METU EE230 Supplementary Note for Week #12 May 3, 2020

Problem 1.
Let the random variable Y be Y = sin (5X + %), where X is an exponentially distributed random variable with mean %, i.e.

Ae™ g > 0,
x) = .
() {0, z <0,
What is the PDF fy of the random variable Y ?
Problem 2. Let X and Y be independent and identically distributed random variables with the following PDF
1
2 z 2 ]-7
xTr) = .
Ix(z) {0, Tz <1,

(a) Let the random variable Z be Z = XY. What is the PDF of Z?

(b) Let the random variable W be W = X/y. What is the PDF of W?

(c) Let the random variable A be A = min{X, Y}. What is the PDF of A?
(d) Let the random variable B be B = max{X, Y}. What is the PDF of B?
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Solution of Problem 1. We can solve this problem either starting from the first principles and by using the CDF or by
plugging in the formula for the derived distributions.

X = sin <5X H %)

Figure 1.

a) Let us first present the solution via CDF’s. Since Y = sin(5X + Z), we can write the event {Y < y} in terms of X as
{Y <y} ={sin(5X+ ) < y}
= UkeZ {5X + 7€ [—arcsin(y) — 7 + 27k, arcsin(y) + 27rk]}

- arcsin(y) onk arcsin(y) 27k
= Uy {xe o - gy 2gh o) - g 2

Thus using the PDF of X we get

arcsin(y) _ x| 2xk
5 0+

FY(y) = Zk:—oo/ arcsin(y) 'fx(x) dCL‘

,£+2Lk

arcsin(y) ™ drnsln(y) L+27"k
20

20
:/ ’ dw—i—zk 1/ e Mdg Yy e [-1,1].

_ drcbm(y) 7r+27rlc
5

On the other hand

arcsin(y) _ w arcsin(y) _ « .
K fx(z)dr = L 7 20 Xe™*dz  arcsin(y) > §
0 0 arcsin(y) < §
Thus
L . y € (1,00)
arcs;n(y)iz‘,rio \ *Mid o arcs]5n(y) o 2mk 2k ) *Azd 0 .
0 e z + Zk:l f arcsin(y) 7r+271'k € € ) € [\/57 }
FY(?J) = arcsnl(g) — g2k e ° 4 N
dhes f_ arcsin(y) _ 4+27rk Ae”Mdx y € [-1, ﬁ)
0 y € (—o0,1)
Using %Fy = £, f—y arcsin(y) = \/177 and L f f(z)dz = f(b )%b ff(a)%a, we get
resin(y) ,r resin(y) | y 27k
e )\acs y+)\ Z +e>\acss y+)\4 220216 A 5 ye[ s, ]
fY(y) = : 1)‘_y2 e )\arcs;n(y) AL Z;il 6_)‘27~";k + eAarcs;n(y) AT 22021 e_)\% y € [ \}5)
0 otherwise
Y arcsin(Sy)fﬂ'/4 + e}\ arcsin(gé)f?ﬂr/él [L ]
_ A 1 _arcsin(u)+7m/4 3 arcsin(y) —3m/4 lfl 1
5 /1_y2 1767>\2T7T € 5 + € > y 6 [ \/5)
0 otherwise
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b) Now let us invoke the formula for derived distributions to obtain fy from fx:

Krly) = ZE ysin(5a-47/4) : fx(z)

- sm(5z+7‘/4)

z=zx

_ 1
- Zx:y:sin(5w+"/4) 5| cos(5z+7/4)|,_, | (@)

1
o Zr:y:sin(5z+"/4) 5@'](‘)((3;)
arcsin —7 i+ 27k T—arcsin —7 [+ 27k
ke 5\/ll_yzfx< (w)_r/it )+Zkez 5\/11_y?fx( (W) =r/it ) ye-1.1]

0 otherwise
7>\mrcsln(y)—7r/4 )\2mk /\arcsin(y>—37f/4 00 )21k

e Shee NE e Sheoe M E y el
o A _ ) arcsin(y) —m/4 zrcsln(y) —n/4 \27k 3 arcsin(y) —3w/4 'chs]n(y) 37 /4 _)27k 1
75 1_y2 € Zk 16 5 + Zk 06 5 ye[ \/5)

0 otherwise

arcsin(y)—m/4 arcsin(y)—37/4
- 4 e L e ]
_ A 1 Y arcsin(y)+7w /4 A arcsin(y)—3mn/4 1
= —T 5 5 -1, ==
5\/ 1*(1/2 1—e7’\2T € + ¢ Yy < [ ’ \/5)
0 otherwise

As expected both expected both calculations leads to exactly the same result.
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Solution of Problem 2.

(a)

Note that InX and InY are independent random variables because X and Y are independent random variables. Thus
InZ=InX+1InY imply

finz(s) = [ fiux(r) fuv (s = ) dr @
On the other hand
finx (1) = V%fx(eT)
e’’, 720,
0, T <0,
Note that (2), (3), and fx(7) = fy(7) imply
j;)s e Te dr >0
nz\$)=
finz(s) {0 s<0
_Jse™® s2>0
S lo s<o0
Thus
fZ(T) = %flnz(h”')
InT
— T Z 1
= T 4
{0 T<1 X
(b) Note that InX and —InY are independent random variables because X and Y are independent random variables. Thus

InW=InX+ (—1InY) imply

fan(S):/flnX(T) f-my(s —71)dr )
On the other hand fx(7) = fy(7) imply
f-my(T) = finx(—7)
e, 7<0,
:{Q >0, ©

Note that (3), (5), and (6) imply

s>0
s <0

s [O° =21 T
fan(S): {z fs (& d

Thus for 7 > 0 we have

fW(T) = %fan(lnT)
— %%efﬂn 7|
On the other han fy(7) = 0 for 7 < 0 because the range of the function g(7) = €7 is the set of positive real numbers.
Hence

1. 1
_ smin{l, %} 7>0 7
Jw(T) {0 r<0 )
(c) Note that A > s iff X > s and Y > s. Thus as
PA>s)=P(X>sandY > s)
=PX>s)P(Y > s) because X and Y are independent.
U B s
1 s<1
_ 1
~ max{l,s}?
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Then using Fa(s) =1 —P(A > s) and L Fa(s) = fa(s) we get,
2773 r>1
falr) = {0 T<1
(d) Note that B < s iff X < s and Y < s. Thus as
Fo(s) =P (B < s)
P(X<sandY<s)
=P(X<s) Y <) because X and Y are independent.
S L)t s>
0 s<1
_ (1 s>1
o s<1
Then using <L Fa(s) = fa(s) we get,
22 12>1
T)= T -
fe(7) {0 T<l1
O
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