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(20 pts) 1. Consider the tree (T, <) that consists of order embeddings from countable
ordinals to Q, that is,

T={f:a—Q|a<w, fisan order-embedding}

ordered by extension. Show that height(T) = w; and that T is not an Aronszajn tree.

(35 pts) 2. For this question, fix a non-principal ultrafilter &/ C P(w) on w. A subset
B C U is said to generate U if for every U € U there exists B € B such that B C U.
Consider the cardinal number dy = min{|B| : B generates U}.

a) Show that Ry < dyy < 2%,
b) Show that, under Martin’s axiom, we have dy = 2%°.

(45 pts) 3. Let Fin be the equivalence relation on P(w) defined by
A Fin B if and only if |AAB| <X,
Let Pine(w) denote the set of infinite subsets of w. Consider the forcing poset
(P, <,1) = (Pint(w)/Fin, €%, [w])
where C* is given by [A] C* [B] if and only if |A\ B| < N,.

Let M = ZFC be a countable transitive model. Let G C PM be a (P, <, 1) -generic
filter over M. Set U = |JG.

a) Show that M[G] = U is a filter on w.
b) Show that the forcing notion (P, <, 1) is w;-closed.
c¢) Show that M[G] = U is an ultrafilter on w.

Fun fact for curious students. U is indeed a special type of ultrafilter called a Ramsey
ultrafilter.



