1, that is r[k]|x=o = 1. Fig. 4(b) shows that
the performance of suggested method approaches to the
performance of the clairvoyant estimator with increasing
SNR.

B. Experiment 2: Adaptive Radar Detection Application

We study the SNR loss due to imperfect covariance
matrix estimation within the context of adaptive target
detection. We consider an X-band (wavelength of A =3
cm) pulse Doppler radar system operating at a constant
pulse repetition frequency (PRF) of 3 kHz, transmitting
N = 10 pulses. The system operates under the influence
of sea clutter with mean velocity u, = 3 m/s and spread
o, = 1 m/s. The clutter-to-noise ratio (CNR) is 10 dB, noise
variance is 0 = 1.

The clutter power spectral density is assumed to be
in Gaussian form leading to the clutter autocorrelation
of ro[k] = CNR e/27/ik )k with f; = 2u./(A PRF) = 1/15
and p = exp(—8m202/(A PRF)?) ~ 0.990. The kth row, /th
column entry of the clutter covariance matrix My is then
rc[k —I]. As in earlier experiment, the texture parameter
is quantized to five levels, x; € {—20, —10, 0, 10, 20} dB;
the state transition probabilities are set as m; = 0.9 and
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Fig. 4. Experiment 1: AR(1) covariance matrix estimation. (a) Noiseless snapshots. (b) Noisy snapshots.
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Experiment 2: Average output SCNR comparison. Dashed and solid lines correspond to estimators with and without persymmetry constraint,

respectively. (a) SCNR versus Target Velocity. (b) SCNR versus number of snapshots.

mij = 0.025i # j. These numerical values are also roughly
inline with the measurements in [17, Figs. 2 and 3].

In this experiment, we present a comparison for
the average output signal-to-clutter-and-noise ratio
(SCNR), SCNRgy(w) = |ws, |>/wH (M + o’)w, for
two-stage adaptive detector (AMF) with the linear
combination weight w = (M + o,fl)_lsw [11]. Here
So = V/SNR[1¢e/® ... e/N=D]T" is the Doppler steering
vector of the target with velocity v; and w = 4w v, /(A PRF)
is the phase progression due to the Doppler effect. In
this comparison, we assume that M is generated from
an observation of L snapshots via different methods and
compare the achievable output SCNR for each method. We
also present the maximum SCNR bound as a comparison
metric. This bound is achieved when true M (instead of
its estimate) is utilized in the weight vector calculation,
SCNR™ = sI(M + ¢1)" s,,.

CANDAN AND PASCAL: COVARIANCE MATRIX ESTIMATION OF TEXTURE CORRELATED COMPOUND

Fig. 5(a) shows average SCNR attained with L = 20
snapshots at various target velocities. The proposed detector
operates 0.3 dB (with persymmetry constraint) and 0.5 dB
(without persymmetry constraint) below the performance
bounds (clairvoyant detector and SCNR bound) at target
velocity of 10 m/s. The detector with Tyler’s estimate has
a loss around 1.5 dB (with persymmetry constraint) and
3.1 dB (without persymmetry constraint) and the SNR loss
is not recoverable even at high target velocities. Note that,
in this experiment the Tyler’s estimator does not estimate
the clutter covariance matrix M; but the interference matrix
(clutter plus noise covariance matrix), that is M + o,fI.
Fig. 5(b) presents the results when target velocity is fixed
to 10 m/s and secondary data size (L) is varied. The SNR
loss further increases for small number of snapshots.

1) K-distributed Clutter Experiment: This experiment
examines the case of model mismatch which is the case
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Fig. 6. Experiment 2 (K-distributed clutter). Average output SCNR comparison. Dashed and solid lines correspond to estimators with and without
persymmetry constraint, respectively. (a) SCNR versus Target Velocity. (b) SCNR versus number of snapshots.

in general for seaborne/airborne adaptive target detectors.
The clutter is taken as K-distributed. That is, the texture
parameter is gamma distributed. The shape parameter of
the distribution is set as v = 2. The texture correlation is
r.[k] = p'*! with p = 0.75. Fig. 2 shows a realization of
gamma variable sequence generated with these parameters.

We follow the procedure given in Section IV to con-
struct the Markov model and use both three and five level
quantization values given in Table I for v = 2 in this com-
parison. Fig. 6 shows the results for N = 10 and L = 20.
The other experiment parameters are given in the figure
title.

We observe from Fig. 6(a) that the performance of the
proposed method for the quantization levels of three and
five are almost identical. The performance plots for the
proposed method in Fig. 6(a) do not assume the persym-
metry condition. The effect of persymmetry is examined in
Fig. 6(b). From Fig. 6(a), we see that the SNCR loss for the
velocity of 30 m/s (high velocity region) when compared
with SCNR bound or clairvoyant estimator is 0.8 dB for
the proposed estimators (without persymmetry); while it is
1.2 and 2.7 dB for the Tyler’s estimator with and without
persymmetry constraint, respectively.

