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Overview

In this chapter we’ll consider the following probability
distribution functions used in Nuclear and Particle Physics:

Distibution Function
= Uniform Distribution
= Exponential Distribution
= Binomial Distribution
= Poisson Distribution
= Gaussian Distribution
= Landau Distribution
= Breit-Wigner Distribution
= Student’s t Distribution
= X2 Distribution

In Root TRandom Class

Double t Uniform(Double t x1 = 1)

Double t Exp(Double_t tau)

Int t Binomial (Int_t ntot, Double_t prob)

Int t Poisson(Double_ t mean)

Double_ t Gaus (Double t mean=0, Double t sigma=1l)
Double_t Landau(Double t mean=0, Double t sigma=1l)

Double_ t BreitWigner (Double t mean=0, Double t gamma=1)
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Uniform Distribution

1 <x<b
f(x;a b) =4 b2 a_x_' L
0, otherwise b—a
a+b 0
<x>:ﬂx=E[X]=T ! b
, (b—a)?
o =V[X]=
12
pitch
L
Example: readout strips
Silicon strip detector: \ /
resolution for one-strip clusters: 4

O

4 Ly v L[ L
B pItCh semi—conductor
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Exponential Distribution

1,—x/§ >0
e X
f(x; f) =<5 .
0 otherwise

<X>:/Ux =E[X]=¢

o2 =V[X]= &

Example:
Decay time of an unstable particle at rest:

f(t,7)= le_”f
T

o 1
5
< et
0.8 =2
.......... §=5
0.6
\\
04 + *~
\\
0.2 NG .
0 L —
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X
Muon lifetime distribution
$220:I IIII‘III\lII\IlIIIIlIII\_i
= 200f E

Fit to data [Aexp(-tiz)+B]

1= 234+ 0.16 us

Entries = 622
¥&ndf = 0.78

SR e E e

15 20 25 30

Time (us)

http://wwwl.gantep.edu.tr/~bingul/muon
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Binomial Distribution

The binomial distribution function specifies
the number of times (k) that an event occurs

015

in n independent trials. If p is the N

probability of the event occurring in a .

single trial, then: [ ]} J ‘ | L,
f (k’ n’ p) = (n _ k)'kl p (1_ p) puljr};ll?al I:Ihll.rnlaj,‘.ll::'nl Dﬂfﬁﬂgreenj and p = 0.8 (red)

(X) = atx =E[X]=np
o’ =V[X]=np(l- p)

* Use binomial distribution to model processes with two outcomes: success or failure
* Trials are independent
* p is constant from one trial to another.

Example:
Detection efficiency (either we detect particle or not).
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Example 1

A coin is thrown 30 times.
(a) Calculate the mean (expected) number heads and standard deviation

(x)=np =(30)(0.5) =15
o =,/np(l- p) =+/(30)(0.5)(0.5) =2.74

(b) Imagine you observed 20 heads. Compute how many standard deviations your
observation differ from the mean value. Is the coin fair?

20-15
2.74

N —1.83 N < 3 sigma

20 heads is consistent with 15 => the coin is fair

(c) Imagine you observed 30 heads. Compute how many standard deviations your
observation differ from the mean value. Is the coin fair?

30-15 N > 5 sigma

=2.47

N : . .
274 20 heads is not consistent with 15.

Discovery => the coin is not fair
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: - - - 0.40 . . .
Poisson Distribution P o a1
In the binomial equation, if the 030} ‘ i:‘l'ﬂ ]

o =
probability p is so small then the < 0.251 | 1
. . . . | .
distribution of events can be approximated x 0.20r L ee
o P
by the Poisson distribution. 0.15- & % __
o10f /| e~ %\U
~2 9k ’
e A 0.0} / % e a_ _
f(k,A)= T e %,
0.00 Leaocl Tma ool nma Do |
U0 5 10 15 20
k

<X>=,ux =E[X]=41
o’ =V[X]=1

Examples:

* Clicks of a Geiger counter in a given time interval

* Mean number of p-p interactions per bunch crossing at LHC (pile-up events)
* Number of atmoshperic muons passing through unit area per unit time

* Number of photons generated in Cherenkov Radiation process
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CATLAS o
.@.‘.E»XPERIMENT

