MATH 594 Theory of Special Functions

Homework 1 (Generalized equation of the hypergeometric type)

Exercise 1 Verify the expression (1.11) in Remark 1.1(3i).

Exercise 2 Consider the possibility (ii) in Remark 1.1, i.e.
u”" + F(2)u' + 5 (2)u =0

where & (z) — 17%(z) is linear. In this case, choose 7(z) = 0 in (1.5) and show
that the generalized EHT in (1.6) takes the simple form

y' + (az +b)y=0 a,be C.
Then use the substitution s = az+ b to obtain a special case of the equation

d?y 1-2ady a? — 1242
a7y = y—1\2 =0
ds? + s ds | By + 52 Y

known as Lommel’s equation. Check your result whether it is indeed a par-
ticular Lommel equation. (Note: The Lommel equation can be transformed
to the Bessel equation so that its solutions are closely related to the Bessel
functions.)

Exercise 3 Following Example 1.1, find out the other forms of the Bessel
equation transformed into EHT.

Exercise 4 Verify the differential equation (1.12) and the definitions (1.13)
in Theorem 1.1.



