EXERCISE SET #2

Definition: Let (X,,Y,) be an interior point of the domain of definition D of a function
u=u(x,y). The limit of u=u(x,y) as (x,y) approach (X,,Y,) issaid to be L,

Ilm(XYY)—>(X0,y0) U(X, y) = I—1

if for every number € >0 there is a corresponding number & >0 such that,

if (x,y)eD and \/(x—xo)2+(y—yo)2 <38, then |u(x,y)-L|<e.

Definition: A function u=u(x,y) is called continuous at (X,,Y,) , if

Iim(XxY)*(Xuv)’o) U(X, y) = U(XO’ yO) .

Here the limit value needs to be independent of the way in which (x,y) approaches (X,,Y,) -

Definition: A function u=u(x,y) is differentible at (X,,Y,), if
Au =u(X, +AX, Y, +Ay) —u(X,,Y,) can be expressed in the form

AU =U, (Xo, Yo)AX +U, (Xg, Yo)AY +&,AX +€,AY
where ¢, and ¢, >0 as (Ax,Ay) — (0,0).

Theorem: If the partial derivatives u, and u, exist near (x,,y,) and are continuous at
(X0, Yo) » then u is differentible at (x,,Y,) -

Definition: The derivative of f at z, is defined as

f(2)-f(z0)
7-274

f'(z,) =lim,_,
provided that the limit exists and z, is an interior point of the domain of definition of f . Here

the limit value needs to be independent of the way in which z approaches z,,.

Definition: f(z) =u(x,y)+iv(Xx,y) is said to satisfy the Cauchy-Riemann equations if

u,=v, and u,=-v

X"

Differentibility: Let f(z) =u(Xx,y)+iv(X,y) be defined throughout some neighborhood of a

point z, = X, +1y, . For f to be differentible at z,,

(i) it is necessary that the Cauchy-Riemann equations be satisfied at x,,Y,;

(i) it is sufficient that the Cauchy-Riemann equations be satisfied at z,, and that u and v be
continuously differentible in some neighborhood of z,.

If fis differentible, then f' is given by any of these four equivalent expressions:
f'=u, +iv, =u —iv, =u, —iu, =V, +iv,



Definition: Suppose f(z) is differentible at z, and throughout some neighborhood of z,, then
it is analytic at z,. If it is not analytic at z,, it is singular there. If it is analytic at each point of

aregion D, then it is analytic in D.

Definition: If f(z) =u(X,y)+iv(X,y) is analytic in a domain D, then u and v are harmonic in
D, i.e. they are twice continuously differentible and they satisfy the Laplace equation
2 2
Viu=u, +u, =0, Viv=v, +v, =0
in D. Note that If f(z) =u(X,y)+iv(X,y) is analytic, then the harmonic functions u and v are

a related pair by Cauchy-Riemann equations. They are refereed to as conjugate harmonic
functions..

Cauchy’s Theorem: If f(z) is analytic in a simply connected domain D, then <.f>cf(z) dz=0 for

every piecewise smooth simple closed curve C in D.

Fundamental Theorem of the Complex Integral Calculus: Let f(z) be analytic in a simply

connected domain D, and let z, be any fixed point in D. Then

(i) G(2) = j f(£)d is analytic in D and G'(2) =f(z).
(ii) If F(2) ia any primitive of f(z), i.e. F'(z) =f(z), then LZ f(&)de=F(z)-F(z,) .

Cauchy Integral Formula: Let f(z) be analytic in a simply connected domain D, let C be a

piecewise smooth simple closed curve in D oriented anticlockwise, and let z, be any point
within C. Then
gS 1@ 47 = 2nif (z,) .

C

Furthermore,

f2) 7 = 2d f(n)(zo)

(Z—ZO )n+l

1. Find the limit, if it exists, or show that the limit does not exist.

H 3 2y ,2 H —Xy H 4—xy
() fimg, ) 0 (5% =X7Y*), (b) limg,, )€™ COS(X+Y), (€) L vl
(d) lim In “y , (e) lim X () lim Sy cosx
(X,Y)>(10) (X9)(00) X124 * ()(0.0) ~xipyt
: y2sin?x : _Xyy Xy i) i Xyt
@ My 00 Sy () MG a0 sy ) 1M 00 vl ) imM ) 0.0) ey

. x2yeY . x%sin?y . x2+y?
() Mg )00 7z ) My 00 Sy (M) MG 00 Foyaa’

- Xy4
() Mg, )00 70y

Ans.: (a) 1, (b) e, (c) 2/7, (d) 0, (&) DNE, (f) DNE, (g) DNE, (h) DNE, (i) 0, (j) 0, (k) DNE, () 0, (m) 2, (n) DNE.



