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(10+10+10+10 pts) 1. (a) Let (X, d) be a metric space. State the definition of a

nowhere dense subset of X, or, the definition of a contraction mapping on X.

Alternative I. A subset S ⊆ X is called nowhere dense if Int(S) = ∅.
Alternative II. A map f : X → X is called a contraction mapping if there exists

α ∈ [0, 1) such that d(f(x), f(y)) ≤ αd(x, y) for all x, y ∈ X.

(b) State the Banach fixed point theorem, or, the Baire category theorem.

Alternative I. (The Banach fixed point theorem) Let (X, d) be a complete metric space

and φ : X → X be a contraction mapping. Then φ has a unique fixed point.

Alternative II. (The Baire category theorem) Let (X, d) be a complete metric space.

Then, for any collection {On}n∈N of open dense sets,
⋂

n∈N On is dense.

(c) Recall that a set S ⊆ R is called Gδ if it is the countable intersection of open sets,

that is, there exists a collection {On}n∈N of open subsets of R such that S =
⋂

n∈N On.

Show that Q is not Gδ.

Suppose towards a contradiction that Q is Gδ, say, Q =
⋂

n∈NOn for some countable

collection {On}n∈N of open subsets of R. Observe that, for all n ∈ N, since Q is dense in

R and Q ⊆ On, we have that On is dense in R. Moreover, for each q ∈ Q, the set R \ {q}
is an open dense subset of R. It follows that the collection

{On}n∈N ∪ {R \ {q}}q∈Q

is a countable collection of open dense subsets of R. But then, since (R, dEuc) is complete,

by the Baire category theorem, the intersection⋂
n∈N

On ∩
⋂
q∈Q

(R \ {q}) = Q ∩ (R \Q) = ∅

must be dense, which is a contradiction.



(d) Let X = Q ∩ [0, 1] and consider the metric space (X, dEuc). Find a contraction

mapping f : X → X that does not have a fixed point.

Consider the map f : X → X given by f(x) = 1−x2

4
. We first show that f is a contraction.

Let x, y ∈ X. Then

|f(x)− f(y)| =
∣∣∣∣(1− x2)− (1− y2)

4

∣∣∣∣ = ∣∣∣∣y2 − x2

4

∣∣∣∣ = |x− y||x+ y|
4

≤ |x− y|
4

·2 ≤ |x− y|
2

Therefore f is a contraction mapping with constant α = 1
2
. If there were a fixed point

q ∈ X of the contraction f , then f(q) = q would imply 1− q2 = 4q and, by the quadratic

formula, we would have q = −4±
√
20

2
= −2 ±

√
5, which is a contradiction as q ∈ Q.

Therefore f does not have any fixed points.

(5+10 pts) 2. Let (X, d) be a metric space and w ∈ X.

(a) Show that the map f : X → R given by f(x) = d(x,w) is uniformly continuous.

Let ϵ > 0. Choose δ = ϵ. Let x, y ∈ X. Observe that, by the triangle inequality and

the symmetry of d, we have d(w, y) − d(x, y) ≤ d(w, x) ≤ d(w, y) + d(x, y) and hence

|d(w, x)− d(w, y)| ≤ d(x, y). Therefore,

if d(x, y) < δ, then |f(x)− f(y)| = |d(w, x)− d(w, y)| ≤ d(x, y) < δ = ϵ.

This means that f is uniformly continuous.

(b) Suppose that (X, d) is connected and has at least two elements. Show that X must

be uncountable.

Since X has at least two elements, there exists a point a ∈ X different than w ∈ X. Set

r = d(a, w). Observe that X is connected, f is continuous, f(a) = r > 0 and f(w) = 0.

It then follows from the Intermediate Value Theorem that [0, r] ⊆ im(f). But then X

must be uncountable because |X| ≥ |im(f)| ≥ |[0, r]| = |R|.
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(10+10+5 pts) 3. Consider the metric space (Z+, d) where d(k, ℓ) =

∣∣∣∣1k − 1

ℓ

∣∣∣∣.
(a) Show that (Z+, d) is not complete.

THIS QUESTION WAS ASKED AND SOLVED IN MIDTERM 2.

(b) Show that (Z+, d) is totally bounded.

THIS QUESTION WAS ASKED AND SOLVED IN MIDTERM 3.

(c) Determine whether or not (Z+, d) is compact.

Recall that a metric space is compact iff it is complete and totally bounded. Since (Z+, d)

is not complete, it cannot be compact.
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(10 pts) 4. Let (X, d) be a compact metric space and {Cα}α∈I be a collection of closed

subsets of X. Suppose that the collection {Cα}α∈I has the finite intersection property,

that is, for any finite F ⊆ I we have
⋂

α∈F Cα ̸= ∅. Prove that
⋂

α∈I Cα ̸= ∅.

THIS QUESTION WAS ASKED AND SOLVED IN MIDTERM 3.

(10 pts) 5. Let S ⊆ R be a bounded subset with a unique accumulation point ℓ ∈ R\S.
Prove that S is countably infinite.

THIS QUESTION WAS ASKED AND SOLVED IN MIDTERM 1.
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