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(20+20 pts) 1. Consider the first quadrant V = {(z,y) € R? : 2,y > 0} in the plane
together with the operations @ : V xV — V and ® : R x V — V given by

(z1,71) ® (22, y2) = (172, Y172) and a® (z,y) = (2%, y°)

(a) You are given that (V, @) is an abelian group with the identity element 1, = (1,1).
Show that (V,®, ®) is a vector space over R.

We shall check the remaining four vector space properties. For all (z1,41), (x2,y2) € V
and for all a, € R, we have

1@ (x1,91) = (21, 91) = (1, 31),

050 en) = (o2f) - ()" ()") = (o) = (a2 -
(aB) @ (w1, 91),

o (a+ 8) @ (x1,y1) = (fc?+6,y?+5> = <f€?xf,y?yf) = (af,99) @ (l’f,yf) =
(Oé ® ('rhyl)) & (/)) ® (‘1’117y1))7
e a® ((Ilay1> S5 (‘/13273/2)) =a® (mle‘/ylyQ) - ((551552)&7(?/1y2)a) - (Z?Lg7y?yg) -

(2%, 91) @ (25, 95) = (@ @ (21,91)) © (@ @ (2, 92))

It follows that (V, @, ®) is a vector space over R.

(b) Determine whether or not the set W = {(z,y) € V : zy = 1} is a subspace of V.

First, observe that 1y = (1,1) € W as 1-1 = 1 and so W # (). Let « € R and
(1,y1), (x2,y2) € W. Consider

a®@ (z1,91) ® (22,92) = (27, Y1) @ (22,92) = (2722, YY)

Since (x1,y1), (r2,y2) € W, we have z1y;7 = 1 and xoys = 1 and consequently
(xxe) (YSye) = 2Vyfasys = 1. Hence o ® (x1,y1) & (v2,42) € W and thus, W is a
subspace of V.



(20+20+20 pts) 2. Let m,n € Z*. In this question, consider V' = M;,,(R) as a vector
space over R. For each A € M,,«,(R), define the row space S4 to be the subspace of V
generated by the rows of A, that is, Sy = (A4y,..., A,,) where Aq,... A, € V are the
rows of A.

(a) Let A, B € M,,xn(R). Prove that if B is obtained from A via a single application of
an elementary row operation, then Sg C Sy4.
Suppose that B is obtained from A via a single application of an elementary row operation.

We shall show that the rows of B are contained in S4. We know split into three cases:

e If the row operation interchanges the i-th row and the j-th row of A, then the set of
rows of B are {A;,..., A},

e If the operation multiplies the i-th row of A by a non-zero a@ € R, then the set of
rows of B are {Al, c ,Aifl, OCAZ', Ai+17 . 7Am}7

e If the operation multiplies the i-th row of A by o € R and adds it to the j-th row
then the rows of B are {Ay, ..., A;_1,0Ad; + Aj, Ajq, ..., A}

Since {A;,...,An} € S4 and Su being a subspace implies that aX + Y € Sy for any
X, Y € 5S4, we obtain that, in all cases, the rows of B are contained Sg. Therefore,

Sp C S, by definition, as Sp is the smallest subspace of V' containing the rows of B.
(b) Let A € M,,«n(R). Prove that if A is invertible, then Sy = V.

Suppose that A is invertible. Then the row reduced echelon form of A is I, and so
there exists a sequence of matrices A = Ay — Ay — --- — A, = I, each of which is
obtained from the previous one via a single elementary row operation. By Part (a), we
know that S4 =S4, 2 5S4, 2 -+ 2 Sa, = SI,,,.- We claim that Sy, = V. Trivially, we
have S7,., € V. For the other inclusion, for each 1 < ¢ < n, let R; denote the i-th row
of I,xn. Then, for any X = [3511 «7014 €V, we have X = >  x;R; and hence
X €(Ry,...,R,) =5y, It follows that S; ., =V and so S4 D V. Since we also have

Sa C V, we obtain that Sy, = V.
1 2 4

(c) You are given that the matrix A = |2 6 1| is invertible. Therefore, by Part (b),
2 6 2

Sa = Mi«3(R). Express [4 13 —1} € V as a linear combination of the rows of A.

Wewishtoﬁnda,ﬁ,’yeRsuchthata-[1 2 4]4—5-[2 6 1}—1—7-[2 6 2} =

4 13 —1} Writing the relevant non-homogeneous system of equations and applying

Gaussian elimination, we get

Hence, choosing o = —1, f =2, 7 = 1/2, the initial equation is satisfied.

1 2 2|4 1 2 2 4 1 0 0] —-1 1 0 0| ~-1 1 00
26 613 —10 2 2 ) =102 25 [—=1020 4 |—=10120
4 1 2|-1 0 -7 —6|-—17 00 1|1/2 00 1]1/2 001
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