Determine the set of points at which the function is continuous.

(@) 25 () cosTx—y, (0) 252, () %%, () In(x*+y* -4), () tan” (5]

1-x“-y

" { XY if (x,y) #(0,0) (){Xz+g+yz if (x,y)#(0,0)

1 if (x,y)=(0,0) 1 if (xy)=(0,0)

Ans.: (a) everywhere, (b) {(x,y)ly<x+1}, (c) {(x,y)\x2+y2¢1} L(d) {(xy)[x#0,y =0}, (e) {(x,y)\x2+y2>4},

) {xYly=—x}, (@ {(xy)x=0,y=0}, (h) {(x,y)|x=0,y=0}.

Explain why the function is differentiable at the given point.

@ 1+xIn(xy=5), (2,3),(b) x’y*, LD, (©) &. (21, (d) Vx+e¥; (30).
Ans.: The function is differentible for (a) {(x,y)\xy>5}~ , (b) everywhere, (c) {(x,y)\y;t—x} , (d) Both 0, and 9, are continuous near
30,

. Show that the function is differentiable by finding €, and &, that satisfy the definition of
differentiability. (a) x*+y?, (b) xy—5y°.

Ans.: (a) g, =AX, &, =4y, (b) g =Ay, &, =-bAy.

Determine where f(z) = (X +ay)? + 2i(x —ay) is analytic for real constant o.

Determine f'(z), where it exists, and state where f is analytic and where it is not.
@) @-22°)°, (b) (x+iy)/(X*+Y?), (c) |z|sinz, (d) (2> +3iz-2), (e) 1/ (z*+1),
(f) x+isiny, (g) 2, (h) vz, (i) 1/\/z , both defined by the branch cut (o, 0]

Ans.: (a) everywhere, (b) nowhere, (c) differentiable at z=nm, n=0,£1+2 ; analytic nowhere, (d) analytic everywhere except
atz=-i,-2i, (e) analytic everywhere except at Z:*l,%(lii\ﬁ) , (f) differentiable along the lines y=x(2k+1)%, k=0,12,... ;
analytic nowhere, (g) everywhere, (h) & (i) everywhere in the cut plane.

Let f =u+iv be differentible with continuous partials at a point z=re, r=0. Show
that the polar form of the Cauchy-Riemann equations is
ou_1lov and ov lou

o ro0 o roo
Use the polar form above to verify the analyticity of the function

2 2
f(z)= Yy —X . 2Xy

| .
Cry)e Yy

. Show that the Cauchy-Riemann conditions (equations) are satisfied by
-y )+ I(x +y )

f(z)= x> +y’
0, z=0

z#0

at z=0, but that f is not differentible at that point. Thus conclude that Cauchy-Riemann
conditions are insufficient.



9.

10.

11.

12.

Let C:z=2z(t), a<t<b, be a regular arc and let z be a particular point on C and let
z+Az=z(t+At) e C. The directional derivative of a function f, defined at least on C, at z

in the direction of the arc is defined by

, . f(z+Az)-1(2)
f.(z)=Ilim
C( ) zAiX;%c AZ

provided that the limit exists.

Show that f.(z) =f, +f,e " where z'(t) =X'(t) +iy'(t) =|z'(t)|e". Thus conclude that if
f, # 0 then the directional derivative of f at z depends on 6 where the value |f,| is called
the deviation from analyticity. Here prime denotes differentiation wrt t.

Hint: Recall that df =f,dx+fdy, f, =3(f —if,), and f, =3(f, +if,) , so df =f,dz+f,dz . And that f'=(f,z' +1,Z)/Z'

Determine whether or not the given function u is harmonic and if so, in what region. If it
is harmonic, find the most general conjugate function v and corresponding analytic
function f(z) =u+iv expressed in terms of z.

(@) e*cosy, (b) e*sin2y, (c) x*—3xy?, (d) r’sin30, (e) r’cos20+4, (f) r,
(g) xcos2xcosh2y+ysin2xsinh2y, (h) x* +y~.

