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Abstract - Finite length analysis of iterative decoders EXIT chart for finite length analysis will be referred to as
can be done by using probabilistic models based on EXIT finite-EXIT.

charts. The validity of these models will be investigated by  Finite-EXIT method is contingent on the wide-sense
checking the performance of iterative decoding under variousstationarity (WSS) property of extrinsic information. The

scenarios. regular Gaussian approximation to extrinsic information was
Keywords - turbo, iterative, log-MAP,max-log-MAP, EXIT, ~ modified in [9] to incorporate the WSS property. In this
finite. paper, we will present some examples of decoders that can
produce WSS extrinsic information sequences. A probabilis-
|. INTRODUCTION tic model of iterative decoding will be proposed. Also, an

For over a decade turbo codes [1] and turbo decodingal.gorithm t_o obtain paCket éerror rate_ (PER) approximations
attracted much attention from the channel coding commu-WIII be dgnved. Wwe will ver|_fy the vql|d|ty of this approach
nity. Turbo codes achieve error rate performance close to theby studymg Q|fferent decoding a_lgon.thms gnd concatenation
limits predicted by Shannon. Moreover, these codes achieve>C€Naros. Bit error rate approxwpaﬂons .W'" not. be pursued
such good performance with reasonable complexity by the" tr_n_s paper but can be easily obtained with a small
use of a subtoptimal iterative decoding scheme. An exactm()d'f'cat'o.n from PER plo_ts. . .
analysis on the performance of turbo codes is currently out of The_outlme O.f t_he Paperis as follpws. The bas'c properties
reach due to the interleaving operation andddenocnature on Wh'Ch _the f|n|_te—EXIT method is based .W'” .be briefly
of iterative decoding. Therefore, various researchers offeredexm"’"ned in Section II. The error rate approximation method

classifications on the convergence characteristics of turboWIII be presented in Sectlons lIl and IV. Section V .W'”
be devoted to numerical results and the paper will be

decoders [2], [3]. These attempts to classify different modes . . i
of convergence brought out two basic modes of erroneousconcmde.(.j with _Sectlon VI.' Conyolutlonal component codes
operation of a turbo decoder [4]: Maximum likelihood (ML) and additive white Gaussian noise (AWGN) channel model

decoding errors and decoding failures. It is conjectured are used in this study. The original turbo code .stru.c_ture
in the literature that turbo decoders operate optimally at (overall rate-1/3, two component codes of rate-1/2) is utilized

high signal-to-noise ratio (SNR) region. ML decoding errors unless noted otherwise.
happen in this region and cause an error floor in the error
rate curves. The probability of ML decoding errors can be !l WSS PROPERTY OFEXTRINSIC INFORMATION
found by determining the distance spectrum of a code [5], Finite length decoding causes a random variation in the
[6]. Decoding failures occur when a turbo decoder fails to input/output relation of component decoders which are used
provide the optimal result. These errors occur prevalently atin the EXIT chart method. This variation of the IO relation
lower SNR where a rapid improvement in the turbo code can be accurately modelled by studying the statistical proper-
performance is observed (waterfall region). The likelihoods ties of extrinsic information. When the extrinsic information
of these two types of errors are combined to obtain the errorsequences are Gaussian and wide-sense stationary, the 10 re-
rate of a turbo code. lation can be modelled with a Gaussian random process. Due
In this paper, our focus is on the probability of decoding to space limitations, we cannot provide more information on
failures in the case of finite block length turbo codes. When this and thus refer interested readers to [4]. Conditioned on
investigated independently from other component decodersan I;,, value, the information content of extrinsic information
the isolated behavior of a component decoder help modelproduced by a decoder is Gaussian with some mean and
the turbo decoder based on the component decoders [7]yariance. The mentioned mean and variance can be obtained
[8]. Once the isolated behavior of component decoders arefrom practically large packets, say0,000 data bits. The
obtained, the EXIT chart method [8] can be used to obtain arandom model for iterative decoding process will be used in
threshold above which the considered system allows error-Section IV in order to obtain error rate approximations.
free communications for infinite block lengths. We will The finite-EXIT method is based on the wide-sense sta-
extend the use of EXIT charts to predicting the finite length tionarity of the extrinsic information from component de-
performance of iterative decoders. The method that usescoders. Most trellis-based soft decoding algorithms produce



extrinsic information with this property. The log-MAP and
max-log-MAP algorithms [10] are considered in this study.
Extension to other algorithms are possible.

