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In all your answers, you are expected to explain and justify your argument, unless specified otherwise.
(10 pts) 1. Prove or disprove the following: P(A) — P(B) C P(A — B) for every set A and B.
We shall disprove this statement by giving a counterexample. Consider the set A = {0,1} and B = {0}.

Then we have
P(A) = P(B) = {0,{0},{1}.{0,1}} — {0, {0}} = {{1}, {0, 1}}
and
P(A—B)="P({0,1} - {0}) = P({1}) = {0, {1}}
Since {0,1} € P(A) — P(B) but {0,1} ¢ P(A — B), we have that P(A) — P(B) £ P(A — B).

(10+10 pts) 2. Let A, B,C, D be sets.

a) Prove that (AUB) - (CUD)C (A-C)U(B—-D).

Let x € (AU B) — (CUD). Then, by definition of set difference, x € AU B and = ¢ C U D. It follows
that, z € Aor x € B, and, 2 ¢ C and = ¢ D. We now split into two cases.

e Case I (z € A): In this case, since x € A and x ¢ C, we have x € A — C and consequently, it
holds that z € A — C or € B — D. By definition, this means z € (A — C)U (B — D).

e Case II (z € B): In this case, since z € B and « ¢ D, we have x € B — D and consequently, it
holds that z € A — C or x € B — D. By definition, this means z € (A — C)U (B — D).

In both cases, we obtained z € (A — C) U (B — D). This completes the proof that (AU B) — (CU D) C
(A—-C)u(B-D).

b) Prove that (A x B)U(C x D) C (AUC) x (BUD,).
Let r€e (Ax B)U(C x D). Thenr € Ax BorreC xD. We split into cases.

e Case I (r € A x B): In this case, by definition of cartesian product, r = (a,b) for some a € A and
be B. Since AC AUC and B C BU D, we have r = (a,b) € (AUC) x (BU D).

e Case II (r € C' x D): In this case, by definition of cartesian product, r = (¢,d) for some ¢ € C
and d € D. Since C C AUC and D C BU D, we have r = (¢,d) € (AUC) x (BUD).

In both cases, we obtained that » € (C x D) C (AU C) x (BU D). This completes the proof that
(AxB)U(CxD)C(AUC) x (BUD,).

Alternative proof: Let (z,y) € (A x B)U (C x D). Then, by definition of union, (z,y) € A x B or
(z,y) € C' x D. We split into cases.

Case I ((z,y) € A x B): In this case, x € A and y € B. Since A C AUC and B C BU D, it follows
that (z,y) € (AUC) x (BUD).

Case II ((z,y) € C x D): In this case, x € C'and y € D. Since C C AUC and D C BU D, it follows
that (z,y) € (AUC) x (BU D). This completes the proof that (A x B)U(C' x D) C (AUC) x (BUD)



(12 pts) 3. Let A, B be sets and f : A — B be a function. Consider the function g: Ax A - B x B
given by
9(z,y) = (f(2), f(y))

for all x,y € A. Prove that f is bijective if and only if g is bijective.

(=) For the left-to-right direction, assume that f is bijective. We wish to show that g is bijective.

o Let x,y,2,y € A x A. Assume that g(z,y) = g(Z,y). Then we have (f(z), f(y)) = (f(Z), f(¥)) which
subsequently implies that f(x) = f(Z) and f(y) = f(y). Since f is bijective, f is injective and hence
=727 and y = y. Thus (z,y) = (Z,y), which shows that g is injective.

e Let (z,w) € Bx B. Clearly z,w € B. Since [ is bijective, f is surjective and consequently, there exists
x € Aand y € A such that f(z) = z and f(y) = w. But then (z,y) € Ax A and g(x,y) = (f(z), f(y)) =
(z,w). This shows that g is surjective.

Therefore, g is bijective.

