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Throughout this exam, we shall work with normed spaces over the field K = R. In your

solutions, you can quote all facts that we have learned in class (or other classes such as

MATH349) and in lecture notes without proof. However, if you wish to use a (non-trivial)

fact that is not covered in class, then you are supposed to prove it.

(7×10 pts) 1. Consider the subspace

X =

{
(an)n∈N ∈ `1 :

∞∑
n=0

anx
n converges absolutely for all x ∈ R

}
of the vector space `1. In this question, we shall endow X first with the norm ‖·‖1 and

then with the norm ‖·‖∞.

a) Show that X is dense in the normed space (`1, ‖·‖1).

We shall show that every open ball in `1 contains an element of X . Let a ∈ `1 and

ε > 0. Since
∑∞

n=0 |an| <∞, there exists some N ∈ N such that
∑∞

n=N |an| < ε. Consider

the sequence x = (a0, . . . , an, 0, 0, . . . ). Then the power series corresponding to x is a

polynomial and hence converges everywhere absolutely. Consequently, x ∈ X . Moreover

‖a− x‖1 =
∞∑

n=N+1

|an| < ε

and so x ∈ B‖·‖(a, ε). Hence X is dense in `1.

b) Show that the normed space (X , ‖·‖1) is not a Banach space.

By Part (a), we know that X = `1. Observe that the power series
∞∑
n=0

xn

(n+ 1)2
has radius

of convergence 1 and so
(
1, 1

4
, 1
9
, . . .

)
/∈ X . However,

(
1, 1

4
, 1
9
, . . .

)
∈ `1. Therefore, X 6= `1

and so X 6= X . Since X is not closed in `1, (X , ‖·‖1) is not a Banach space.



c) Fix r ∈ R. Consider the linear functional ϕr : X → R given by

ϕr ((an)n∈N) =
∞∑
n=0

anr
n = a0 + a1r + a2r

2 + . . .

on the normed space (X , ‖·‖1). Show that ϕr is bounded if and only if |r| ≤ 1.

To prove the left-to-right direction, assume that ϕr is bounded. Then there exists M > 0

such that |ϕr(x)| ≤ M ‖x‖1 for all x ∈ X . If |r| > 1, then limn→∞ |r|n = +∞ and hence

the inequality

|ϕr(en)| = |rn| = |r|n ≤M ‖en‖1 = M

would be violated for a sufficiently large n, where en = (δin)i∈N. Thus |r| ≤ 1.

To prove the right-to-left direction, assume that |r| ≤ 1. Then, for any x ∈ X , we have

|ϕr(x)| =

∣∣∣∣∣
∞∑
n=0

xnr
n

∣∣∣∣∣ ≤
∞∑
n=0

|xnrn| =
∞∑
n=0

|xn| |r|n ≤
∞∑
n=0

|xn| = ‖x‖1

and hence ϕr is bounded.

d) Find ‖ϕ0.452‖.

By the argument in Part (a), we know that |ϕr(x)| ≤ ‖x‖1 for all x ∈ X and so

‖ϕ0.452‖ = sup
‖x‖1≤1

|ϕr(x)| ≤ sup
‖x‖1≤1

‖x‖1 = 1

Moreover, since ‖(1, 0, 0, . . . )‖1 = 1, we have

ϕ0.452(1, 0, 0, . . . ) = 1 ≤ sup
‖x‖1≤1

|ϕr(x)| = ‖ϕ0.452‖

Hence ‖ϕ0.452‖ = 1.
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e) Fix r ∈ R. Consider the linear functional ψr : X → R given by

ψr ((an)n∈N) =
∞∑
n=0

anr
n = a0 + a1r + a2r

2 + . . .

on the normed space (X , ‖·‖∞). Show that ψr is bounded if and only if |r| < 1.

To prove the left-to-right direction, assume that ψr is bounded. Then there exists M > 0

such that |ψr(x)| ≤M ‖x‖∞ for all x ∈ X . If |r| > 1, then the inequality∣∣∣∣∣ψr

(
n∑

i=0

ei

)∣∣∣∣∣ = |1 + r + r2 + · · ·+ rn + 0 + 0 + . . . | =
∣∣∣∣rn+1 − 1

r − 1

∣∣∣∣ ≤M

∥∥∥∥∥
n∑

i=0

ei

∥∥∥∥∥
∞

= M

would be violated for a sufficiently large n, where en = (δin)i∈N. Thus |r| ≤ 1.

