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Throughout this exam, we shall work with normed spaces over the field K = R. In your
solutions, you can quote all facts that we have learned in class (or other classes such as
MATH349) and in lecture notes without proof. However, if you wish to use a (non-trivial)
fact that is not covered in class, then you are supposed to prove it.

(6x12 pts) 1. For each k € N, consider the subspace

X = < (ap)nen € 01 : Z a,z" is a polynomial of degree at most k
n=>0

of the Banach space ({1, ||],)-

a) Show that A&} is nowhere dense for every k € N.

b) Set & = |J, oy Ak. Using the Baire category theorem, show that (X, |-[|;) is not a
Banach space.



c) For each m € N, consider the shift map o, : X — X given by

Om ((@n)nen) = (m - anH)nEN

Show that o, is bounded.

d) For each m € N* | set ol = Om © -+ 00p,. Show that, for each a € X', we have that
——
m times

< Q.

(m)
om’(a) X

SUPpen+



afnm)H = 0.

e) Show that sup,,cn+

f) Explain why Part (d) and Part (e) together do not contradict the uniform boundedness

principle.

(10+10 pts) 2. In this question, consider the Banach space ({w, ||-||,,) and its closed

subspace
S = {(an)nen € loo : ag, =0 for all n € N}

a) Show that the Banach spaces ({/S, [|"]|,) and ({w, [|*]|,,) are isomorphic, where ||-||,

is the quotient norm.



b) Let @ C /¢, be an algebraic complement of S in £, that is, Q) is a subspace such that
loo = SEP Q. Prove that £, = S @top @, that is, S and @) are topologically complemen-

tary subspaces.

(8 pts) 3. Consider the quotient vector space l/coo and the map [|-[|, : oo /coo = R
given by

X+ ¢ = inf ||x —

I+ cooll, = inf Jlx— vl
for all x € ¢o. Show that ||| , s mot a norm by explicitly finding a non-zero element

a -+ coo € loo/cop such that ||a + COOHq = 0.



