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Abstract - Finite length analysis of iterative decoders
can be done by using probabilistic models based on EXIT
charts. The validity of these models will be investigated by
checking the performance of iterative decoding under various
scenarios.
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I. I NTRODUCTION

For over a decade turbo codes [1] and turbo decoding
attracted much attention from the channel coding commu-
nity. Turbo codes achieve error rate performance close to the
limits predicted by Shannon. Moreover, these codes achieve
such good performance with reasonable complexity by the
use of a subtoptimal iterative decoding scheme. An exact
analysis on the performance of turbo codes is currently out of
reach due to the interleaving operation and thead hocnature
of iterative decoding. Therefore, various researchers offered
classifications on the convergence characteristics of turbo
decoders [2], [3]. These attempts to classify different modes
of convergence brought out two basic modes of erroneous
operation of a turbo decoder [4]: Maximum likelihood (ML)
decoding errors and decoding failures. It is conjectured
in the literature that turbo decoders operate optimally at
high signal-to-noise ratio (SNR) region. ML decoding errors
happen in this region and cause an error floor in the error
rate curves. The probability of ML decoding errors can be
found by determining the distance spectrum of a code [5],
[6]. Decoding failures occur when a turbo decoder fails to
provide the optimal result. These errors occur prevalently at
lower SNR where a rapid improvement in the turbo code
performance is observed (waterfall region). The likelihoods
of these two types of errors are combined to obtain the error
rate of a turbo code.

In this paper, our focus is on the probability of decoding
failures in the case of finite block length turbo codes. When
investigated independently from other component decoders,
the isolated behavior of a component decoder help model
the turbo decoder based on the component decoders [7],
[8]. Once the isolated behavior of component decoders are
obtained, the EXIT chart method [8] can be used to obtain a
threshold above which the considered system allows error-
free communications for infinite block lengths. We will
extend the use of EXIT charts to predicting the finite length
performance of iterative decoders. The method that uses

EXIT chart for finite length analysis will be referred to as
finite-EXIT.

Finite-EXIT method is contingent on the wide-sense
stationarity (WSS) property of extrinsic information. The
regular Gaussian approximation to extrinsic information was
modified in [9] to incorporate the WSS property. In this
paper, we will present some examples of decoders that can
produce WSS extrinsic information sequences. A probabilis-
tic model of iterative decoding will be proposed. Also, an
algorithm to obtain packet error rate (PER) approximations
will be derived. We will verify the validity of this approach
by studying different decoding algorithms and concatenation
scenarios. Bit error rate approximations will not be pursued
in this paper but can be easily obtained with a small
modification from PER plots.

The outline of the paper is as follows. The basic properties
on which the finite-EXIT method is based will be briefly
explained in Section II. The error rate approximation method
will be presented in Sections III and IV. Section V will
be devoted to numerical results and the paper will be
concluded with Section VI. Convolutional component codes
and additive white Gaussian noise (AWGN) channel model
are used in this study. The original turbo code structure
(overall rate-1/3, two component codes of rate-1/2) is utilized
unless noted otherwise.

II. WSS PROPERTY OFEXTRINSIC INFORMATION

Finite length decoding causes a random variation in the
input/output relation of component decoders which are used
in the EXIT chart method. This variation of the IO relation
can be accurately modelled by studying the statistical proper-
ties of extrinsic information. When the extrinsic information
sequences are Gaussian and wide-sense stationary, the IO re-
lation can be modelled with a Gaussian random process. Due
to space limitations, we cannot provide more information on
this and thus refer interested readers to [4]. Conditioned on
anIin value, the information content of extrinsic information
produced by a decoder is Gaussian with some mean and
variance. The mentioned mean and variance can be obtained
from practically large packets, say100, 000 data bits. The
random model for iterative decoding process will be used in
Section IV in order to obtain error rate approximations.

The finite-EXIT method is based on the wide-sense sta-
tionarity of the extrinsic information from component de-
coders. Most trellis-based soft decoding algorithms produce



extrinsic information with this property. The log-MAP and
max-log-MAP algorithms [10] are considered in this study.
Extension to other algorithms are possible.

