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Problem 1.
Let the random variable Y be Y = sin

(
5X+ π

4

)
, where X is an exponentially distributed random variable with mean 1

λ , i.e.

fX(x ) =

{
λe−λx x ≥ 0,

0, x < 0,
.

What is the PDF fY of the random variable Y ?

Problem 2. Let X and Y be independent and identically distributed random variables with the following PDF

fX(x ) =

{
1
x2 x ≥ 1,

0, x < 1,
.

(a) Let the random variable Z be Z = XY. What is the PDF of Z?
(b) Let the random variable W be W = X/Y. What is the PDF of W?
(c) Let the random variable A be A = min{X,Y}. What is the PDF of A?
(d) Let the random variable B be B = max{X,Y}. What is the PDF of B?
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Solution of Problem 1. We can solve this problem either starting from the first principles and by using the CDF or by
plugging in the formula for the derived distributions.

O

X = sin
(
5X+ π

4

)

X

Y

Figure 1.

a) Let us first present the solution via CDF’s. Since Y = sin(5X+ π
4 ), we can write the event {Y ≤ y} in terms of X as

{Y ≤ y} =
{
sin(5X+ π

4 ) ≤ y
}

=
⋃

k∈Z

{
5X+ π

4 ∈ [− arcsin(y)− π + 2πk, arcsin(y) + 2πk]
}

=
⋃

k∈Z

{
X ∈ [− arcsin(y)

5 − π
4 + 2πk

5 , arcsin(y)5 − π
20 + 2πk

5 ]
}
.

Thus using the PDF of X we get

FY(y) =
∑∞

k=−∞

∫ arcsin(y)
5 − π

20+
2πk
5

− arcsin(y)
5 −π4 + 2πk

5

fX(x ) dx

=

∫ arcsin(y)
5 − π

20

0

fX(x ) dx +
∑∞

k=1

∫ arcsin(y)
5 − π

20+
2πk
5

− arcsin(y)
5 −π4 + 2πk

5

λe−λxdx ∀y ∈ [−1, 1].

On the other hand ∫ arcsin(y)
5 − π

20

0

fX(x ) dx =

{∫ arcsin(y)
5 − π

20

0
λe−λxdx arcsin(y) ≥ π

4

0 arcsin(y) < π
4

Thus

FY(y) =



1 y ∈ (1,∞)∫ arcsin(y)
5 − π

20

0
λe−λxdx +

∑∞
k=1

∫ arcsin(y)
5 − π

20+
2πk
5

− arcsin(y)
5 −π4 +

2πk
5

λe−λxdx y ∈ [ 1√
2
, 1]∑∞

k=1

∫ arcsin(y)
5 − π

20+
2πk
5

− arcsin(y)
5 −π4 +

2πk
5

λe−λxdx y ∈ [−1, 1√
2
)

0 y ∈ (−∞, 1)

Using d
dyFY = fY, d

dy arcsin(y) = 1√
1−y2

, and d
dy

∫ b
a
f (x )dx = f (b) d

dy b− f (a) d
dy a, we get

fY(y) =
λ

5
√

1−y2


e−λ

arcsin(y)
5 +λ π

20

∑∞
k=0 e

−λ 2πk
5 + eλ

arcsin(y)
5 +λπ4

∑∞
k=1 e

−λ 2πk
5 y ∈ [ 1√

2
, 1]

e−λ
arcsin(y)

5 +λ π
20

∑∞
k=1 e

−λ 2πk
5 + eλ

arcsin(y)
5 +λπ4

∑∞
k=1 e

−λ 2πk
5 y ∈ [−1, 1√

2
)

0 otherwise

= λ

5
√

1−y2

1

1−e−λ
2π
5


e−λ

arcsin(y)−π/4
5 + eλ

arcsin(y)−3π/4
5 y ∈ [ 1√

2
, 1]

e−λ
arcsin(y)+7π/4

5 + eλ
arcsin(y)−3π/4

5 y ∈ [−1, 1√
2
)

0 otherwise
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b) Now let us invoke the formula for derived distributions to obtain fY from fX:

fY(y) =
∑

x :y=sin(5x+π/4)

1∣∣∣∣ d
dz sin(5z+π/4)

∣∣∣∣
z=x

∣∣∣∣fX(x )
=
∑

x :y=sin(5x+π/4)

