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In all questions, the underlying field is K = C.

(12+12+12 pts) 1. Consider the Volterra operator V : L2(0,1) — L?(0,1) given by

(V)

)= [ s

for all f € L?(0,1). You are given that V is a linear operator.
a) Show that V is a bounded operator and that ||V < 1/v/2.

b) Show that V is a Hilbert-Schmidt operator.




¢) Find the adjoint operator V*.

(12+12+12 pts) 2. Let K be a compact Hermitian operator on a Hilbert space H.
a) Show that K is the limit of finite rank operators in L(H).

b) Show that the closure of the range of K is a separable Hilbert space.



c) Show that if K™ = 0 for some n € Z", then K = 0.

(12+12 pts) 3. a) Show that any infinite orthonormal sequence in a Hilbert space weakly converges to

the zero vector.

b) Show that, in a finite-dimensional Hilbert space, any weakly convergent sequence is strongly convergent.



(12+12 pts) 4. Let H be a Hilbert space. You are given that the set L(H) of bounded linear operators
on H forms a ring, together with pointwise addition of operators as its addition and the composition of

operators as its multiplication.
a) Show that the set K (H) of compact operators on H is a two-sided ideal of L(H).

b) Consider the quotient ring Q(H) = L(H)/K(H). Show that the map (y : Q(H) — Q(H) given by
w(X + K(H))=UXU* + K(H) is a ring automorphism of Q(H) for any unitary operator U € L(H).



