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In your solutions, you can quote all facts that we have learned in class (or other classes
such as MATH349) and in lecture notes without proof. However, if you wish to use a
(non-trivial) fact that is not covered in class, then you are supposed to prove it.

(7x 10 pts) 1. The following is a classical theorem of Banach.

Theorem. Every Banach space (E, ||]|) is isometrically isomorphic to a closed subspace
of the Banach space (C(X), ||-||,) for some compact Hausdorff space X.

In this question, our aim is to prove this theorem with guidance through the parts of the
question.

Proof. Let X = Bpr ={f € E': ||f|| < 1} endowed with the (subspace topology induced
from the) weak-* topology.

a) Explain why X is a compact Hausdorff space by referring to the relevant theorems.

Consider the map ¢ : E — C(X) given by e — ., where ¢, : X — K is defined by
ve(f) = f(e) for all f € X. Our candidate linear isometry is ¢. We first need to check
that each ¢, is continuous so that ¢, € C(X) and consequently, the map ¢ is well-defined.

b) Let e € E. Show that ¢, : X — K is a continuous map.
Warning. Keep in mind that the topology of X is not the norm topology but rather the weak-* topology. Indeed

X is not even a normed space.



Now that we know that ¢ is well-defined, let us check that ¢ is indeed a linear map.
c) Show that ¢ : E— C(X) is a linear map.

We shall next check that ¢ is an isometry. Let e € E.
d) Show that |||, < [l

e) Show that there exists f € X such that f(e) = |le|| by referring to the relevant
theorems.

f) Deduce that [|¢.||, = |le]| and hence ¢ is an isometry.



Now that we know that ¢ is an isometry, it suffices to...
g) Show that ¢(F) is closed in C(X).

Consequently, (E, ||-||) is isometrically isomorphic to the closed subspace (p(E), ||-||.,) of
the Banach space (C(X), ||-]|,) via the map ¢. B

(10+10+10 pts) 2. Let (E, ||-||) be an infinite-dimensional normed space.

a) Let U C E be a weakly-open set such that 0 € U. Show that there exists an infinite-
dimensional norm-closed subspace C' with C' C U. (Hint. Pick an appropriate neighbor-
hood basis element of 0 and try using the data encoded in that.)



b) Show that the closed unit ball By = {e € E : |le|]| < 1} has empty interior in the
weak topology of F.

c) Consider the topological space (E’, 7,+) where 7, denotes the weak-* topology. Show
that E’ is meager in itself with respect to the weak-* topology. (Hint. Consider the scaled
closed balls nBg where B is the unit closed ball in the norm topology and n € NT.)