[11. DECODING FAILURES AT FINITE LENGTHS

As it was mentioned in Section Il, the 10 relation of a
decoder is probabilistic. Although the EXIT chart method
cannot be of direct help for finite block lengths, the basic
idea can still be applied. The basic idea is to extract some
property from the 10 relations of component decoders that
can be used to predict the behavior of iterative decoding.

% correctly decoded packets obeying the rule

For the infinite length case, this property is stated as the ° ‘ E N, @)
intersection rule or I;, 5 > I;” [8], where Fig. 1
| K The percentage of correctly decoded packets that obey a
L=+ ; t~logg(1 + %) @ certain rule.

be determined. The-step rule also performs quite well in
the finite length case. The simplicity of this rule compared
to higher order rules should be kept in mind as well. Based
on all these arguments, we choose this rule to be used for
evaluating the probability of iterative decoding failure.

denotes the information content of the extrinsic information
sequence at iteratioh Through experimentation, we will try
to decide on such a rule to be used for finite block lengths
that is both practical and has good prediction capability.

In order to approximate the probability of decoding failure
in some way, a rule similar tol;» > I;” is necessary. In the
case of incorrect decoding (with regard to decoding failure),
the iterative process cannot go beyond some valug( b The extrinsic information produced by one decoder is
(information content of extrinsic information sequence) away fed as thea priori information to the other decoder in the
from I(E) ~ 1. Itis either stuck at a fixed point or oscillates next iteration. The Gaussian assumption assertsatfpaiori
around some point. In other wordg,F) takes values around  information sequences that are fed into a component decoder
a point. Therefore, any rule, be it 1 > I", “I;1o > at different iterations are independent. This suggests that the
I,” etc., can detect a decoding failure. Then, the accuracyextrinsic information produced by a component decoder at
of a rule is contingent on the frequency that the rule can any iteration depends only on the observation and @he
predict the correct decoding of a packet. For this purpose,priori information at that iteration. It does not depend on
we ran simulations to follow iterative decoding trajectories the a priori information at earlier iterations. Consequently,
and evaluate how frequently some given rules can predictthe Gaussian assumption implies a memoryless property in
correct decoding. iterative decoding so that paatpriori information can be

In Fig. 1 the percentage of correctly decoded packetsignored. This further implies thaf.1, as defined in the last
which obey a particular rule is plotted as a function of SNR. section, only depends ofy, when conditioned on a given
The rules arek-step rules such that decoding is deemed cor- observation. We will make use of this Markov property in
rect whenevel (E) keeps on increasing in evekyiterations. order to approximate the probability of decoding failure.

The turbo code has rate-1/3 and asymmetric. The generator Definition 1: Let {X,k = 1,2,3,...} be a discrete-

IV. A MARKOV MODEL FORITERATIVE DECODING

matrices of the component codes &re5/7) and([1,33/23], ~ time stochastic process with state spacé The
both in octal form.In general, it should be expected that rules conditional density function of X; is denoted by
that can allow more steps permit more failures to recover and/fx.,, |x., . .x, (I {Xe,k = 1,2,3,...} is said

thus should perform better. This is almost what is observedto be a Markov process when, for any collection of
in Fig. 1. Thel-step rule is quite bad. Th-step rule has ¢ <t2 <...<t, € T andz,za,...,2, € S,
a considerable performance improvement in comparison to
the 1-step rule. The3-step rule performs worse than tBe
step. (This is due to the asymmetry of 1O relations of the provided that both probability density functions exist.
component decoders and happens for every consecutive even By the above definition of a Markov process, the iterative
to odd number of iterations.) Thestep rule is better than decoding process represented by {lig} sequence forms a
the 2-step. However, the difference is not as striking as the Markov process. The transition probability function of this
difference between thé-step rule and thé-step. chain (f;, .1, (-|-)) is time-invariant and given by the 10
As seen in Fig. 1 all the rules perform better as the SNR relation. As discussed in Section Il, the probability density
increases. The-step rule 7,,5 > I,” is the rule by which function fr, |7, (-|-) can be approximated as Gaussian. By
the decoding threshold for infinitely large block lengths can this approximation, the state spaSeof this process is the

