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NOTE: k is a field in all questions below.

1. (15 pts.) Use lex order with x > y and perform the Division Algorithm to divide f = x?y+2y3 +32%y®
by (f1, fa, f3) in Q[z,y] where fi = 2%y® + 2 +2, fo = 2y® + 2y and f3 = y* + 3.



2. (15 pts.) Fact: {g1,92,...,9-} C I is a Groebner basis of an ideal I C k[z1, 22, ..., z,] if and only if for
every f € I there is at least one g; such that LT (g;) divides LT(f).

Use this fact to show that {g1, g2, g3} is not a Groebner basis of I = (g1, g2, 93) C Rz, y, 2] in grlex order
with 2 >y > z where g; = 2%y + y?22 + 2, go = 2* + 229*2 + 1 and g3 = 2%y? + yz + 2.

3. (10410 pts.) a) For any monomial order > show that LT(f - g) = LT(f) - LT(g) for any nonzero

polynomials f and g in k[z1, 29, ..., 2p].

b) Let I = (g) C k[z1,...,x,] where g # 0 be a principal ideal. Show that if G is a finite subset of I

containing cg for some ¢ € k — {0}, then G is a Groebner basis of I.



4. (3 x 9 pts.) a) Let W = {(¢5,¢3,¢?) € k®|t € k}. Show that W = V(2® — 5 2% — 2°,y% — 23). (Hint:
it may help to write s = Y when 2 #0).
z

b) Show that zy — z* € I(W) — (2% — ¢y°, 2% — 25,9% — 23).

c) Show that if f = x%y32% + y523 + 25, then f ¢ (2° — 5,22 — 25,92 — 23).



5. (15 pts.) Let S C k[z1,...,2,] be an infinite set of polynomials (S can be countable or uncountable)
and let I = (S) be the ideal generated by elements of S in k[z1, ..., z,] (I consists of elements of the form
hifi + hafo+ -+ h,fr where f; € S, h; € k[z1,...,z,] and r € N).

Show that there is a finite subset {g1, g2, ..., gm } of S such that I = (g1, 92, ..., Gm)-

6. (2x4pts.) Let W =V(f1,f2), Y =V(g1,92) and Z = V(hy, h2) be affine varieties in k™ where f;,
g; and h; are in k[zq,...,x,]. In part (a) and (b) below, write a system of polynomial equations whose
solution set is the given set. No explanation is necessary.
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