Run Number: 201283, Event Number: 24151616

Dare: 2012-04-1S 16:52:58 CEST

Delivered Luminosity [pb/0.1]

: Pl B
10 15 20 25 30 35 40 45 50
Mean Number of Interactions per Crossing

Something deep and
subtle, with the number
of taps per second based

/" "

oy , the average
number of collisions per
proton-bunch crossing in
2015, Here it's




Flux of cosmic muons

Flux

Count

40

35
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Entries 400
Mean 185

RMS  13.37

Gaziantep
2015

0 140 160 180 200 220 240 260
Flux(cm?s)
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Example 2

Inefficency of a muon detector is 1%. Determine the probability of detecting single
Higgs Boson from the decay channel: H 2 ZZ* & p*y- uty

A=np=(4)(0.01) =0.04
e—/l/lk e—0.040.044

p(k,A) = =1x10"'
k!
k Probability Hle Edt View et Toos Deskiop Window Hep
0 0.960789439152323 SR LT T
1 0.038431577566093 o
2 0.000768631551322 o
3 0.000010248420684 o
4 0.000000102484207 o
Hence, we can detect H with o
%96 probability. O o5 1 s 2 25 o a5
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Example 3

If the velocity of a charged
particle is larger than the
velocity of light in the medium
v > ¢ / n (n: refractive index),
it emits ‘Cherenkov Radiation’
with cone angle:

1
Cos 6. :@ (f=vl/c)

Number of photons generated (N)
per unit length (dx) for the
wavelength A can be found from:

d*N _ 2na 1 1
dxdA #cA*  p°n’?
Do not forget dispersion,

l.e. n =n(A)

with velocity g2 g, : n:refractive index

" [tand
I
AV -
. 444 C /I-
) L A4 00
L., =(c/m)At L2240 ) 1
gm 0 el kU\((' m
> ”,)
=3¢ \
l et l/&f/é}::“ with n=n(A)=>1
et
< ® Cherenkov L
E Py . Oc =0 Soocraid B O arccos—  ‘saturated’ angle (p=1)

Problem: Calculate number of generated photons/cm
for the visible light (400-700 nm) in water (n=1.33) for
charged particle of veloctiy beta ~ 1.

700nm

N _ | en (1— = Zjdf —215/cm
dx . 137 1.33° ) 24

If dx =2 cm => N = 430. Dist. of N for 1000 particles:

g -
T

120 —

100

B0

&0

Entries

40

360 380 400 420 440 460 480 500
N
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Gaussian (Normal) Distribution

In Statistics, if the number of events is very large (n>30),
then the Gaussian (normal) distribution function may be
used to describe nearly all events.

The Gaussian distribution is a continuous
Random Variable of the form:

1 eé[xaﬂf mean: U

X)) =
P guss{X) oy

std.dev: o
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= mnean

standart deviation

u
g =
X )=
ganss( X) o2 T = 3.141593
e = 2.718281
vofl | LI LI AL R LN RERE RSN
' U=0, T%=02,=——
| "1\ H=0, O%=10,— 1
0B p=0, @3=50,—
=-2, 0=(5, =
EE:DE-
= |
= 04
DE.
0a | | | l l | |
_]_I
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Properties of Gaussian Function

e
pgau.r.r(x) — O'@ € 2[ ]

p(x) =0 +jzop(x)dx=1

<x>=E[X]= +j)oxp(x)dx = U

2 T(X_ﬂ)z 0(x)dx j p(x)dx = P(a < x<h)
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Binomial
B(k; n,p)

n —oo,p—0,np=A2fixed

>

n — oo A— o0

Normal

N(x; p, o)

Poisson
P(k;1)
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Binomial Approximation to Gaussian Function for p = 0.5

0.5 0.5 - - - - 0.A
f =4 h =5 h =k
04t . 0.4}
03t 0.3t
02t 02t
01t 0.1t
0 : O 0
0 1 2 3 4
0.4 - - - - 0.A - - - 0.A
n =10 n =20 n =30
0.4t . 04t . 0.4t
0.3t . 03t . 0.3t
02t . 02t
g1t
]




Example Normal Distributions

= Here we will examine some interesting real data whose
values are distributed normally.

