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a b s t r a c t

In the present study, dynamics of retarded shunting inhibitory cellular neural networks (SICNNs) is
investigated with Li–Yorke chaotic external inputs and outputs. Within the scope of our results, we prove
the presence of generalized synchronization in coupled retarded SICNNs, and confirm it by means of the
auxiliary system approach. We have obtained more than just synchronization, as it is proved that the Li–
Yorke chaos is extended with its ingredients, proximality and frequent separation, which have not been
considered in the theory of synchronization at all. Our procedure is used to synchronize chains of
unidirectionally coupled neural networks. The results may explain the high performance of brain
functioning and can be extended by specific stability analysis methods. Illustrations supporting the
results are depicted. For the first time in the literature, proximality and frequent separation features are
demonstrated numerically for continuous-time dynamics.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

Cellular neural networks (CNNs) have been paid much atten-
tion due to their local connectivity and easy hardware implemen-
tation. Time delays occur during the hardware implementation of
neural networks because of the finite switching speed of the
amplifiers. The occurrence of time delays may lead to an oscilla-
tion and instability of the networks [1,2]. Moreover, the introduc-
tion of delay in the signals transmitted among the cells of CNNs is
required by the process of moving images [3]. Therefore, the
consideration of neural networks with time delay is important
for applications.

Chaotic dynamics has been widely investigated in neural net-
works [4–24]. In their study, King et al. [4] observed chaotic
behavior in a model of the central dopaminergic neuronal system.
It is shown in paper [5] that chaos can be expected in mathema-
tical models of neural systems possessing time delays. In order to
study the dynamical properties of a neural network in chaotic
wandering state, Kuroiwa et al. [10] utilized a model which was
proposed by Aihara et al. [7]. The same model was also used in [8]
to investigate the synchronization characteristics in response to
external inputs in a coupled lattice based on a Newman–Watts
model. The existence of a period-doubling cascade was demonstrated

by Wang [14] in a discrete-time neural network. Ke and Oommen
[15] considered the chaotic and pattern recognition properties of a
neural network, which is based on the logistic map. In the paper [16],
the existence of chaos was demonstrated in the dynamics of
fractional-order Hopfield type neural networks. The presence of
chaos in the Hodgkin–Huxley model with its original parameters
was revealed in the paper [17], where the solutions were found by
displaying rectangles in a cross-section whose images under the
return map produce a Smale horseshoe. Moreover, the verification of
chaotic behavior in Hopfield neural networks was provided by virtue
of the horseshoes in the studies [18,19]. The problem of creating a
robust chaotic neural network was studied by Potapov and Ali [20].
Furthermore, chaotic dynamics in CNNs was studied in the papers
[21–24].

The presence of chaos in neural networks is useful for separat-
ing image segments [8], information processing [12,13] and
synchronization of neural networks [25–30]. Besides, the synchro-
nization phenomenon is also observable in the dynamics of
coupled chaotic CNNs [31,32]. The detection and characterization
of synchronization in neural networks is of great interest, since
they may provide the opportunity to understand how the brain
and nervous systemworks [33]. Chaotic dynamics can improve the
performance of CNNs on problems that have local minima in
energy (cost) functions, since chaotic behavior of CNNs can help
the network avoid local minima and reach the global optimum [34].
Moreover, chaotic dynamics in CNNs is an important tool for the
studies of chaotic communication [35–37] and combinatorial opti-
mization problems [38].
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The term chaos, as a mathematical notion, has first been used
by Li and Yorke [39] for one dimensional difference equations. The
concept of snap-back repellers for high dimensional maps was
introduced by Marotto [40]. According to the results of the paper
[40], if a multidimensional continuously differentiable map has a
snap-back repeller, then it is Li–Yorke chaotic. Li et al. [41] used
Marotto's Theorem to prove the existence of Li–Yorke chaos in a
spatiotemporal chaotic system. Li–Yorke sensitivity, which links
the Li–Yorke chaos with the notion of sensitivity, was studied in
[42], and generalizations of Li–Yorke chaos to mappings in Banach
spaces and complete metric spaces were provided in [43]. In the
present paper, we develop the concept of Li–Yorke chaos to the
multidimensional dynamics of retarded shunting inhibitory cellu-
lar neural networks, and prove its existence rigorously.

Marotto's Theorem is also useful in the theory of neural net-
works to prove the presence of chaos rigorously. It was used by Lin
and Ruan [44] to determine chaotic dynamics in a pacemaker
neuron type integrate-and-fire circuit having two states with a
periodic pulse-train input. Moreover, in the paper [45], the chaos
was approved by virtue of Marotto's Theorem in discrete time
delayed Hopfield neural networks.

A class of CNNs which was introduced by Bouzerdoum and
Pinter [46] is shunting inhibitory cellular neural networks
(SICNNs). SICNNs have been extensively applied in psychophysics,
speech, perception, robotics, adaptive pattern recognition, vision
and image processing [47–54].

The model of SICNNs in the most original formulation [46] is as
follows. Consider a two-dimensional grid of processing cells, and
let Cij; i¼ 1;2;…;m; j¼ 1;2;…;n, denote the cell at the (i,j) position
of the lattice. The r-neighborhood of Cij is defined as

Nrði; jÞ ¼ fCkl : maxfjk� ij; jl� jjgrr;1rkrm;1r lrng:
In SICNNs, neighboring cells exert mutual inhibitory interactions
of the shunting type. The dynamics of the cell Cij is described by
the nonlinear ordinary differential equation

dxijðtÞ
dt

¼ �aijxijðtÞ� ∑
Ckl ANr ði;jÞ

Ckl
ij f ðxklðtÞÞxijðtÞþLijðtÞ;

where xij is the activity of the cell Cij; LijðtÞ is the external input to
Cij; the constant aij40 represents the passive decay rate of the cell
activity; Ckl

ij Z0 is the connection or coupling strength of the
postsynaptic activity of the cell Ckl transmitted to the cell Cij;
and the activation function f ðxklÞ is a positive continuous function
representing the output or firing rate of the cell Ckl.

In the present study, we consider SICNNs with delay in the
form

dxijðtÞ
dt

¼ �aijxijðtÞ� ∑
Ckl ANr ði;jÞ

Ckl
ij f ðxklðt�τÞÞxijðtÞþLijðtÞ; ð1:1Þ

where τ is a positive number.
To give an explanation of the title of the present study, let us

start with the chaos to be attracted. It is a set of bounded
functions, L, chaotic in the Li–Yorke sense. In the next section,
the set L will be described in a detailed form. We apply the
elements of the chaotic set, LðtÞ ¼ fLijðtÞg, as external inputs in the
SICNN (1.1). Next, we verify that the network (1.1) outputs a set of
solutions of the same nature as the set L, which are bounded
functions chaotic in the Li–Yorke sense. We denote the set of the
outputs of (1.1) by ~L. Thus, we say that the SICNN (1.1) “attracts” a
chaotic set L if it produces the chaotic output ~L. It is worth noting
that under the conditions that will be introduced in the next
section, the SICNN (1.1) does not possess chaos provided that the
external inputs are not chaotic, but regular or absent. In the papers
[55,56], retarded SICNNs were considered with periodic/almost
periodic inputs, and it was demonstrated that the same regular
dynamics appear in the outputs.

