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(12 pts) 1. Throughout this question, for any collection & C P(R), let M(E) denote
the o-algebra on R generated by the collection £. Fix a countable set D C R. Prove that

M({{d} : d € D}) = M(P(D)) ¢ B(R)




(4+4+4 pts) 2. Fix an enumeration Q = {g, }nen of rational numbers without repeti-
tions. Let F': R — R be given by

Fa@) = Y g

neN
gn<w

Consider the measure space (R, B(R), ur) where ppr : B(R) — [0, +o0] is the Lebesgue-
Stieltjes measure associated to F'.

a) Show that (R, B(R), ur) is a probability space.

b) Show that / Xo dpp > 0 for every a,b € R with a < b.
(a,b)

c¢) Describe a Borel measurable function f : R — R that is not integrable over R with

respect to the measure space (R, B(R), ur). You only need to describe the function but
need not prove your claim.



2
(13 pts) 3. Compute lim n sin <£> 5 dm. Explain each step in detail by

referring to the relevant results.



(13 pts) 4. Let (X, M, 1) be a measure space and fix amap f € L*(X, M, ). Consider
the map 7 : M — [0, +0o0] given by

n(E)Z/Efdu

You are given that 7 is a measure. Prove that, for every g € L*(X, M, n), we have

/ngnz/xfgdu