= For each example, histogram of the data is fitted to a
Gaussian Function.

Sayfa 17



Annual Rainfall (1960-2012)

Turkiye Geneli Yillik Yagislar (mm)
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Annual Rainfall (1960-2012)

Mean . <x>=651.10 mm
Std. Dev.: o0 = 74.35mm
Annual rainfall in Turkiye (1960-2012) Entf:.istngram -
— Mea:is 651.1
L= RMS 74.35
-
=
6F- / \\
F / N
4 \
32— /
2F \
1 ./// N
E"’.H. | | | | | ~

1 1 1 1 1 1 1 1 1 1 | | I | N —
700 750 800 850
rainfall (mm)

I ol P e b e
250 500 550 600 650

Data: http://www.mgm.gov.tr
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Air temperature in Istanbul for the last 105 years.
Mean temperature: <x>=21.97 °C

Std. Dev. o0 = 1.12 °C
Istanbul’'s temperature (June) histogram
Entries 105
25— Mean 21.97
B T RMS 1.119
/\
15— \
10— // \
\
- ) X
N / \\
= T T IR I IR I i o S I I
qB 19 20 21 22 23 24 25 26 27 28

Degrees Celcius

Data: http://data.giss.nasa.gov/tmp/gistemp/STATIONS/tmp 649170620000 14 O/station.txt
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“EP106 General Physics |I” Course exam results (2010)

Mean score: <x>=49.0
Std.Dev. : o =179

General Physics Exam Results histogram
Entries 729

C Mean 49

80— RMS 17.86
- ; AN

70— N
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0

Data: http://www1.gantep.edu.tr/~physics/ep106/exam-statistics.php

Sayfa 21



Background Radiation in Gaziantep (2013)

Mean : <x>=101.3 counts / sec
Std.Dev. : o0 = 2.5 counts/sec
Background radiation histogram
Entries 1840
M 101.3
300 — Rr?qasn 2.461
250
. f
200
- / \
150— / \
100 / \\
o / l&c
0:' j AR S N R W SR R BT |
90 95 100 105 110
Counts/s

Data is obtained by: Research Assistant Sadik Zuhur (University of Gazaintep)
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Tracker Resolution of ALEPH Detector (p — py,e distributions
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Tracker Resolution of ALEPH Detector

(o

P

= resolution = width of Gaussian)
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Standard Normal Curve

The normal distribution function for

M=0ando=1

IS called the standard normal distribution function.

f (X) = %exz’z ~ 0.4exp(—x°/2)
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Standard Normal Curve
H=20

0.4

.35

-3

.25
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0.3 0.4

0.1 0.2

0.0

34.1%| 34.1%
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Area Under the Curve

Total area under the standard normal curve is 1.

f(X) = o

J2r

o0 0.4

jfumx=1 -

—00 0.3

0.25%




Area under the standard normal curve between [-1, 1] Is:

1
1 —x?/2
——e" “dx =0.6827
;“1\/272

0.4

0.35

This corresponds
+- 1 sigma

0.25%




Area under the standard normal curve between [-2, 2] Is:

2
1 —x%/2
——¢ " "“dx =0.9545
_"-2\/2%

0.4

0.35

This corresponds
+- 2 sigma

0.25%




Area under the standard normal curve between [-3, 3] Is:

3
1 —x%/2
——8 dx =0.9973
_‘[,)\/272'

0.4

0.35

This corresponds
+- 3 sigma

0.25%




Area under the standard normal curve between [a, b] Is:

Jor

Tie‘xz’zdx = ®(b) - D(a)

0.4

0.135

The values of the 0.3
function phi(x) 0.25
can be taken from 0.2

a table or from the 0.15
figure on next page. 0-1




1.05

0.95
0.9
0.85
0.8
0.75
0.7
0.63
0.6
0.55
0.5
0.45
04
0.35
0.3
0.25
0.2
0.15
01
0.05

PHIG

0.05
4

Cumulative Distribution Function for Standard Normal Distribution
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Example 4

1 Zf’
0.4
0.35
0.3
0.25

0.2

0.15

e '2dx = ®(2.3)-d(~1.2) =0.99-0.12 = 0.87
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Example 5

Mean weight of 500 male students at a certain university is 72 kg and the standard
deviation is 5 kg. Assuming that the weights are normally distributed, find how

many students weigh: - Wights of 500 male students
(a) between 66 and 75 kg (Answer: 305)
(b) more than 80 kg (Answer: 27) ZZ:
(a) Convertion to standard normal values ooz
a=(66-72)/5=-1.2 oo
b= (75-72)/5=0.6 Yo e s 0 75 B 8 W %W

“12dx = ®(0.6) - D(~1.2) = 0.6107

p\/—je

N = (500)(0.6107) = 305
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Why are Gaussians so useful?