(<) For the right-to-left direction, assume that g is bijective. We wish to show that f is bijective.

e Let 2,y € A. Assume that f(z) = f(y). Then g(z,z) = (f(2), f(z)) = (f(y). f(y)) = g(y,y). Since
g is bijective, g is injective and consequently, (z,z) = (y,y) which implies © = y. This shows that f is
injective.

e Let y € B. Clearly (y,y) € B x B. Since g is bijective, g is surjective and consequently, there exists
(z,7) € A x A such that g(z,7) = (y,y). But then, by the definition of g, we have (f(z), f(Z)) = (y,y).
In particular, f(z) = y where x € A. This shows that f is surjective.

Therefore, f is bijective.

(3+5+5+5+5 pts) 4. Consider the functions ¢ : P(Z) — P(Z) and o : P(Z) — P(Z) given by

¢(A)={-a | ae A} ando(A) ={a+1 | a€ A}

for all A € P(Z). For example, o({—1,0,2}) = {—2,0,1} and o({—1,0,2}) = {0,1,3}. You are given
that both ¢ and o are invertible functions.

a) Find the inverses ¢=! : P(Z) — P(Z) and o~ : P(Z) — P(Z) by explicitly expressing their rules
using the set notation as in the examples above. For this part of this question only, you need not

justify your answer.
o '(A)={—a | ac A} for all A€ P(Z)

o' A)={a—-1| ac A} forall AcP(Z)

b) Show that poo = o1 op.
Observe that the domains and the codomains of both ¢ oo and o~ o ¢ are P(Z). Let A € P(Z). Then,

by the definitions of these functions above, we have
(poo)(A) =¢(0(A)) = e({atl [ a€ A}) ={—=z | z € {at+]l | a € A}} ={—(a+1) | a € A} ={—a—1 | a € A}

(6 op)A) =0 (@A) =0 ({—a | acA) ={r—1 | s€{-a | acA}}={-a—1 | acA}

Since these functions take the same value at every point in their common domain, we have poo = o~ tog.

¢) Find (copoocopoa)({111,113,123}).
By Part (b), we have that oo = 0~! o . Composing both sides of this equality with o from left gives

1 1

cgopoo =000 Loy = . Recall from Part (a) that o~! = . Now, composing both sides with p=! = ¢

from right gives 0o pogop = oy =1p). It follows that

(copogopoa)({111,113,123}) = (1p( o o) ({111,113,123}) = o({111,113,123}) = {112,114, 124}



In Part (c) and (d) of the question, consider & : P(N) — P(Z), the restriction of the function o to P(N),
that is, 7 = o|p).
d) Determine whether or not & has a right inverse. If exists, explicitly find a right inverse. If not, explain
why a right inverse does not exist.
We claim that ¢ is not surjective. Consider B = {0} € P(Z). If there were A € P(N) with 6(A) = B,
then we would have

{a+1 | ae A} =0(A) = {0}

so there would be a € A with a + 1 = 0, and hence we would have —1 € A C N, which is a contradiction.
Thus, B is not in the range of ¢ and so, & is nor surjective. Since & is not surjective, & does not have a

right inverse.

e) Determine whether or not ¢ has a left inverse. If exists, explicitly find a left inverse. If not, explain
why a left inverse does not exist.

We claim that & is injective. Let A, B € P(N). Assume that 6(A) = o(B). Then, since & is the restriction
of o, we have 0(A) = o(B) and it follows from injectivity of o, which we are given as a part of question,
that A = B. Hence ¢ is injective and consequently, & has a left inverse. A left inverse for & can be
constructed as follows.

Consider § : P(Z) — P(N) given by 6(A) = {la —1| | a € A} for all A € P(Z). We claim that
d00 = 1pm). Let A€ P(N). Then we have

(000)(A) =6({a+1 | ac A}) ={|b—1| | be{atl | ac A}} ={la] | ac A} ={a | a€ A} = A =1p)(A)

Note that the third equality from last holds because A C N. It follows that ¢ is a left inverse of 7.

(5+5+5 pts) 5. Let m; : R xR — R and 73 : R x R — R be the projections maps given by

7T1(517,y) =z and 7T2($7y> =Y

for all z,y € R.

a) Show that, for all A C R, we have 77 *(A) = A x R and m; *(A) =R x A. Let A C R.