Li–Yorke chaos is chosen in our study mainly for two reasons.
Firstly, the presence of Li–Yorke chaos can be obtained through the
reduction to scalar discrete equations, for instance, to the logistic
map. This reduction can be done in the multidimensional case.
Secondly, Marotto's Theorem allows us to study the chaos by
reduction tomultidimensional discrete equations. In the parametric
sense, the chaos is generic, for example, the logistic map
xnþ1 ¼ μxnð1�xnÞ is chaotic for the parameter value μ between
3.84 and 4 [39].

In their studies, Freeman and his collaborators [57–62] revealed
that chaotic dynamics is an inevitable attribution of brain activ-
ities. Considering the brain as a collection of neural networks, one
may suppose that the chaos appearance can happen in two ways.
The first one is the “endogenous chaos”, which is generated by an
individual neural network itself without an influence from outside.
This type of chaos appearance was widely investigated in the
literature [14–24]. The second way is the extension of chaos from
one network to another. One can consider the synchronization of
chaos [63–74] within the scope of the latter way. However,
synchronization of chaos relies deeply on its description as well
as on the verification of asymptotic closeness between the out-
puts. Therefore, this type of chaos extension brings us far from the
effectiveness of chaos for the brain activities. It brings us to the
comprehension of schizophrenia, insomnia and epilepsy [5] rather
than regular brain functioning. Nevertheless, Breakspear and Terry
[75] reported that synchronization plays an important role for
activities of healthy brain. That is why it is important to find
mathematical methods for the chaos extension between neural
networks, where the asymptotic closeness is fully removed or its
presence is weakened in some sense.

In the case of identical synchronization [66], one requires the
condition limt-1 JyðtÞ�xðtÞJ ¼ 0, where x and y denote the states
of the drive and response systems, respectively. This type of
asymptotic relation is strong and to weaken it, one should
consider the theory of generalized synchronization [33,67–72]. In
this theory, the previous relation is replaced by limt-1 JyðtÞ�
ϕðxðtÞÞJ ¼ 0, where ϕ is a transformation. The presence of the
synchronization manifold y¼ϕðxÞ in the drive-response systems is
mostly investigated by numerical analyses [33,67,70]. The concept
of generalized synchronization for coupled systems with delay
was considered in [72]. In the present study, we suggest an easy
theoretical approach to verify the presence of synchronization
based on the exponential convergence of outputs. Moreover, by
the traditional simulation methods [33,70], we will check that
generalized synchronization takes place in the attraction of chaos.
It is worth noting that, in our study, we verify the ingredients of
Li–Yorke chaos, which cannot be realized by the concept of
synchronization at all, and this is one of the principal novelties
of our results. The ingredients, proximality and frequent separation,
may play an essential role in the brain dynamics. This idea can be
supported if one follows the experimental analyses of Freeman
and his collaborators [57–62], and develop researches in this
direction.

Investigations of neural networks will not be adequate for
application problems unless delay is not introduced in the models.
Therefore, a large number of papers paid special attention to the
presence of delay in SICNNs [55,56,76–86]. In these papers, the
existence and stability of periodic, almost periodic and anti-
periodic solutions of SICNNs were studied. Despite the fact that
SICNNs and chaos are important in neoroscience, there are still
very few papers which consider chaos in this type of neural
networks. As far as we know, the subject was considered only in
the studies [87,88], and the analyses were made only numerically
without a theoretical support. That is the reason why even a type
of chaos was not indicated in these studies. The theoretical
approach for SICNNs based on the rigorous definition of chaos
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presented by Li and Yorke [39] was started in our paper [89],
where we discussed the chaotification of SICNNs without delay.
The way of chaos expansion in continuous-time dynamics was also
considered in the paper [90] without time delay by taking into
account chaos in the sense of both Li–Yorke [39] and Devaney [91] as
well as for period-doubling cascade [92,93] and intermittency [94].

The novelty of the present paper is the discussion of chaotic
dynamics in SICNNs with time delay. The investigation of chaotic
outputs in retarded SICNNs is much more sophisticated than the
one without delay [89]. The method of adaptation of the Li–Yorke
chaos for differential equations with retardation considered in the
present study is new not only for neural networks, but also for
the theory as a whole. This also provides a contribution to the
chaos theory. Moreover, we analyze the relation between gene-
ralized synchronization [33,67–72] and our approach about the
chaotification of neural systems in a detailed form, and such
discussions have never been reported before for SICNNs in the
literature. In Section 4, we take into account retarded SICNNs
with external inputs in the form of relay functions. However, in the
studies [95–98], relay systems were considered without time
delay. Our results are also applicable to other kinds of recurrent
networks such as Hopfield and Cohen–Grossberg neural networks
[99–106].

Motivated by the deficiency of mathematical methods for chaos
recognition in neural networks and the importance of irregular
behavior for effective brain activities, we suggest the results of the
present paper. It is the first time in the literature that rigorous
mathematical methods are used to prove not only the presence of
chaos in retarded SICNNs, but also how chaos can be exported
between neural networks. Another novelty is the precise achievement
of chaos in the sense of Li–Yorke with its ingredients, proximality and
frequent separation, which may play an important role for the
working principle of a nervous system. To the best of our knowledge,
the numerical demonstration of the proximality and frequent separa-
tion features for continuous-time dynamics have never been reported
before (see Fig. 5 and the related text). Our results can provide further
research areas in neuroscience, in particular, by the consideration of
experiments of Freeman and other neurobiologists [5,6,57–62].

The primary contributions of the present study are summarized
below:

(i) We give a mathematical description of the Li–Yorke chaos for
continuous-time neural networks with delay. Moreover, simu-
lations of the ingredients of Li–Yorke chaos, proximality and
frequent separation, have been performed for continuous-time
dynamics for the first time.

(ii) By means of external inputs, we theoretically prove the
presence of chaos in retarded SICNNs with arbitrary high
number of cells, and we provide a way of chaos extension
among coupled neural networks with delay.

(iii) We make use of the exponential convergence of solutions (see
Lemma 2.2) to prove the presence of generalized synchroni-
zation in coupled retarded SICNNs, and confirm its presence
by means of the auxiliary system approach [33,70]. Our
procedure can be easily extended to synchronize chains of
unidirectionally coupled neural networks with delay. This may
be important in neuroscience to explain the high performance
of brain functioning [6,62]. The proposed approach cannot be
reduced to generalized synchronization, since we have obtained
more than just synchronization. We prove that the Li–Yorke
chaos is extended with its ingredients, proximality and frequent
separation, which have not been considered in the theory of
synchronization at all.

(iv) Our results can be extended in neuroscience by specific
stability analysis methods, for example, by the linear matrix
inequality technique [25,107–110].