Central limit theorem:

When independent random variables are added, their properly normalized
sum tends toward a normal distribution even if the original variables
themselves are not normally distributed.

More specifically:
Consider n random variables with finite variance o;? and arbitrary pdfs:

y=3 x — — 0, yollows Gaussian with E[y] = > pi Viyl=) o7
i=1 =1 i=1

Measurement uncertainties are often the sum of many independent
contributions. The underlying pdf for a measurement can therefore be
assumed to be a Gaussian.

Sum or difference of two Gaussian random variables is again a Gaussian.
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A: x taken from a uniform PD in [0,1],
with y=0.5 and 02=1/12, N=5000
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L. Landau, J. Phys. USSR 8 (1944) 201

L an d aU Dl St rl b U tl O n W. Allison and J. Cobb, Ann. Rev. Nucl.

Part. Sci. 30 (1980) 253.

15 -

f(x)= lje‘“'”“‘x“ sin(z u)du
7T 0

TRandom: : Landau (mu, sigma) 10 4
Root generates random number following a Landau distribution
with location parameter mu and scale parameter sigma (Xx-mu)/sigma. s |

Note that mu is not the mpv and sigma is not the standard deviation
of the distribution which is not defined.

For mu =0 and sigma=1, the mpv =-0.22278 A
Example: 1400 - : e
* i gL Results from th .
Describes energy loss of charged = ik e . -
: . . . 21200 -
particles in a thin layer of material. s S ]
Tail with large energy loss due to gmoo} ]
occasional cration of delta rays. [ .
800 — ;i
6005— "
400; -

10" 10
LAB momentum, GeV/c



Breit-Wigner Distribution

1 r
21 (E — M)2 + (T /2)2

f(E;M,T) =

« Breit-Wigner = Cauchy = Lorentzian
« Mean and std is not defined!

Example: ¢ - K*K~ Decay
Production cross section of a
resonance with mass M

and width I" (full width at half maximum)

0.3

0.2

0.1

0.8 T I I T

06 r

04

0.2 r

q] = K' K candidates

b) 0.06<X,<0.08
DELPHI




Student’s t Distribution

Xq,- - - X, are selected from a normal distribution with mean p & StdDev o
| 1 — 1 .
Samp e mean and. %= Z Xf 52 — Z(Xf B 2)2
estimate of the variance: n<— n—1 —
X~ I - follows standard ;. XM follows Student's t distr. with -1
o/+/n normal distr. (u=0, o=1) " &/+/n degrees of freedom
, Ealne @ 0.40
Student's t distribution:
0.35
v+l
e £2Y 2 0.30}
F(E ) = (5 ),/ <1+—)
Vvrrl(s) v Qo.zs-
With v = n — 1 for n measurements; |
t-distribution can be used to construct a 0.15¢
confidence interval for the true mean 0.10
) 0.05
v =1: Cauchy distr.
0.00'

v — 0o : Gaussian




X? (chi-square) Distribution

Let X4, X, . . ., X, be nindependent
standard normal (u = 0, 0 = 1) random
variables. Then the sum of their squares

n
zZ = E X;Q
i=1

follows a x2 distribution with n dof
(degrees of freedom).

x2 distribution:

Sn/2-14-2/2
f(z;n) = 20T (1) (z>0)
(z) = p, =E[z]=n
o’ =V[z]=2n

0.5
— n=1

0.4 - n=2

n=>5
03 r n=10

\

0.2 F
0.1 F
0 sengd L

15 20

Example:
Quantifies goodness of fit:

V2= i (y,- J’:(Xf))z

=1
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