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1. (8+12 pts.) 2) Find two solutions of 2% - 18y? = 25 in positive integers. (You can use 18 = [4,4, &]).
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b) What is the set of all solutions of 22 — 18y% = 2357 \"5
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2. (10 pis.) Solve the syster of equations &7 + y* = z%, a - y -+ z = 90 in positive integers.
Creyz) e golubien € ( 9/%,2\ BESRVITAN T Al
o sty =7 -t y o PTARIN &L

0T g "t (ed 2
$ e

. a
Ty YA v ntvedhopge v @

Twop .
L (20 P ) = Lo (=90 = L (546 Y 245

THAYrL T g
. Gt ec C by Cll\

voy oo s (5PN ES g bl e (B 0 5 39
\u_")’\d%-ft\‘ig S—,,‘sf(,—,’)_ = (T(\\[Z\: (’SE,XGJI\%\G( (35,00
L-5 sy 50k MY nog bonyty,
L.g o s(8+EYZ5 “won

. _ N .
b-3b =) S{S*t\’% : e 0

L. 4G sk =)

3. (5+10 pts.} a) Fill in the blanks with appropriate Gaussian integers (no explanation is necessary):
Let a & Z[{] be a Gausslan prime. If N{a) divides a power of 3, fhen a is an associate of 3 .

If N(a) divides a power of 3, then o is an associate of either ¢ or 27,

If N(a) divides a power of 13, then a is an associate of either B3Zior L2

b} How many distinct Caussian integers 5 are there such that N(8) = 3% - 5. 13%7 (Hint: Consider the

factorization of 8 as a product of Gaussian primes. What can you say about the norms of these prime
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4. (10 prs.) Show that Jogy = Z\/~21] is not & UFD (Hint: Factorize 22 in J_p ).
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Sq 5. {3 % 6 pts.) a) Factorize the principal idea) (5} as a product of prime ideals in I}y = Z[/10.
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¢) Show that if n is odd, then the equation 2 — 10y? = 5" has no solution (z, ¥} € Z°.
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6. (12 pts.) Show that /19 = ZfMJ is a UrD (Hint: Use the theorem on Minkowski constants}.
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7. (847 pts.} a) Let p £ Z be a prime. Show that if p does not divide d and d is a squarefree integer,
then either the principal ideal (p) is a prime ideal or (p}) = a8 for twoe (not necessarily distinct) prime

ideals a and 4 in the ring of integers Iy of the quadratic extension Q{\/d).
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b) Assume (p) = cu,B as in part {a) above and suppose o £ 3 1n [;. How many ideals & are there in [y
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