The rest of the paper is organized as follows. In Section 2, the
description of Li–Yorke chaos is presented and two lemmas about
the existence of unique bounded on R solutions of SICNNs and
their stability are provided. In Section 3, the presence of Li–Yorke
chaos is theoretically proved for retarded SICNNs of the form (1.1).
Section 4 is devoted for an example. In this part, a chain of SICNNs
is used to show the effectiveness of the proposed results. More-
over, the ingredients of Li–Yorke chaos are demonstrated numeri-
cally. We compared our method with generalized synchronization
both theoretically and numerically in Section 5. Finally, a conclu-
sion is given in Section 6.

2. Preliminaries

Throughout the paper, R and N will stand for the sets of real
numbers and natural numbers, respectively, and the norm
JuJ ¼maxði;jÞjuijj will be used, where u¼ fuijg ¼ ðu11;…;u1n;

…;um1…;umnÞARm�n.
The description of Li–Yorke chaos that will be utilized in the

paper is as follows. Suppose that L is a collection of continuous
functions LðtÞ ¼ fLijðtÞg; i¼ 1;2;…;m; j¼ 1;2;…;n, such that suptAR

JLðtÞJrM, where M is a positive number.
We say that a couple ðLðtÞ; LðtÞÞAL� L is proximal if for

arbitrary small ϵ40 and arbitrary large E40, there exists an
interval J with a length no less than E such that JLðtÞ�LðtÞJoϵ for
tA J. On the other hand, a couple ðLðtÞ; LðtÞÞAL� L is called
frequently ðϵ0;ΔÞ�separated if there exist positive numbers ϵ0;Δ
and infinitely many intervals Jq ¼ ½αq;βq�; qAN, each with a length
no less than Δ, such that βq-1 as q-1 and JLðtÞ�LðtÞJ4ϵ0 for
each t from these intervals. It is worth noting that the numbers ϵ0
and Δ depend on the functions L(t) and LðtÞ.

A couple ðLðtÞ; LðtÞÞAL� L is a Li–Yorke pair if it is proximal
and frequently ðϵ0;ΔÞ�separated for some positive numbers ϵ0
and Δ. Moreover, an uncountable set LS �L is called a scrambled
set if LS does not contain any periodic functions and each couple
of different functions inside LS � LS is a Li–Yorke pair.

The collection L is called a Li–Yorke chaotic set if: (i) there
exists a positive number T0 such that L possesses a periodic
function of period kT0 for any kAN; (ii) L possesses a scrambled
set LS; (iii) for any function LðtÞALS and any periodic function
LðtÞAL, the couple ðLðtÞ; LðtÞÞ is frequently ðϵ0;ΔÞ�separated for
some positive numbers ϵ0 and Δ.

The following conditions are required:

(C1) There exist positive numbers Mij such that suptARjLijðtÞjrMij.
(C2) There exists a positive numberMf such that supsARjf ðsÞjrMf .
(C3) There exists a positive number Lf such that jf ðs1Þ� f ðs2Þjr

Lf js1�s2j for all s1; s2AR.
(C4) Mf δo1, where δ¼maxði;jÞ∑Ckl ANr ði;jÞC

kl
ij =aij.

(C5) ðMf þK0Lf Þδo1, where K0 ¼M=ð1�Mf δÞ and M ¼maxði;jÞ
Mij=aij.

One can confirm that a bounded on R function xðtÞ ¼ fxijðtÞg;
i¼ 1;2;…;m; j¼ 1;2;…;n, is a solution of the network (1.1) if and
only if the following integral equation is satisfied:

xijðtÞ ¼ �
Z t

�1
e�aijðt� sÞ ∑

Ckl ANr ði;jÞ
Ckl
ij f ðxklðs�τÞÞxijðsÞ�LijðsÞ

" #
ds:

ð2:2Þ
The following assertion is about the existence and uniqueness

of bounded on R solutions of system (1.1).

Lemma 2.1. Suppose that the conditions (C1)–(C5) are valid. Then,
for any LðtÞ ¼ fLijðtÞg; i¼ 1;2;…;m; j¼ 1;2;…;n, there exists a unique
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bounded on R solution ϕLðtÞ of the network (1.1) such that
suptAR JϕLðtÞJrK0.

Proof. Consider the set C0 of continuous functions uðtÞ ¼
fuijðtÞg; i¼ 1;2;…;m; j¼ 1;2;…;n, which are defined on R, such
that ‖u‖0rK0, where ‖u‖0 ¼ suptAR JuðtÞJ . Define the operator Π
on C0 as

ðΠuðtÞÞij ¼ �
Z t

�1
e�aijðt� sÞ ∑

Ckl ANr ði;jÞ
Ckl
ij f ðuklðs�τÞÞuijðsÞ�LijðsÞ

" #
ds;

where ΠuðtÞ ¼ fðΠuÞijðtÞg. If u(t) belongs to C0, then we have

jðΠuðtÞÞijjr
Z t

�1
e�aijðt� sÞ ∑

Ckl ANr ði;jÞ
Ckl
ij jf ðuklðs�τÞÞjjuijðsÞjþjLijðsÞj

" #
ds

r 1
aij

MijþMfK0 ∑
Ckl ANr ði;jÞ

Ckl
ij

 !
:

Accordingly, the inequality ‖Πu‖0rMþMfK0δ¼ K0 holds. There-
fore, ΠðC0ÞDC0.

On the other hand, for any uðtÞ; vðtÞAC0, one can verify that

jðΠuðtÞÞij�ðΠvðtÞÞijjr
Z t

�1
e�aijðt� sÞ ∑

Ckl ANr ði;jÞ
Ckl
ij jf ðuklðs�τÞÞuijðsÞ

� f ðuklðs�τÞÞvijðsÞj ds

þ
Z t

�1
e�aijðt� sÞ ∑

Ckl ANr ði;jÞ
Ckl
ij jf ðuklðs�τÞÞvijðsÞ� f ðvklðs�τÞÞvijðsÞj ds

r ðMf þK0Lf Þ
∑Ckl ANr ði;jÞC

kl
ij

aij
‖u�v‖0:

Thus, ‖Πu�Πv‖0rðMf þK0Lf Þδ‖u�v‖0, and the operator Π is
contractive according to the condition (C5). Consequently, for any
LðtÞ, there exists a unique bounded on R solution ϕLðtÞ of system
(1.1) such that suptAR JϕLðtÞJrK0. □

Consider the collection L whose elements are functions of the
form LðtÞ ¼ fLijðtÞg; i¼ 1;2;…;m; j¼ 1;2;…;n, such that suptAR

jLijðtÞjrMij for each i and j. Suppose that ~L denotes the set of
bounded on R solutions ϕLðtÞ of the network (1.1), where
LðtÞ ¼ fLijðtÞg belongs to L. In the present paper, we assume that
L is an equicontinuous family on R.

Making use of the technique indicated in the proof of Theorem
2 [56], one can prove the following assertion, which confirms the
attractiveness of the set ~L. A similar result for systems without
delay was obtained in the paper [90].