We shall first prove that 77 *(A) = A x R. Let (z,y) € 7 '(A). Then, by definition of inverse image,
x =7 (z,y) € A and hence (z,y) € A x R. This proves that 7, *(A) C A x R. For the converse inclusion,
let (z,y) € A x R. Then m(x,y) = 2 € A and hence, by definition of inverse image, (z,y) € 7 *(A).
This proves that 7, *(A4) D A x R.

We shall next prove that m, '(A) = R x A. Let (x,y) € m;,'(A). Then, by definition of inverse image,
y = mo(x,y) € A and hence (,y) € R x A. This proves that 7, ' (A) € R x A. For the converse inclusion,
let (z,y) € R x A. Then my(x,y) = y € A and hence, by definition of inverse image, (x,y) € 7, *(A).
This proves that 7, *(A) D R x A.

b) Show that, for all A, B C R, we have A x B =7 '(A)Nmy ' (B). Let A, B C R.

By a theorem proven in class, (A X R)N (R x B) = (ANR) x (RNB) = A x B.

(Alternatively, you can prove this equality yourself: We shall prove that Ax B = (AxR)N(Rx B).
For the left-to-right inclusion, let (x,y) € Ax B. Then z € A and y € B, which implies (z,y) € A xR and
(z,y) € RxB, and so, (z,y) € (AxR)N(Rx B). For the right-to-left inclusion, let (z,y) € (AxR)N(Rx B).
Then, (z,y) € AXR and (x,y) € Rx B. These imply € A and y € B respectively. Thus (x,y) € Ax B.)

Now, by Part (a), we have that A x B = (A x R)N (R x B) = m; '(A) N7y (B).



¢) Prove or disprove the following: For all P C R x R, we have P = 71 (P) x ma(P).
We shall disprove this statement by giving a counterexample. Consider P{(0,0),(1,1)} C R x R. Then
w1 (P) = {m1(0,0),71(1,1)} = {0,1} and ma(P) = {m2(0,0),m2(1,1)} = {0,1}. It follows that

7Tl(P) X 7T2(P) = {07 1} X {071} = {(070)7 (07 1)7 (170)1 (171)}

and hence P # m(P) x ma(P).

(10+10 pts) 6. Consider the relation ~ on the set ZT of positive integers given by

a ~ b if and only if there exists k € Z* such that ab = k>

for all a,b € Z™T.

a) Show that ~ is an equivalence relation. We shall prove that ~ is reflexive, symmetric and transitive.

Let a € Z*. Then aa = k? for some k € Z, namely, k = a, and hence we have a ~ b. Thus ~ is reflexive.

Let a,b € Zt. Assume a ~ b. Then, by definition, there exists k € Z*t such that ab = k2. Since
multiplication of integers is commutative, this means that there exists k¥ € Z* such that ba = k? and

hence, b ~ a. Thus ~ is symmetric.

Let a,b,c € Zt. Assume a ~ b and b ~ ¢. Then there exist k,¢ € Z* such that ab = k% and bc = ¢2.

2 e .
It follows that ac = (%) . Observe that % € Z7 because the square root of a positive integer is
either irrational or a positive integer* and hence, the square root of ac, which is the rational num-

ber % and which is not irrational, has to be a positive integer. It follows that a ~ ¢. Thus ~ is transitive.

(*: You need not prove this fact here.)
b) Explicitly describe the equivalence class [2].~.

Set S ={20? | ¢ € ZT}. We claim that [2]. = S.

For the right-to-left inclusion, let z € S. Then 2 = 2¢2 for some £ € Z*. We have 2 x 22 = (2()? and
2( € Z* and so, by definition, 2 ~ 2¢. For the left-to-right inclusion, let z € [2]~. Then 2 ~ x and hence
there exists k € Z* such that 2x = k2. Since 2 | k2, k has to be even and consequently, k = 2¢ for some
¢ € Z*. But then, 2x = k? = (2()? gives x = 2¢%. Therefore z € S.

Thus [2]. = {20 | (€ Zt} ={2,8,18,32,...}