III. D ECODING FAILURES AT FINITE LENGTHS

As it was mentioned in Section II, the IO relation of a
decoder is probabilistic. Although the EXIT chart method
cannot be of direct help for finite block lengths, the basic
idea can still be applied. The basic idea is to extract some
property from the IO relations of component decoders that
can be used to predict the behavior of iterative decoding.
For the infinite length case, this property is stated as the
intersection rule or “Ii+2 > Ii” [8], where

Ij =
1
K

K∑

i=1

1− log2(1 + ezj
i ) (1)

denotes the information content of the extrinsic information
sequence at iterationj. Through experimentation, we will try
to decide on such a rule to be used for finite block lengths
that is both practical and has good prediction capability.

In order to approximate the probability of decoding failure
in some way, a rule similar to “Ii+2 > Ii” is necessary. In the
case of incorrect decoding (with regard to decoding failure),
the iterative process cannot go beyond some value ofI(E)
(information content of extrinsic information sequence) away
from I(E) ≈ 1. It is either stuck at a fixed point or oscillates
around some point. In other words,I(E) takes values around
a point. Therefore, any rule, be it “Ii+1 > Ii”, “ Ii+2 >
Ii” etc., can detect a decoding failure. Then, the accuracy
of a rule is contingent on the frequency that the rule can
predict the correct decoding of a packet. For this purpose,
we ran simulations to follow iterative decoding trajectories
and evaluate how frequently some given rules can predict
correct decoding.

In Fig. 1 the percentage of correctly decoded packets
which obey a particular rule is plotted as a function of SNR.
The rules arek-step rules such that decoding is deemed cor-
rect wheneverI(E) keeps on increasing in everyk iterations.
The turbo code has rate-1/3 and asymmetric. The generator
matrices of the component codes are[1, 5/7] and[1, 33/23],
both in octal form.In general, it should be expected that rules
that can allow more steps permit more failures to recover and
thus should perform better. This is almost what is observed
in Fig. 1. The1-step rule is quite bad. The2-step rule has
a considerable performance improvement in comparison to
the 1-step rule. The3-step rule performs worse than the2-
step. (This is due to the asymmetry of IO relations of the
component decoders and happens for every consecutive even
to odd number of iterations.) The4-step rule is better than
the 2-step. However, the difference is not as striking as the
difference between the1-step rule and the2-step.

As seen in Fig. 1 all the rules perform better as the SNR
increases. The2-step rule “Ii+2 > Ii” is the rule by which
the decoding threshold for infinitely large block lengths can
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Fig. 1
The percentage of correctly decoded packets that obey a

certain rule.

be determined. The2-step rule also performs quite well in
the finite length case. The simplicity of this rule compared
to higher order rules should be kept in mind as well. Based
on all these arguments, we choose this rule to be used for
evaluating the probability of iterative decoding failure.

IV. A M ARKOV MODEL FOR ITERATIVE DECODING

The extrinsic information produced by one decoder is
fed as thea priori information to the other decoder in the
next iteration. The Gaussian assumption asserts thata priori
information sequences that are fed into a component decoder
at different iterations are independent. This suggests that the
extrinsic information produced by a component decoder at
any iteration depends only on the observation and thea
priori information at that iteration. It does not depend on
the a priori information at earlier iterations. Consequently,
the Gaussian assumption implies a memoryless property in
iterative decoding so that pasta priori information can be
ignored. This further implies thatIk+1, as defined in the last
section, only depends onIk when conditioned on a given
observation. We will make use of this Markov property in
order to approximate the probability of decoding failure.