Lemma 2.2. If the conditions (C1)–(C5) are fulfilled, then for a fixed
LðtÞ ¼ fLijðtÞg; i¼ 1;2;…;m; j¼ 1;2;…;n, all solutions of system (1.1)
converge exponentially to the unique bounded on R solution ϕLðtÞ.

3. Li–Yorke chaos

Our purpose in the present section is to demonstrate that the
network (1.1) behaves chaotically provided that the external
inputs are chaotic. In the following lemmas, we will take advan-
tage of the sets L and ~L, which are defined in Section 2. The main
result will be mentioned in Theorem 3.1.

Let us denote K1 ¼ 2M=ð1�ðMf þK0Lf ÞδÞ, γ ¼minði;jÞaij and δ ¼
maxði;jÞ∑Ckl ANr ði;jÞC

kl
ij =ð2aij�γÞ. We note that the number γ is posi-

tive since each aij; i¼ 1;2;…;m; j¼ 1;2;…;n, are positive.
The following conditions are needed:

(C6) ½Mf þðK0þK1ÞLf �δo1;
(C7) 2ðMf þK0Lf eγτ=2Þδo1.

The next lemma is about the proximality feature of system
(1.1).

Lemma 3.1. Under the conditions (C1)–(C7), if a pair ðLðtÞ; LðtÞÞA
L� L is proximal, then the same is true for the pair ðϕLðtÞ;
ϕL ðtÞÞA ~L � ~L.

Proof. Set R0 ¼ 2K0=ð1�2ðMf þK0Lf eγτ=2ÞδÞ, R1 ¼ 1=γ½1�δðMf þ
K0Lf Þ� and take a positive number η such that ηr1=ðR0þR1Þ. Fix
an arbitrary small number ϵ40 and a positive number E such that
E4 ð4=γÞ lnð1=ηϵÞ. Because the pair ðLðtÞ; LðtÞÞAL� L is proximal,
there exists an interval J ¼ ½σ;σþE0�, where E0ZE, such that
JLðtÞ�LðtÞJoηϵ for tA J.

The bounded on R solutions ϕLðtÞ ¼ fϕij
L ðtÞg and ϕL ðtÞ ¼ fϕij

L
ðtÞg;

i¼ 1;2;…;m; j¼ 1;2;…;n, satisfy the relation

ϕij
L ðtÞ�ϕij

L
ðtÞ ¼ e�aijðt�σÞðϕij

L ðσÞ�ϕij
L
ðσÞÞþ

Z t

σ
e�aijðt� sÞðLijðsÞ�LijðsÞÞ ds

�
Z t

σ
e�aijðt� sÞ ∑

Ckl ANr ði;jÞ
Ckl
ij ½f ðϕkl

L ðs�τÞÞϕij
L ðsÞ� f ðϕkl

L ðs�τÞÞϕij
L
ðsÞ� ds:

Denote by wðtÞ ¼ fwijðtÞg the difference ϕLðtÞ�ϕL ðtÞ. Then for each
i and j, we have that

wijðtÞ ¼ e�aijðt�σÞðϕij
L ðσÞ�ϕij

L
ðσÞÞþ

Z t

σ
e�aijðt� sÞðLijðsÞ�LijðsÞÞ ds

�
Z t

σ
e�aijðt� sÞ ∑

Ckl ANr ði;jÞ
Ckl
ij ½f ðwklðs�τÞþϕkl

L ðs�τÞÞðwijðsÞ

þϕij
L
ðsÞÞ� f ðϕkl

L ðs�τÞÞϕij
L
ðsÞ� ds:

Let Ψ be the set of continuous functions wðtÞ ¼ fwijðtÞg; i¼ 1;
2;…;m; j¼ 1;2;…;n, which are defined on R, such that
JwðtÞJrR0e�γðt�σÞ=2þR1ηϵ for σ�τrtrσþE0 and ‖w‖0rK1,
where ‖w‖0 ¼ suptAR JwðtÞJ .

Define on Ψ the operator ~Π as follows:

ð ~ΠwðtÞÞij ¼

ϕij
L ðtÞ�ϕij

L
ðtÞ; toσ;

e�aijðt�σÞðϕij
L ðσÞ�ϕij

L
ðσÞÞþ R tσ e�aijðt� sÞðLijðsÞ�LijðsÞÞ ds

� R tσ e�aijðt� sÞ ∑
Ckl ANr ði;jÞ

Ckl
ij ½f ðwklðs�τÞþϕkl

L ðs�τÞÞðwijðsÞþϕij
L
ðsÞÞ

� f ðϕkl
L ðs�τÞÞϕij

L
ðsÞ� ds; tZσ:

8>>>>>>><
>>>>>>>:

First, we will show that ~Π : Ψ-Ψ . Indeed, if w(t) belongs to Ψ ,
then for tA ½σ;σþE0� it is true that

jð ~ΠwðtÞÞijjre�aijðt�σÞjϕij
L ðσÞ�ϕij

L
ðσÞjþ

Z t

σ
e�aijðt� sÞjLijðsÞ�LijðsÞj ds

þ
Z t

σ
e�aijðt� sÞ ∑

Ckl ANr ði;jÞ
Ckl
ij jf ðwklðs�τÞþϕkl

L ðs�τÞÞjjwijðsÞj ds

þ
Z t

σ
e�aijðt� sÞ ∑

Ckl ANr ði;jÞ
Ckl
ij jf ðwklðs�τÞþϕkl

L ðs�τÞÞ

� f ðϕkl
L ðs�τÞÞjjϕkl

L ðsÞj ds

r2K0e� γðt�σÞ þ
Z t

σ
e�aijðt� sÞηϵ ds

þ
Z t

σ
e�aijðt� sÞ ∑

Ckl ANr ði;jÞ
Ckl
ij Mf ðR0e�γðs�σÞ=2þR1ηϵÞ ds

þ
Z t

σ
e�aijðt� sÞ ∑

Ckl ANr ði;jÞ
Ckl
ij K0Lf ðR0e� γðs� τ�σÞ=2þR1ηϵÞ ds

¼ 2K0e�γðt�σÞ þηϵ
aij

ð1�e�aijðt�σÞÞ

þ2R0ðMf þK0Lf e
γτ=2Þ∑Ckl ANr ði;jÞC

kl
ij

2aij�γ
e�γðt�σÞ=2ð1�e�ðaij �γ=2Þðt�σÞÞ

þR1ηϵðMf þK0Lf Þ
∑Ckl ANr ði;jÞC

kl
ij

aij
ð1�e�aijðt�σÞÞ:
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Hence, for tA ½σ;σþE0�, it can be verified that

J ~ΠwðtÞJr2K0e� γðt�σÞ þηϵ
γ
þ2R0ðMf þK0Lf e

γτ=2Þδe�γðt�σÞ=2

þR1ηϵðMf þK0Lf Þδ

r2 K0þR0ðMf þK0Lf e
γτ=2Þδ

h i
e� γðt�σÞ=2þηϵ

1
γ
þR1ðMf þK0Lf Þδ

� �

¼ R0e�γðt�σÞ=2þR1ηϵ:

Since R042K0, the inequality J ~ΠwðtÞJrR0e�γðt�σÞ=2þR1ηϵ holds
also for σ�τrtoσ.

