SOME FORMULAS

Frobenius Theorem: Let x2y”"+xp(X)y’'+q(x)y =0 be a 2" order homogeneous linear differential equation whose

coefficients are analytic in the interval |x| <R . Then it has two linearly independent solutions:

o For r,—r, not an integer: v, =[x D7 ax,  y,(x)=[x" D" bx*.
o Forr=r=r: v, =[x > ax, v, =[x bx*+y,(x)In|x].
o For r,—r, positive integer:  y, () =[x > " ax*, y,(x)=[x" >~ bx*+cy,(x)In|x|,

where r, and r, are the indicial roots and c is a constant.

Let F(s)=L f(t) = jwe’s‘f(t)dt be the Laplace Transform of f(t):

o L{e*}=:% fors>a o L{t"f(t)}=(-1)" L)
o L{C°S<at)} = o L{[f@a(t-9dt| =FE)6()
L{sin(at)! = 25 o
o Lisin@O}=2; o L{t"} ==& for n nonnegative integer
o Lie atf(t)} = F(s—a)
o L{f(tt)}= ~'dt for f periodic with period T
o L{f(t- a)u(t a)} e *F(s) where u is the unit step function
o L{fP (1)} =s"F(s)-s"(0)—s"F'(0)—...-F"(0)
o {S(t—a)} =e™® where § is the Dirac delta function modelling impulsive force g(t) acting on extremely short

time interval a<t<a+t, and rﬂg(t)dt =1.
a

Let y,(t) and y,(t) be two solutions of the linear differential equation y”+p(t)y'+q(t)y=0. Then, their Wronskian
W(t) = W[yl, yz](t) =y, ()Y, () -y (t)y,(t) satisfies the first-order differential equation W' +p(t)W =0

Let y,(t) and y,(t) be two solutions of the linear differential equation y"+p(t)y’+q(t)y =0. Then, the following form
y(t) =u, (t)y, (t) +u,(t)y,(t) leads to a particular solution of the nonhomogeneous equation y” +p(t)y’+q(t)y =f(t) for

reny _ FOY,(0) ' epy _ O
u,(t)y=- wo - and uy(t) = W -

Miscellaneous power series expansions:
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o eX=3" L3 G iy 0((2)kjl), = cos(x) +isin(x)

(Regular) Sturm-Liouville (S-L) problem is a linear homogeneous 2nd order boundary value problem (BVP):
[P()Y'T +a(x)y+Aw(x)y =0, in (a,b), with homogeneous boundary condition ay(a) +By’'(a) =0, vy(b) +3y'(b) =0,
where a, b are finite, where p,p’,q,w are continuous on [a,b], and where p(x) >0 and w(x) >0 on [a,b]. Further,

o, B are not both zero, v,8 are not both zero, and a,b, p(x),q(x),w(x), o,B,v,5 are all real.
(Periodic) S-L problem has the nonseparated (periodic) boundary conditions: y(a) =y(b), y'(@) =y'(b).

(Singular) S-L problem arises when p(x) (and possibly w(x)) vanishes at one or both endpoints, so that p(x) >0 and
w(x) >0 holds on open (a, b) . Further, the boundary conditions are modified as follows:

(1) p(a) =0 (and p(b) = 0): Then the boundary conditions are: y bounded at a, yy(b)+3y’'(b) =0.

(2) p(b)=0 (and p(a) = 0): Then the boundary conditions are: ay(a)+py’'(a) =0, y bounded at b.

(3) p(a) = p(b) =0: Then the boundary conditions are: y bounded at a, y bounded at b.