X%, xe, (TnlTn-1,...,21) = fx, |x, , (Tn]Tn-1),

n—1



range of normal distribution. The state sp&tis continuous
and thus hard to work with. A Markov chain is a Markov

process with finite state space and easier to work with. It is
shown in [12] that continuous state space Markov processes

can be discretized into Markov chains. We will simply use

and

Py = Z Py (7). ®)
i=1

These values can be effectively found by using matrix

this result without much elaboration. The range of interest operations as described in [9].

in our case is[0,1] since that is the domain of mutual
information function from which the information content
function is derived. Thus, we will take S to be bounded
from below and above by and 1 respectively. Bounding
S in this manner does not significantly affect the results

since information content of extrinsic information sequences

seldom lies out of0, 1].

The state spacé will be discretized and taken to be a
finite set. The effect of discretization levels will be inves-
tigated later. The following form of the partitions of the
interval [0, 1] will be considered,

S = U Qis
i=1

where ¢;'s are continuous intervals and have the property
that

)

®)

for all 2,y andi. The sety; will be referred to as the quan-
tization levelg; from this point on. We have the following
approximation to the transition probability from levgl to

qi

TEq,Y €y =T <Y,

SUPgeq; T

—0o0
fbupzeqi

infreq; T

) _
finfzeqi T fIk+1Uk (m|q])dm,

fIk+1|Ik($‘qj)dx’ 1=1

x - .
plk+1\1k(Qi‘Qj) = f1k+1|1k (x\qj)dx, I<i<n

1=n
(4)
. If the

il’lf;,_-eqj a:+sup1€qj T

for any k, ¢;, andg; whereg;

V. NUMERICAL RESULTS

For all the results that will be presented in this section, the
properties of extrinsic information sequences are obtained at
various SNR values with various values ff,. Based on
the properties of the extrinsic information, the 10 relation
for each SNR and/;,, value is found. In most cases, the
I, values in steps 00.1 are used and the IO relation is
obtained by interpolation. Since the IO relation is smooth,
this interpolation does not pose any threat and it effectively
reduces the complexity of the method.

A. Quantization

We will first explain the quantization method employed
and then present results on the effect of quantization. For
any quantization stepy.., we will have the following
quantization levels:

Qstep

Q1 = [07 2 )
Qste 3
g2 = [ 2p7§QStep)
3 (ste
dn—-1 = [Imaz - iqstepv Imam - 9 p>
qstep
n = Ima:n - s 1].
q [ 5 U

time-invariant nature of the chain is considered, then we can

simplify notation as

Pji = Pr 1 (€ilg5) = p(gilgs)- (5)

We will evaluate the likelihood of first decoding failure at
the it" iteration Py (¢). By the “I; 1o > I;" rule, a decoding
failure occurs at the'” iteration if I, , < I;. Define an
indicator function that determines whether any decoding
failure occurred up to iteratioh by

Nag (i) = {

We will slightly change the rule so that it will be assumed
convergence to correct decoding occurs wlign= g, i.e.,

I}, is large, andN g (k — 1) = 0 for somek. By this change,

g» becomes an absorbing state of the Markov chain, i.e.
pnn = 1, Which means that the chain stays indefinitely
in state ¢,, whenever the process enters it. By the above
definitions and explanations,

Pdf(i) = P(Il < I,;_g, Ndf(i — 1) = 0)

L,
0,

if E']I] <Ij,2,‘j§1
otherwise.

(6)

)

We will set1,,,, value t00.95 (rather thanl) in this study.
This value ofI,,,, was determined based on the simulation
results for determining the correct decoding rule. It was
observed that when a packet reacheB) ~ 0.95 it is almost
always correctly decoded. It follows from the description of
quantization that the smaller the numbgs., is, the finer
the quantization gets.