On the other hand, if w(t) belongs to Ψ , then making benefit of
the inequality K1Z2K0 one can confirm for tZσ that

jð ~ΠwðtÞÞijjre�aijðt�σÞjϕij
L ðσÞ�ϕij

L
ðσÞjþ

Z t

σ
2Mije

�aijðt� sÞ ds

þ
Z t

σ
e�aijðt� sÞ ∑

Ckl ANr ði;jÞ
Ckl
ij jf ðwklðs�τÞþϕkl

L ðs�τÞÞjjwijðsÞj ds

þ
Z t

σ
e�aijðt� sÞ ∑

Ckl ANr ði;jÞ
Ckl
ij Lf jwklðs�τÞjjϕij

L
ðsÞj ds

r2K0e�aijðt�σÞ þ 2Mij

aij
þK1ðMf þK0Lf Þ

∑Ckl ANr ði;jÞC
kl
ij

aij

 !
ð1�e�aijðt�σÞÞ

re�aijðt�σÞ½2K0�2M�K1ðMf þK0Lf Þδ�þ2MþK1ðMf þK0Lf ÞδrK1:

Therefore, the inequality J ~ΠwJ0rK1 is valid. Thus, ~Π ðΨ ÞDΨ .
Now, we shall verify that the operator ~Π is a contraction.

Suppose that wðtÞ;wðtÞAΨ . For tZσ, we have that

jð ~ΠwðtÞÞij�ð ~ΠwðtÞÞijjr
Z t

σ
e�aijðt� sÞ ∑

Ckl ANr ði;jÞ
Ckl
ij jf ðwklðs�τÞ

þϕkl
L ðs�τÞÞðwijðsÞþϕij

L
ðsÞÞ

� f ðwklðs�τÞþϕkl
L ðs�τÞÞðwijðsÞþϕij

L
ðsÞÞj ds

r
Z t

σ
e�aijðt� sÞ ∑

Ckl ANr ði;jÞ
Ckl
ij jf ðwklðs�τÞþϕkl

L ðs�τÞÞjjwijðsÞ�wijðsÞj ds

þ
Z t

σ
e�aijðt� sÞ ∑

Ckl ANr ði;jÞ
Ckl
ij Lf jwklðs�τÞ�wklðs�τÞjjwijðsÞþϕij

L
ðsÞj ds

r ½Mf þðK0þK1ÞLf �
∑Ckl ANr ði;jÞC

kl
ij

aij
sup

tZσ� τ
JwðtÞ�wðtÞJ :

In view of the equation J ~ΠwðtÞ� ~ΠwðtÞJ ¼ 0 for toσ, the last
inequality implies that

‖ ~Πw� ~Πw‖0r ½Mf þðK0þK1ÞLf �δJw�w J0;

and the operator ~Π is contractive according to the condition (C6).
By means of the uniqueness of solutions one can conclude that

wðtÞ ¼ϕLðtÞ�ϕL ðtÞ is the unique fixed point of the operator ~Π .
Since the number E satisfies the inequality E4 ð4=γÞ lnð1=ηϵÞ,

we have e� γðt�σÞ=2oηϵ, provided that tZσþE=2. Therefore, the
inequality JϕLðtÞ�ϕL ðtÞJo ðR0þR1Þηϵrϵ holds for tA ½σþE=2;
σþE0�. Consequently, the pair ðϕLðtÞ;ϕL ðtÞÞA ~L � ~L is proximal. □

Lemma 3.2. Suppose that the conditions (C1)–(C5) are fulfilled. If a
pair ðLðtÞ; LðtÞÞAL� L is frequently ðϵ0;ΔÞ�separated for some
positive numbers ϵ0 and Δ, then there exist positive numbers ϵ1
and Δ such that the pair ðϕLðtÞ;ϕL ðtÞÞA ~L � ~L is frequently
ðϵ1;ΔÞ�separated.

Proof. Since the pair ðLðtÞ; LðtÞÞAL� L is frequently ðϵ0;ΔÞ sepa-
rated for some numbers ϵ040;Δ40, there exist infinitely many
intervals Jq ¼ ½αq;βq�; qAN, each with a length no less than Δ, such
that βq-1 as q-1, and JLðtÞ�LðtÞJ4ϵ0 for each t from these
intervals. The essence of the proof is to determine numbers
ϵ140;Δ40 and infinitely many intervals J q ¼ ½αq;βq�; qAN, each
with length Δ, such that βq-1 as q-1, and JϕLðtÞ�ϕL ðtÞJ4ϵ1
for each t from the intervals J q, qAN.

Since L is an equicontinuous family on R, there exists a
positive number κ such that for any t1; t2ARwith jt1�t2joκ, the
inequality

jðLijðt1Þ�Lijðt1ÞÞ�ðLijðt2Þ�Lijðt2ÞÞjo
ϵ0
2

ð3:3Þ

holds for all i¼ 1;2;…;m and j¼ 1;2;…;n. For each qAN, set
θq ¼ βq�κ=2.

Let us fix qAN. There exist integers i0; j0 such that

jLi0 j0 ðβqÞ�Li0j0 ðβqÞj ¼ JLðβqÞ�LðβqÞJ4ϵ0: ð3:4Þ

By virtue of the inequality (3.3), it can be verified for each
tA ½θq;θqþκ� that

jLi0 j0 ðβqÞ�Li0j0 ðβqÞj�jLi0j0 ðtÞ�Li0 j0 ðtÞjr jðLi0 j0 ðtÞ�Li0 j0 ðtÞÞ
�ðLi0 j0 ðβqÞ�Li0j0 ðβqÞÞjo

ϵ0
2
:

Therefore, making use of (3.4), one can confirm that

jLi0 j0 ðtÞ�Li0 j0 ðtÞj4 jLi0 j0 ðβqÞ�Li0j0 ðβqÞj�
ϵ0
2
4
ϵ0
2
; θqrtrθqþκ:

ð3:5Þ

For each i and j, there exist numbers ζqijA ½θq;θqþκ� such thatZ θq þκ

θq

ðLðsÞ�LðsÞÞ ds¼ κðL11ðζq11Þ�L11ðζq11Þ;…; LmnðζqmnÞ�LmnðζqmnÞÞ:

Thus, by means of the inequality (3.5), we obtain thatZ θq þκ

θq

ðLðsÞ�LðsÞÞ ds
�����

�����ZκjLi0 j0 ðζ
q
i0j0

Þ�Li0 j0 ðζ
q
i0 j0

Þj4κϵ0
2

: ð3:6Þ

For tA ½θq;θqþκ�, by the help of the relations

ϕij
L ðtÞ ¼ϕij

L ðθqÞ�
Z t

θq

aijþ ∑
Ckl ANr ði;jÞ

Ckl
ij f ðϕkl

L ðs�τÞÞ
" #

ϕij
L ðsÞ ds

þ
Z t

θq

LijðsÞ ds

and

ϕij
L
ðtÞ ¼ϕij

L
ðθqÞ�

Z t

θq

aijþ ∑
Ckl ANr ði;jÞ

Ckl
ij f ðϕkl

L ðs�τÞÞ
" #

ϕij
L
ðsÞ dsþ

Z t

θq

LijðsÞ ds;

we attain that

ϕij
L ðθqþκÞ�ϕij

L
ðθqþκÞ ¼

Z θq þκ

θq

ðLijðsÞ�LijðsÞÞ dsþðϕij
L ðθqÞ�ϕij

L
ðθqÞÞ

�
Z θq þκ

θq
aijðϕij

L ðsÞ�ϕij
L
ðsÞÞ ds

�
Z θq þκ

θq
∑

Ckl ANr ði;jÞ
Ckl
ij ½f ðϕkl

L ðs�τÞÞϕij
L ðsÞ

� f ðϕkl
L ðs�τÞÞϕij

L
ðsÞ� ds:

Hence, we have that

JϕLðθqþκÞ�ϕL ðθqþκÞJZ
Z θq þκ

θq

ðLðsÞ�LðsÞÞ ds
�����

�����
� JϕLðθqÞ�ϕL ðθqÞJ�max

ði;jÞ

Z θq þκ

θq

aijðϕij
L ðsÞ�ϕij

L
ðsÞÞ ds

�����
�����

�max
ði;jÞ

Z θq þκ

θq

∑
Ckl ANr ði;jÞ

Ckl
ij ½f ðϕkl

L ðs�τÞÞϕij
L ðsÞ

�����
� f ðϕkl

L ðs�τÞÞϕij
L
ðsÞ� ds

�����: ð3:7Þ
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Set a ¼maxði;jÞaij; c ¼maxði;jÞ∑Ckl ANr ði;jÞC
kl
ij and H0 ¼maxði;jÞMij.

The inequalities (3.6) and (3.7) together imply that

max
tA ½θq � τ;θq þκ�

JϕLðtÞ�ϕL ðtÞJZ JϕLðθqþκÞ�ϕL ðθqþκÞJ

4
κϵ0
2

�½1þκaþκcðLf K0þMf Þ� max
tA ½θq �τ;θq þκ�

JϕLðtÞ�ϕL ðtÞJ :

Therefore, maxtA ½θq � τ;θq þκ� JϕLðtÞ�ϕL ðtÞJ4ϵ, where ϵ ¼ κϵ0=
2½2þκaþκcðLf K0þMf Þ�.

Now, suppose that maxtA ½θq � τ;θq þκ� JϕLðtÞ�ϕL ðtÞJ ¼ JϕLðξqÞ�
ϕL ðξqÞJ , for some ξqA ½θq�τ;θqþκ�. Take a positive number Δ0

such that Δ0r ϵ
4ðH0 þK0aþMf K0c Þ. For tA ½ξq�Δ0; ξqþΔ0�, with the aid

of the relation

ϕij
L ðtÞ�ϕij

L
ðtÞ ¼ ðϕij

L ðξqÞ�ϕij
L
ðξqÞÞ

þ
Z t

ξq
ðLijðsÞ�LijðsÞÞ ds�

Z t

ξq
aijðϕij

L ðsÞ�ϕij
L
ðsÞÞ ds

�
Z t

ξq
∑

Ckl ANr ði;jÞ
Ckl
ij ½f ðϕkl

L ðs�τÞÞϕij
L ðsÞ� f ðϕkl

L ðs�τÞÞϕij
L
ðsÞ� ds;

we obtain the inequality

JϕLðtÞ�ϕL ðtÞJZ JϕLðξqÞ�ϕL ðξqÞJ

�max
ði;jÞ

Z t

ξq
ðLijðsÞ�LijðsÞÞ ds �max

ði;jÞ

Z t

ξq
aijðϕij

L ðsÞ�ϕij
L
ðsÞÞ ds

�����
�����

�����
�����

�max
ði;jÞ

Z t

ξq
∑

Ckl ANr ði;jÞ
Ckl
ij ½f ðϕkl

L ðs�τÞÞϕij
L ðsÞ� f ðϕkl

L ðs�τÞÞϕij
L
ðsÞ� ds

�����
�����

4ϵ�2Δ0ðH0þK0aþMfK0cÞ

Z
ϵ
2
:

Hence, we have JϕLðtÞ�ϕL ðtÞJ4ϵ=2 for each t from the intervals
J q ¼ ½αq;βq�; qAN, where αq ¼ ξq�Δ0 and βq ¼ ξqþΔ0. One can
confirm that βq-1 as q-1. Consequently, the couple ðϕLðtÞ;
ϕL ðtÞÞA ~L � ~L is frequently ðϵ1;ΔÞ�separated, where ϵ1 ¼ ϵ=2 and
Δ ¼ 2Δ0. □

The main result of the present study is as follows.

Theorem 3.1. Under the conditions (C1)–(C7), the set ~L is Li–Yorke
chaotic, provided that the same is true for the set L.

Proof. Since the set L is Li–Yorke chaotic, there exists a positive
number T0 such that for any kAN, L possesses a periodic function
with period kT0. One can use the integral equation (2.2) together
with condition (C5) to verify that LðtÞAL is kT0-periodic if and only
if ϕLðtÞA ~L is kT0-periodic. Thus, for each kAN, the set ~L contains a
kT0-periodic function.

Suppose that LS is a scrambled set inside L. Consider the
collection ~LS with elements of the form ϕLðtÞ, where LðtÞALS.
Because of the one-to-one correspondence between the elements
of LS and ~LS, the set ~LS is uncountable. Moreover, no periodic
functions exist inside ~LS, since no such functions take place inside
LS.

Lemmas 3.1 and 3.2 together ensure that ~LS is a scrambled set.
Additionally, Lemma 3.2 implies that any pair of functions inside
~LS � ~LP is frequently ðϵ1;ΔÞ�separated for some positive numbers
ϵ1 and Δ, where ~LP denotes the set of all periodic functions inside
~L. As a consequence, the set ~L is Li–Yorke chaotic. □

Since time delay is an inevitable feature of neural networks, the
result presented in Theorem 3.1 is much more realistic than the
one obtained in [89]. That is, unless retardation is not introduced
in the models, investigations of neural networks will not be
adequate for application problems. Introducing delay requests a
more sophisticated mathematical analysis, and this is the first time

in the literature that the approach developed in [89,90] is applied
to functional differential equations.

Suppose that F : Rm�n-Rm�n is a function such that for all
s1; s2ARm�n the inequality

L1 Js1�s2 Jr JFðs1Þ�Fðs2ÞJrL2 Js1�s2 J ð3:8Þ
is valid, where L1 and L2 are positive numbers. One can verify that
if a collection L of functions is Li–Yorke chaotic, then the collection
with elements of the form FðLðtÞÞ, where LðtÞAL, is also Li–Yorke
chaotic.