Fig. 6(b) gives the results for a fixed velocity of 30 m/s
for different number of snapshots. In this figure, only
three-level quantization results are shown for figure clarity;
since five-level quantization results are almost identical. In
this figure, the results for the proposed method with and
without persymmetry constraint are given. We see that for
L = 20 case, the gap to the SCNR bound further reduces to
0.4 dB (with persymmetry constraint) from 0.8 dB (without
persymmetry constraint). Hence the proposed method (with
persymmetry constraint) brings an SNR improvement of
0.8 dB over the Tyler’s method (with persymmetry con-
straint). Or stated differently, the Tyler’s estimator requires
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L = 50 snapshots to operate at the output SCNR level of
the proposed method with L = 20 snapshots. Yet, we would
like to remind that in many adaptive radar detection appli-
cations, the number of snapshots can be limited by other
factors, such as clutter discretes, other targets, etc. Hence,
utilizing fewest possible snapshots can be mandated by
other considerations. It can be seen from Fig. 6(b) that for
L = 10, the gap between proposed and the Tyler’s method
is almost 2 dB.

VI. CONCLUSION

In this article, we have examined the effect of texture
correlation in the covariance matrix estimation problem
for compound-Gaussian vectors. To the best of our knowl-
edge, such a study is not available in literature, with the
notable exception of [21], in spite of experimental ob-
servations of clutter power spatial correlation especially
in seaborne data. Numerical results have shown that the
additional information on the spatial correlation can yield
critical performance improvements both in covariance ma-
trix estimation and adaptive target detection applications
for small number of snapshots. These findings are espe-
cially important for adaptive radar detection applications,
where the number of snapshots can be naturally very
limited due to the constraints of the radar system and
environment.

The study can be extended toward two different venues:
(1) The first one is the HMM-based signal model given in
this study can be further examined under the general title
of the Markov modulated processes, as in [32]. The second
venue is the reformulation of the problem with a suitable
conjugate prior for the texture variables enabling closed
form posterior density solutions other than the one given
with the HMM structure. Both venues can yield interesting
results that may be worth some further research effort.
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Finally, aready-to-use MATLAB implementation of the
algorithm in Table I, including the persymmetric case, is
provided in [25].

APPENDIX

A. Persymmetric Matrices, Tyler’s Covariance Matrix
Estimator

1) Persymmetric Covariance Matrices: A matrix is
called persymmetric if it has symmetry across its antidi-
agonal. Stated differently, matrices that satisfy A = JATJ
with the exchange matrix J are called persymmetric. Ex-
change matrix is a permutation matrix which reverses the
order of entries in a vector. (J = [eyey—_; ... €] and e;
is the kth column of N x N dimensional identity matrix.)
Toeplitz matrices having constant values on the antidiago-
nals, Ty x4+; = c;, are also persymmetric.

Covariance matrices are, by definition, Hermitian-
symmetric. Covariance matrices for stationary processes
are also Toeplitz, hence they are both Hermitian-symmetric
(R = R") and persymmetric (R = JR” J). Combining two
symmetry relations, we have R” = JR”J which is the
definition for centrohermitian matrices. Centrohermitian
matrices are conjugate-symmetric across its center entry.
As an example, a 3 x 3 centrohermitian matrix C has el-
ements which are Hermitian symmetric about C,, entry,
the central entry. Note that the centrosymmetry condition
R = JR” J can also be written as R = JR*J, where R* is
the complex-conjugate of the matrix R.

2) Tyler’s Estimator: We give brief information on the
Tyler’s covariance matrix estimator and its persymmetric
version. The Tyler’s estimator can be derived as the ML es-
timator for the compound-Gaussian vectors with unknown
deterministic texture parameters (nuisance parameters for
the covariance matrix estimation problem).

The snapshots x, = /7,¢c k = {1, ..., L} (with deter-
ministic texture parameters t; and iid Gaussian distributed
speckle component ¢, ~ CN'(0,M)) are jointly Gaus-
sian distributed x; ~ CA (0, ;M) with the log-likelihood
function

AM, 1y, ...,7) = — Llog(]M|)

L
_ l Hag—1
> Nlog(m) + —xM™'x; ).
k

k=1
(22)

Maximizing the log-likelihood expression over t; yields
7\ = x'M~'x; /N. After the substitution of the op-
timized values into (22), we get the compressed log-
likelihood expression

A (M, tl((’pt), e réom))
L

<L log(|M|)—NZlog (xd M 'xy) .
k=1

CANDAN AND PASCAL: COVARIANCE MATRIX ESTIMATION OF TEXTURE CORRELATED COMPOUND

Optimizing the compressed log-likelihood over M, we get
the fixed-point relation defining the Tyler’s estimator

L
N XXy

_ .
L o x; M~ 1x

MTyler = (23)
For the case of persymmetric matrices, we have the identity
of xIM™'x; = (xR)PM~'xR, where xR = Jx} denotes the
reversed (flipped up-down) and conjugated vector x;. Using
this identity, the log-likelihood expression in (22), can be
rewritten for persymmetric matrices as

A(M9 Tlyevns TL) é —L 10g(|M|)
- 1
- E (N log(t) + 7 (x,’folxk + (xf)H Mle)> :
k
k=1

(24)

Starting from (24) and repeating the same steps, we get the
persymmetric version of the Tyler’s estimator

H
N x ()
Mpersym = Z Z H ) H | R (25)
k=1 X M;crsymxk + (Xk) M;ersymxk

For more information, see [33], [34], and [9].
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