1

5| cos(5z+π/4)|z=x |
fX(x )

=
∑

x :y=sin(5x+π/4)

1

5
√

1−y2
fX(x )

=


∑
k∈Z

1

5
√

1−y2
fX

(
arcsin(y)−π/4+2πk

5

)
+
∑
k∈Z

1

5
√

1−y2
fX

(
π−arcsin(y)−π/4+2πk

5

)
y ∈ [−1, 1]

0 otherwise

= λ

5
√

1−y2


e−λ

arcsin(y)−π/4
5

∑∞
k=0 e

−λ 2πk
5 + eλ

arcsin(y)−3π/4
5

∑∞
k=0 e

−λ 2πk
5 y ∈ [ 1√

2
, 1]

e−λ
arcsin(y)−π/4

5

∑∞
k=1 e

−λ 2πk
5 + eλ

arcsin(y)−3π/4
5

∑∞
k=0 e

−λ 2πk
5 y ∈ [−1, 1√

2
)

0 otherwise

(1)

= λ

5
√

1−y2

1

1−e−λ
2π
5


e−λ

arcsin(y)−π/4
5 + eλ

arcsin(y)−3π/4
5 y ∈ [ 1√

2
, 1]

e−λ
arcsin(y)+7π/4

5 + eλ
arcsin(y)−3π/4

5 y ∈ [−1, 1√
2
)

0 otherwise

As expected both expected both calculations leads to exactly the same result.
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Solution of Problem 2.
(a) Note that lnX and lnY are independent random variables because X and Y are independent random variables. Thus

lnZ = lnX+ lnY imply

fln Z(s) =

∫
flnX(τ) flnY(s − τ) dτ (2)

On the other hand

flnX(τ) =
1

1/eτ fX(e
τ )

=

{
e−τ , τ ≥ 0,

0, τ < 0,
. (3)

Note that (2), (3), and fX(τ) = fY(τ) imply

fln Z(s) =

{∫ s
0
e−τe−(s−τ)dτ s ≥ 0

0 s < 0

=

{
se−s s ≥ 0

0 s < 0

Thus

fZ(τ) =
1
τ fln Z(ln τ)

=

{
ln τ
τ2 τ ≥ 1

0 τ < 1
(4)

(b) Note that lnX and − lnY are independent random variables because X and Y are independent random variables. Thus
lnW = lnX+ (− lnY) imply

flnW(s) =

∫
flnX(τ) f− lnY(s − τ) dτ (5)

On the other hand fX(τ) = fY(τ) imply

f− lnY(τ) = flnX(−τ)

=

{
eτ , τ ≤ 0,

0, τ > 0,
. (6)

Note that (3), (5), and (6) imply

flnW(s) =

{
es
∫∞
s
e−2τdτ s ≥ 0

es
∫∞
0
e−2τdτ s < 0

= 1
2e
−|s|

Thus for τ > 0 we have

fW(τ) = 1
τ flnW(ln τ)

= 1
τ
1
2e
−|ln τ |

On the other han fW(τ) = 0 for τ ≤ 0 because the range of the function g(τ) = eτ is the set of positive real numbers.
Hence

fW(τ) =

{
1
2 min{1, 1

τ2 } τ > 0

0 τ ≤ 0
. (7)

(c) Note that A > s iff X > s and Y > s. Thus as

P(A > s) = P(X > s and Y > s)

= P(X > s)P(Y > s) because X and Y are independent.

=

{(∫∞
s

1
τ2 dτ

)2
s > 1

1 s ≤ 1

= 1
max{1,s}2
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Then using FA(s) = 1−P(A > s) and d
dsFA(s) = fA(s) we get,

fA(τ) =

{
2τ−3 τ ≥ 1

0 τ < 1

(d) Note that B ≤ s iff X ≤ s and Y ≤ s. Thus as

FB(s) = P(B ≤ s)
= P(X ≤ s and Y ≤ s)
= P(X ≤ s)P(Y ≤ s) because X and Y are independent.

=

{(∫ s
1

1
τ2 dτ

)2
s > 1

0 s ≤ 1

=

{(
1− 1

s

)2
s > 1

0 s ≤ 1

Then using d
dsFA(s) = fA(s) we get,

fB(τ) =

{
2 τ−1τ3 τ ≥ 1

0 τ < 1
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