In the next section, we will focus on a neural system consisting
of three layers such that each layer is a SICNN, and the connections
between the layers are provided through nonlinear functions that
satisfy the inequality (3.8).

4. An example

In the theory of neural networks, one can consider intercon-
nected collections of neurons, called layers. Additionally, a neural
system is a collection of neural networks, which can be considered
as single layers. Each neuron in a neural network is capable of
receiving input signals, processing them and sending an output
signal. Neural signals consist of short electrical pulses, which are
called action potentials or spikes. That is why the discontinuity
phenomena is a natural property of neural networks. A chain of
action potentials emitted by a single neuron is called a spike train.
Action potentials in a spike train are usually well separated, and it
is impossible to excite a second spike during or immediately after
the first one [111]. In this section, we take into account an example
of a neural system consisting of three layers, where each layer is a
SICNN. Discontinuous external inputs are used in the first layer to
provide the chaos.

Consider the retarded SICNNs

dxij
dt

¼ �aijxij� ∑
Ckl AN1ði;jÞ

Ckl
ij f ðxklðt�τ1ÞÞxijþLijðtÞ; ð4:9Þ

dyij
dt

¼ �bijyij� ∑
Ckl AN1ði;jÞ

C
kl
ij gðyklðt�τ2ÞÞyijþLijðtÞ; ð4:10Þ

dzij
dt

¼ �cijzij� ∑
C kl AN1ði;jÞ

C
kl

ij hðzklðt�τ3ÞÞzijþL ijðtÞ; ð4:11Þ

in which i; j¼ 1;2;3,

a11 a12 a13
a21 a22 a23
a31 a32 a33

0
B@

1
CA¼

3 7 2
9 4 5
1 3 6

0
B@

1
CA;

C11 C12 C13

C21 C22 C23

C31 C32 C33

0
B@

1
CA¼

0 0:008 0:002
0:001 0:003 0:007
0:004 0 0:006

0
B@

1
CA;

b11 b12 b13
b21 b22 b23
b31 b32 b33

0
B@

1
CA¼

4 7 5
3 6 8
10 9 4

0
B@

1
CA;

C11 C12 C13

C21 C22 C23

C31 C32 C33

0
B@

1
CA¼

0:004 0:007 0:002
0 0:006 0:003

0:005 0:009 0:008

0
B@

1
CA;

c11 c12 c13
c21 c22 c23
c31 c32 c33

0
B@

1
CA¼

2 8 4
1 1 3
6 2 5

0
B@

1
CA;
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C 11 C 12 C 13

C 21 C 22 C 23

C 31 C 32 C 33

1
CA¼

0:006 0 0:002
0:004 0:001 0:008
0 0:007 0:002

0
B@

1
CA;

0
BB@
f ðsÞ ¼ 1

2 s
2, gðsÞ ¼ 1

3 s
3, hðsÞ ¼ ffiffi

s
p

, τ1 ¼ 0:5, τ2 ¼ 3 and τ3 ¼ 2:5.
To obtain chaotic SICNNs with delay by means of the presented

method, one needs a collection of external inputs which are
known to be chaotic in the sense of Li–Yorke. For that reason, in
system (4.9), the external inputs, LijðtÞ, will be considered as relay
functions with chaotically changing switching moments [95–98].
More precisely, we set LijðtÞ ¼ νijðt;ζÞ, where

νijðt; ζÞ ¼
αij if ζ2qotrζ2qþ1;

βij if ζ2q�1otrζ2q:

(
ð4:12Þ

In the relay function (4.12), α¼ fαijg and β¼ fβijg are different from
each other and the sequence ζ ¼ fζqg, qAZ, of switching moments
is the same for each i and j. The sequence ζ is defined by the
formula ζq ¼ qþκq, qAZ, where the sequence fκqg; κ0A ½0;1�, is
generated through the equation κqþ1 ¼ λðκqÞ, and λðsÞ ¼ 3:9sð1�sÞ
is the logistic map, which is chaotic in the Li–Yorke sense [39]. The
interval [0, 1] is invariant under the iterations of the map λðsÞ [112].
The presence of chaos in the SICNN (4.9) can be proved in a similar
manner to those mentioned in Section 3. It is worth noting that
external inputs of the form (4.12) are Li–Yorke chaotic and this
type of inputs has never been considered before in the literature
for SICNNs with delay.

Let us use αij ¼ 1:2 and βij ¼ 2:5 in (4.9). Clearly, ∑Ckl AN1ð1;1Þ

Ckl
11 ¼ 0:012, ∑Ckl AN1ð1;2ÞC

kl
12 ¼ 0:021, ∑Ckl AN1ð1;3ÞC

kl
13 ¼ 0:020,

∑Ckl AN1ð2;1ÞC
kl
21 ¼ 0:016, ∑Ckl AN1ð2;2ÞC

kl
22 ¼ 0:031, ∑Ckl AN1ð2;3ÞC

kl
23 ¼

0:026, ∑Ckl AN1ð3;1ÞC
kl
31 ¼ 0:008, ∑Ckl AN1ð3;2ÞC

kl
32 ¼ 0:021, ∑Ckl AN1ð3;3Þ

Ckl
33 ¼ 0:016. One can confirm that the conditions (C1)–(C7) hold

for system (4.9) with γ ¼ 1, Lf ¼ 2:5, Mf ¼ 3:125, M ¼ 2:5, δ¼0.01,

δ ¼ 0:008, K0¼2.581 and K1 ¼ 5:53. Therefore, the collection Lx of
bounded on R solutions of (4.9) with different ζ is a Li–Yorke
chaotic set.

Consider the constant function u1ðtÞ ¼ fuij
1ðtÞg with u11

1 ðtÞ ¼
0:652, u12

1 ðtÞ ¼ 0:263, u13
1 ðtÞ ¼ 0:942, u21

1 ðtÞ ¼ 0:215, u22
1 ðtÞ ¼ 0:517,

u23
1 ðtÞ ¼ 0:364, u31

1 ðtÞ ¼ 1:846, u32
1 ðtÞ ¼ 0:658 and u33

1 ðtÞ ¼ 0:361.

We use the sequence ζ with ζ0 ¼ 0:38, and represent in Fig. 1
the solution xðtÞ ¼ fxijðtÞg of (4.9) satisfying xðtÞ ¼ u1ðtÞ for
t0�τ1rtrt0, where t0 ¼ 0:38. Fig. 1 reveals that each coordinate
of the solution behaves chaotically.

Now, we shall focus on the SICNN (4.10). Consider the function
φðvÞ ¼ fφijðvÞg, where v¼ fvijg and φ11ðvÞ ¼ 0:5 tanhðv11Þ, φ12ðvÞ ¼
2v12þarctan v12, φ13ðvÞ ¼ 2v213, φ21ðvÞ ¼

ffiffiffiffiffiffiffi
v31

p
, φ22ðvÞ ¼ 0:4ev32 ,

φ23ðvÞ ¼ v33þ0:7 cos v33, φ31ðvÞ ¼ 1=ðv221þ1Þ, φ32ðvÞ ¼ ðv222þ
2v22þ 2Þ=ðv22þ1Þ, φ33ðvÞ ¼ ð0:9þv23Þ3. In system (4.10), we
set LijðtÞ ¼φijðxðtÞÞ for each i; j¼ 1;2;3. That is, the external inputs
LijðtÞ of the network (4.10) are provided through the outputs
of (4.9).

