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(12+12+13+13 pts) 1. a) State Lebesgue’s dominated convergence theorem, or,
prove that f,, — f in L' implies f,, — f in measure.

In the remaining parts of this question, you will consider the measure space (N, P(N),v)

with the measure v given by

b) Let f: N — R be a bounded function. Prove that f is integrable and
o f(k)
Jrar=3 50
N k=0

Hint. Set f,(z) = f(%)-X{0,1,2..n}(x). Observe that f,, — f pointwise. Then apply
an appropriate theorem to get the result.



c) Let f: N — R be a function and (f,),en be a sequence of functions from N to R.
Show that if f,, — f in measure, then f, — f pointwise.

d) Let g(z,k) = x*. Compute the integral

[ g dmxw)
[1,3/2]xN

in the product measure space (R xN, B(R)®P(N), m x v) where B(R) is the Borel o-
algebra of R and m is the Lebesgue measure. Explain each step of your computation
by referring to the relevant theorems.



(10+10 pts) 2. Consider the signed measure g on the measurable space

([0, 27], B([0, 27])) given by
wu(A) :/A sin(z) dm

a) Find the Hahn decomposition (P, N) of the measure space ([0, 2], B([0, 27]), u).

b) Let (u*, ) be the Jordan decomposition of the measure pu. Show that u™ < m
+

and find the Radon-Nikodym derivative ZL
m



(10+10+10 pts) 3. Consider the set

A= {x €[0,1] : x = (0.a1aza3...)s where a, € {0,1} and ay, = 1 for every n € N+}
= {z €[0,1] : the binary expansion of = contains 1 at its even numbered digits}

= ﬂ {z €[0,1] : the binary expansion of z contains 1 at its digits as, a4, ..., as,}
neNt

a) Show that m(A) = 0.

b) Show that [0,1] \ A is open. Using this, conclude that y4(z) is continuous at every
point in [0, 1] \ A.

1
c¢) Show that x(x) is Riemann integrable over [0, 1] and find / xa(z)dz by justifying
0

each step of your computation.