To prove the right-to-left direction, assume that |r| < 1. Then, for any x ∈ X , we have

|ψr(x)| =

∣∣∣∣∣
∞∑
n=0

xnr
n

∣∣∣∣∣ ≤
∞∑
n=0

|xnrn| =
∞∑
n=0

|xn| |r|n ≤
∞∑
n=0

‖x‖∞ |r|
n ≤ ‖x‖∞

1− |r|

and hence ϕr is bounded.

f) Find ‖ψ0.452‖.

By the argument in Part (a), we know that |ψr(x)| ≤ ‖x‖∞
1−0.452 for all x ∈ X and so

‖ψ0.452‖ = sup
‖x‖∞≤1

|ψ0.452(x)| ≤ sup
‖x‖∞≤1

‖x‖∞
1− 0.452

=
1

0.548

Moreover, since ‖
∑n

i=0 ei‖∞ = 1 for all n ∈ N and

lim
n→∞

∣∣∣∣∣ψ0.452

(
n∑

i=0

ei

)∣∣∣∣∣ = lim
n→∞

1− 0.452n+1

1− 0.452
=

1

0.548

we must have 1
0.548
≤ sup‖x‖∞≤1 |ψr(x)| = ‖ψ0.452‖. Hence ‖ψ0.452‖ = 1

0.548
.
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g) If exists, provide a Schauder basis for the normed space (X , ‖·‖∞). If not, state that

such a Schauder basis does not exist. For this part of the question only, you need not

justify your answer.

The sequence (en)n∈N, where en = (δin)i∈N, is a Schauder basis for (X , ‖·‖∞).

(3×10 pts) 2. Let (E, ‖·‖E) and (F, ‖·‖F ) be normed spaces and T ∈ L(E,F ). We define

the adjoint of T to be the bounded linear map T ∗ : F ′ → E ′ given by T ∗(ϕ) = ϕ ◦ T . In

other words, we have

T ∗(ϕ)(e) = (ϕ ◦ T )(e) = ϕ(T (e))

for all ϕ ∈ F ′ and e ∈ E.

a) Let ϕ ∈ F ′ and consider the bounded linear functional T ∗(ϕ) : E → R. Write down

the definition of ‖T ∗(ϕ)‖.

‖T ∗(ϕ)‖ = sup‖e‖E≤1 |T
∗(ϕ)(e)| = sup‖e‖E≤1 |ϕ(T (e))|

b) Show that ‖T ∗‖ ≤ ‖T‖.

‖T ∗‖ = sup
ϕ∈F ′

‖ϕ‖≤1

‖T ∗(ϕ)‖ = sup
ϕ∈F ′

‖ϕ‖≤1

sup
‖e‖E≤1

|ϕ(T (e))| ≤ sup
ϕ∈F ′

‖ϕ‖≤1

sup
‖e‖E≤1

‖ϕ‖ ‖T (e)‖F ≤ sup
ϕ∈F ′

‖ϕ‖≤1

sup
‖e‖E≤1

‖ϕ‖ ‖T‖ ‖e‖E ≤ ‖T‖

c) Using (one of the corollaries of) the Hahn-Banach theorem, show that ‖T ∗‖ ≥ ‖T‖.

Observe that the inequality ‖T ∗‖ ≥ ‖T‖ trivially holds when T is the zero functional

since we have ‖T ∗‖ = ‖T‖ = 0 in this case.

Suppose that T is not the zero functional. Then there exists e ∈ E such that T (e) 6= 0F .

Set ê = e
‖e‖E

. Applying Corollary 20 in the lecture notes with the non-zero vector T (ê)

in the space (F, ‖·‖F ), we know that there exists a bounded linear functional ψ ∈ F ′ such

that ‖ψ‖ = 1 and ψ (T (ê)) = ‖T (ê)‖F . But then, we have

T ∗(ψ) (ê) = ψ (T (ê)) = ‖T (ê)‖F =
‖T (e)‖F
‖e‖E

Observe that ‖ê‖E = 1. It follows that

‖T ∗‖ = sup
ϕ∈F ′

‖ϕ‖≤1

sup
‖x‖E≤1

|ϕ(T (x))| ≥ |ψ (T (ê))| = ‖T (e)‖F
‖e‖E

which means ‖T (e)‖F ≤ ‖T ∗‖ ‖e‖E. By Proposition 8 in the lecture notes, we now have

‖T ∗‖ ≥ ‖T‖.
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