The effect of quantization is shown in Fig. 2. A symmetric
turbo code with component code generator mamx%] is
used. The three plots correspond to tRg estimates for
three different block length& = 256, 1024, and 4096. As
seen in all the plots, finer quantization increases Mg
estimate since more states will be deemed as failed in that
case. However, the estimate differences between different
values ofg,., are not very significant. The differences are
"also decreasing so that there is sign of a convergent behavior.
We will chooseg;s:., = 0.005 to be used for this paper. This
value of ¢, Seems to be sufficient since the error rates of
interest for the codes we investigate is up to packet error
rate PER = 1075,



K=256
T

o Ty~ 002
—— qstep_'o
.01

—k— qstep_
—+ qs(ep_'

@

107 | | | |

10

10° —— qslep:'

—+ qslep_'

P -
df 104

O L i i i i i
0.2 0.4 0.6 0.8
EblN0

Fig. 2
The effect of quantization oy estimation.

B. Error rate approximations

In all the simulations in this section, the turbo codes were
run for 100 iterations (each decoder is Atimes). At least
50 packet errors have been collected in all cases. We will first
consider a symmetric turbo code with component code gen-
erator matrix[1, 33/23], 1024 data bits and S-random inter-
leaving. Performance with two different decoding algorithms
are shown in Fig. 3. Simulation anféy estimate curves are
plotted with solid and dashed lines respectively. The lines
marked with "*" correspond to decoding with max-log-MAP
algorithm. The log-MAP algorithm performs aroufddB
better compared to the max-log-MAP algorithm. Thg,
estimates are found by obtaining the 10 relations for the
used component decoder. In both cases, Rlje estimates
closely follow the packet error rate curves in the waterfall
region. The).5dB performance difference is also seen in the
Py estimates.

As observed in the figure, thBy; estimate behaves as an
upper bound to the actudty. In the model we defined, it
was said that the rulel;, > > I;” does not perfectly predict
the correct decoding of a packet. Thus, the developed mode

PER
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Eb/ND
Fig. 3
Packet error rate estimates and simulation results of a
symmetric turbo code with two different decoding
algorithms.

estimate behaves like an upper bound.

We also consider serial concatenation of two convolutional
codes. The serial concatenation algorithm and the application
of EXIT chart method have been discussed in [13]. We
will directly apply our method following the studies for
asymptotically long serially concatenated codes. The serially
concatenated code of Fig. 4 is constructed by using the same
memory2 code with generator matrit, %]. 128 data
bits are fed into the first encoder ar2d6 coded bits are
generated. Thes256 bits are fed into the second decoder
to generateéb12 bits in total. The overall rate of the code is
1/4. No error floor is observed unti’P ER = 10~* for this
code. ThePy estimate is aboub.15dB off the simulation

curve for PER 1071,
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Fig. 4
Packet error rate estimates and simulation results of a

serially concatenated codé (= 128).

The estimates are withif.05 — 0.3dB of the simulation
results depending on the operation SNR of the code. There
are methods to predict the error floor of serially concatenated
codes [5]. However, use of almost any random interleaver in
b serially concatenated code results in a very low error floor

used with this rule offers a worst-case scenario so that itswhich makes the error floor and its estimate irrelevant for



most practical situations. In this respect, the result with the [9] A. O. Yilmaz and W. E. Stark, “Application of gaussian

serially concatenated code is especially important. The serial
concatenation example also supports the claim thatiyur

calculation method corresponds to a worst-case scenario and
thus acts as an upper bound.

VI. CONCLUSIONS

We developed a probabilistic model in order to charac-
terize the behavior of component decoders of an iterative
decoder. This characterization is based on the statistica
properties of the extrinsic information produced by com-
ponent decoders. We extended the EXIT chart method to
studying the performance of finite length iterative decoding
by introducing a Markov model of the iterative process.
The numerical results showed that performance of iterative
decoders can be accurately predicted by the introduced
model. We believe that this methodology can be applied to
many other iterative decoding systems in various scenarios
depending on the properties of the extrinsic information
sequences produced within the system.
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