Definition 1: Let {Xk, k = 1, 2, 3, . . .} be a discrete-
time stochastic process with state spaceS. The
conditional density function of Xtn is denoted by
fXtn |Xtn−1,...,Xt1

(·|·, . . . , ·). {Xk, k = 1, 2, 3, . . .} is said
to be a Markov process when, for any collection of
t1 < t2 < . . . < tn ∈ T andx1, x2, . . . , xn ∈ S,

fXtn |Xtn−1,...,Xt1
(xn|xn−1, . . . , x1) = fXtn |Xtn−1

(xn|xn−1),

provided that both probability density functions exist.
By the above definition of a Markov process, the iterative

decoding process represented by the{Ik} sequence forms a
Markov process. The transition probability function of this
chain (fIk+1|Ik

(·|·)) is time-invariant and given by the IO
relation. As discussed in Section II, the probability density
function fIk+1|Ik

(·|·) can be approximated as Gaussian. By
this approximation, the state spaceS of this process is the



range of normal distribution. The state spaceS is continuous
and thus hard to work with. A Markov chain is a Markov
process with finite state space and easier to work with. It is
shown in [12] that continuous state space Markov processes
can be discretized into Markov chains. We will simply use
this result without much elaboration. The range of interest
in our case is[0, 1] since that is the domain of mutual
information function from which the information content
function is derived. Thus, we will take S to be bounded
from below and above by0 and 1 respectively. Bounding
S in this manner does not significantly affect the results
since information content of extrinsic information sequences
seldom lies out of[0, 1].

The state spaceS will be discretized and taken to be a
finite set. The effect of discretization levels will be inves-
tigated later. The following form of the partitions of the
interval [0, 1] will be considered,

S =
n⋃

i=1

qi, (2)

where qi’s are continuous intervals and have the property
that

x ∈ qi, y ∈ qi+1 ⇒ x < y, (3)

for all x, y andi. The setqi will be referred to as the quan-
tization levelqi from this point on. We have the following
approximation to the transition probability from levelqj to
qi

pIk+1|Ik
(qi|qj) =





∫ supx∈qi
x

−∞ fIk+1|Ik
(x|q̄j)dx, i = 1∫ supx∈qi

x

infx∈qi
x fIk+1|Ik

(x|q̄j)dx, 1 < i < n∫∞
infx∈qi

x
fIk+1|Ik

(x|q̄j)dx, i = n

(4)

for any k, qi, andqj where q̄j =
infx∈qj

x+supx∈qj
x

2 . If the
time-invariant nature of the chain is considered, then we can
simplify notation as

pji = pIk+1|Ik
(qi|qj) = p(qi|qj). (5)

We will evaluate the likelihood of first decoding failure at
the ith iterationPdf (i). By the “Ii+2 > Ii” rule, a decoding
failure occurs at theith iteration if Ii+2 < Ii. Define an
indicator function that determines whether any decoding
failure occurred up to iterationi by

Ndf (i) =

{
1, if ∃j : Ij < Ij−2, j ≤ i
0, otherwise.

(6)

We will slightly change the rule so that it will be assumed
convergence to correct decoding occurs whenIk = qn, i.e.,
Ik is large, andNdf (k−1) = 0 for somek. By this change,
qn becomes an absorbing state of the Markov chain, i.e.,
pnn = 1, which means that the chain stays indefinitely
in state qn whenever the process enters it. By the above
definitions and explanations,

Pdf (i) = P (Ii < Ii−2, Ndf (i− 1) = 0) (7)

and

Pdf =
∞∑

i=1

Pdf (i). (8)

These values can be effectively found by using matrix
operations as described in [9].

V. NUMERICAL RESULTS

For all the results that will be presented in this section, the
properties of extrinsic information sequences are obtained at
various SNR values with various values ofIin. Based on
the properties of the extrinsic information, the IO relation
for each SNR andIin value is found. In most cases, the
Iin values in steps of0.1 are used and the IO relation is
obtained by interpolation. Since the IO relation is smooth,
this interpolation does not pose any threat and it effectively
reduces the complexity of the method.

A. Quantization

We will first explain the quantization method employed
and then present results on the effect of quantization. For
any quantization stepqstep we will have the following
quantization levels:

q1 = [0,
qstep

2
)

q2 = [
qstep

2
,
3
2
qstep)

. . .

qn−1 = [Imax − 3
2
qstep, Imax − qstep

2
)

qn = [Imax − qstep

2
, 1].