Ans.: (a) f(z)=¢€*, (b) f(z)=—€%, (c) f(2)=2°, (d) f(2)=—iZ".

Let C be the unit circular path centered at origin traversed in the anticlockwise direction in
the complex plane. Show that for 0<k <n

n ! n
k) ki(n-k)!' 2miy z*
Show that Green’s theorem in the plane

Sf{udx+vdy}:g[%—%quxdy

where u and v are two real-valued functions having continuous partial derivatives on a
domain D containing an open set © and its boundary C, can be expressed by

e[ of . of
?f(z)dz=|g[a—x+|5]dxdy

in the complex plane for f(z) =u(Xx,y)+iv(Xx,y) . Thus, show that

qSZdz = 2ix Area enclosed by C.
C

13. Evaluate the following line integrals



14.

15.

16.

@) Ic|z|2dz; C is a straight line from 0 to 1+i, (b) _[cidz; C is the same as in (a), (c)

'[C|z|2 dz; C is a clockwise semicircle from 2 to -2 centered at 0, (d) '[c dz/z; C consists of
piecewise line segments from 1to 1—i, from 1—i to —1-i, from —1-i to -1,

(e Icezdz; C consists of piecewise line segments from i to 1+i, from 1+i to 1-2i,

)] L Re(z)dz; C is a clockwise quarter circle from 3i to 3 centered at 0, (Q) L Im(z)dz;

C is a straight line from i to 2+ 2i.
Ans.: () 1(2+2i), (b) 1, (c) —4ni, (d) —i V, (€) (ecos2—cosl)—i(sinl+esin2), (f) (18—9mi), (g) 1(6+3i).

Evaluate the following integrals using Cauchy’s theorem, if applicable.

() Icl Re(z)dz, (b) Icllm(z)dz,(c) Icglm(z)dz, (d) Ic3dz/(22_3)’ ) ICl 7%dz

(f) Icle/Z(z—Z), (@) Lz dz/z(z+5), () Ll e"dz , (i) _[Czsin(cos 2)dz, (j) L3 dz/[],

(k) _[qidL ( Icsidz, (m) Iq dz/z(z-1), (n) J'CA dz/z(z-5), (0) ICAZdz/(zz +1),

(p) ] 2d2/(z* ~32+2), () [ d2/2°(z*~1), () [_ zd2/(z*-D),

where C,:|z|=1; anticlockwise, C,:|z|=1; clockwise, C,; the square with vertices at
1-i, 1+i, —1+i, —1—i anticlockwise, C, :|z| =3; anticlockwise.

Ans.: (a) i, (b) -m,(c) —4,(d) 0,(e) O, (f) —ni, (g) —2ni,(h) 0,() 0,() 0, (k) 2ri,(l) 8 ,(m)0,(n) 0, (o) 2mi,
(p) 2mi , (@) 0,() 0.

Use Cauchy Integral Formula to evaluate the following integrals.

() q.)c%szdz’ (b) @cs%dz’ ©) Cﬁc = € dz, () Cﬁ T
(f) @C%dz ! (g) Cj}c (Szlgﬂjj)z2 dZ ! (h) @C ZZ:*ZJ- dZ ! (I) CﬁC%(Z/Z)dZ1 (J) @Cmdz '
K _£dz, () § ez

where C: |z| =3: anticlockwise.

Ans.: (a) 2ni, (b) 0, (c) —2mi, (d) —4nisinl, () 0, () 4mi, (g) mi(sin3—3cos3), (h) 0, (i) 2mi, (j) O, (k) 2x.
Cauchy Integral Formula
f(0)
f(2) =2 ¢ 12dC.
expresses an analytic function f(z) =u+iv in terms of its boundary values, thus it is

expected there to exist a similar integral formula expressing a harmonic function u(x,y)
in terms of its boundary values. For this purpose, let C be the anticlockwise circle |¢|=

or £ =Re". Show that the Cauchy integral formula can be re-expressed as



(@)= (e Q=4[ (& &) Q.

Cc

where the bracketed quantity is real. Show that for the circular disk z =re", it leads to the
Poisson integral formula:

u(r,0) =2 [ &= ___y(R, ¢)do.

2rn Jo  RZ-2Rrcos(¢-0)+17