We will set Imax value to0.95 (rather than1) in this study.
This value ofImax was determined based on the simulation
results for determining the correct decoding rule. It was
observed that when a packet reachesI(E) ≈ 0.95 it is almost
always correctly decoded. It follows from the description of
quantization that the smaller the numberqstep is, the finer
the quantization gets.

The effect of quantization is shown in Fig. 2. A symmetric
turbo code with component code generator matrix[1, 5

7 ] is
used. The three plots correspond to thePdf estimates for
three different block lengthsK = 256, 1024, and4096. As
seen in all the plots, finer quantization increases thePdf

estimate since more states will be deemed as failed in that
case. However, the estimate differences between different
values ofqstep are not very significant. The differences are
also decreasing so that there is sign of a convergent behavior.
We will chooseqstep = 0.005 to be used for this paper. This
value ofqstep seems to be sufficient since the error rates of
interest for the codes we investigate is up to packet error
ratePER = 10−5.
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Fig. 2
The effect of quantization onPdf estimation.

B. Error rate approximations

In all the simulations in this section, the turbo codes were
run for 100 iterations (each decoder is run50 times). At least
50 packet errors have been collected in all cases. We will first
consider a symmetric turbo code with component code gen-
erator matrix[1, 33/23], 1024 data bits and S-random inter-
leaving. Performance with two different decoding algorithms
are shown in Fig. 3. Simulation andPdf estimate curves are
plotted with solid and dashed lines respectively. The lines
marked with ’*’ correspond to decoding with max-log-MAP
algorithm. The log-MAP algorithm performs around0.5dB
better compared to the max-log-MAP algorithm. ThePdf

estimates are found by obtaining the IO relations for the
used component decoder. In both cases, thePdf estimates
closely follow the packet error rate curves in the waterfall
region. The0.5dB performance difference is also seen in the
Pdf estimates.

As observed in the figure, thePdf estimate behaves as an
upper bound to the actualPdf . In the model we defined, it
was said that the rule “Ii+2 > Ii” does not perfectly predict
the correct decoding of a packet. Thus, the developed model
used with this rule offers a worst-case scenario so that its
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Fig. 3
Packet error rate estimates and simulation results of a

symmetric turbo code with two different decoding
algorithms.

estimate behaves like an upper bound.
We also consider serial concatenation of two convolutional

codes. The serial concatenation algorithm and the application
of EXIT chart method have been discussed in [13]. We
will directly apply our method following the studies for
asymptotically long serially concatenated codes. The serially
concatenated code of Fig. 4 is constructed by using the same
memory-2 code with generator matrix[1, 1+D2

1+D+D2 ]. 128 data
bits are fed into the first encoder and256 coded bits are
generated. These256 bits are fed into the second decoder
to generate512 bits in total. The overall rate of the code is
1/4. No error floor is observed untilPER = 10−4 for this
code. ThePdf estimate is about0.15dB off the simulation
curve for PER< 10−1.
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Fig. 4
Packet error rate estimates and simulation results of a

serially concatenated code (K = 128).

The estimates are within0.05 − 0.3dB of the simulation
results depending on the operation SNR of the code. There
are methods to predict the error floor of serially concatenated
codes [5]. However, use of almost any random interleaver in
a serially concatenated code results in a very low error floor
which makes the error floor and its estimate irrelevant for



most practical situations. In this respect, the result with the
serially concatenated code is especially important. The serial
concatenation example also supports the claim that ourPdf

calculation method corresponds to a worst-case scenario and
thus acts as an upper bound.

VI. CONCLUSIONS

We developed a probabilistic model in order to charac-
terize the behavior of component decoders of an iterative
decoder. This characterization is based on the statistical
properties of the extrinsic information produced by com-
ponent decoders. We extended the EXIT chart method to
studying the performance of finite length iterative decoding
by introducing a Markov model of the iterative process.
The numerical results showed that performance of iterative
decoders can be accurately predicted by the introduced
model. We believe that this methodology can be applied to
many other iterative decoding systems in various scenarios
depending on the properties of the extrinsic information
sequences produced within the system.
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