The function φ satisfies the inequality (3.8) inside the compact
region where the chaotic attractor of system (4.9) takes place.
Therefore, the collection which consists of elements of the form
φðxðtÞÞ, xðtÞALx, is a Li–Yorke chaotic set.

One can evaluate that ∑C kl AN1ð1;1ÞC
kl
11 ¼ 0:017, ∑C kl AN1ð1;2ÞC

kl
12 ¼

0:022, ∑C kl AN1ð1;3ÞC
kl
13 ¼ 0:018, ∑Ckl AN1ð2;1ÞC

kl
21 ¼ 0:031, ∑C kl AN1ð2;2Þ

C
kl
22 ¼ 0:044, ∑C kl AN1ð2;3ÞC

kl
23 ¼ 0:035, ∑Ckl AN1ð3;1ÞC

kl
31 ¼ 0:020,

∑C kl AN1ð3;2ÞC
kl
32 ¼ 0:031, ∑C kl AN1ð3;3ÞC

kl
33 ¼ 0:026, and the conditions

(C1)–(C7) hold for system (4.10) with γ¼3, Lg ¼ 0:49, Mg ¼ 0:1145,

M ¼ 0:762175, δ¼ δ ¼ 0:031=3, K0¼0.7631 and K1 ¼ 1:5322. Con-
sequently, the set Ly of bounded on R solutions of system (4.10) is
Li–Yorke chaotic in accordance with Theorem 3.1.

We represent in Fig. 2 the solution of system (4.10) with

yðtÞ ¼ u2ðtÞ for t0�τ2rtrt0, where u2ðtÞ ¼ fuij
2g is a constant

function defined as u11
2 ðtÞ ¼ 0:071, u12

2 ðtÞ ¼ 0:125, u13
2 ðtÞ ¼ 0:412,

u21
2 ðtÞ ¼ 0:454, u22

2 ðtÞ ¼ 0:132, u23
2 ðtÞ ¼ 0:127, u31

2 ðtÞ ¼ 0:094, u32
2

ðtÞ ¼ 0:245, u33
2 ðtÞ ¼ 0:442 and t0 ¼ 0:38. Fig. 2 supports the theo-

retical results such that the dynamics of the SICNN (4.10) is chaotic.

In a similar way, in system (4.11), we take L ijðtÞ ¼ψ ijðyðtÞÞ,
i; j¼ 1;2;3, where the function ψ ðvÞ ¼ fψ ijðvÞg is defined through

the equations ψ11ðvÞ ¼ 1
3 v33, ψ12ðvÞ ¼ 2v32þ sin v32, ψ13ðvÞ ¼

10v331, ψ21ðvÞ ¼ ð1þv11Þ1=3, ψ22ðvÞ ¼ 0:5 arctan v12, ψ23ðvÞ ¼ 2v13,

ψ31ðvÞ ¼ tanh v21, ψ32ðvÞ ¼ 1=ðv22þ2Þ and ψ33ðvÞ ¼ 1:5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þv23

p
. It

can be verified that the inequality (3.8) holds for the function ψ,
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Fig. 1. The irregular behavior in each cell of the SICNN (4.9).
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and the collection with elements of the form ψ ðyðtÞÞ, yðtÞALy, is
Li–Yorke chaotic.

In system (4.11), we have that ∑
C kl AN1ð1;1Þ

C
kl

11 ¼ 0:011,

∑
C kl AN1ð1;2Þ

C
kl

12 ¼ 0:021, ∑
C kl AN1ð1;3Þ

C
kl

13 ¼ 0:011, ∑
C kl AN1ð2;1Þ

C
kl

21 ¼

0:018, ∑
C kl AN1ð2;2Þ

C
kl

22 ¼ 0:03, ∑
C kl AN1ð2;3Þ

C
kl

23 ¼ 0:02, ∑
C kl AN1ð3;1Þ

C
kl

31 ¼ 0:012, ∑
C kl AN1ð3;2Þ

C
kl

32 ¼ 0:022, ∑
C kl AN1ð3;3Þ

C
kl

33 ¼ 0:018. More-

over, the conditions (C1)–(C7) are valid with γ ¼ 1, Lh ¼ 0:4951,

Mh ¼ 1:01, M ¼ 1:0292, δ¼ δ ¼ 0:03, K0¼1.0614 and K1 ¼ 2:1579.
Thus, in compliance with Theorem 3.1, the dynamics of system
(4.11) is Li–Yorke chaotic. That is, the set Lz of bounded on R

solutions of (4.11) is chaotic in the sense of Li–Yorke.
The behavior of the SICNN (4.11) is observable in Fig. 3, which

depicts the solution with zðtÞ ¼ u3ðtÞ for t0�τ3rtrt0, where

t0¼0.38 and the constant function u3ðtÞ ¼ fuij
3g is defined as

u11
3 ðtÞ ¼ 0:082, u12

3 ðtÞ ¼ 0:091, u13
3 ðtÞ ¼ 0:002, u21

3 ðtÞ ¼ 1:012, u22
3 ðtÞ ¼

0:041, u23
3 ðtÞ ¼ 0:217, u31

3 ðtÞ ¼ 0:068, u32
3 ðtÞ ¼ 0:234, u33

3 ðtÞ ¼ 0:317.
The illustration supports our results such that the SICNN (4.11)
exhibits chaos.

Even if we consider constant initial functions in the simula-
tions, the illustrated outputs in Figs. 1–3 converge to bounded on
R solutions, which are known to be chaotic, and that is the reason
why chaotic behavior is observable. Moreover, it is possible to use
other values of the delays τ1, τ2 and τ3 in the neural system (4.9)–
(4.10)–(4.11) provided that the condition (C7) is fulfilled.

To confirm one more time that the neural system (4.9)–(4.10)–
(4.11) exhibits chaotic motions, we illustrate in Fig. 4 the projec-
tion of the trajectory with xðtÞ ¼ u1ðtÞ, t0�τ1rtrt0, yðtÞ ¼ u2ðtÞ,
t0�τ2rtrt0, zðtÞ ¼ u3ðtÞ, t0�τ3rtrt0, on the x22�y21�z33
space, where t0 ¼ 0:38. Fig. 4 supports our results such that a
chaotic attractor takes place in the dynamics of the neural system.
The obtained chaos for the neural system (4.9)–(4.10)–(4.11) is in
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Fig. 2. The motions that appear in the cells of the SICNN (4.10). Our theoretical discussions are supported such that each cell behaves chaotically.
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Fig. 3. The chaotic motions in each cell of the SICNN (4.11).
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the sense of Li–Yorke, and it is remarkable that the presence of
chaos with a precise type in neural systems consisting of retarded
SICNNs has never been reported before.

In order to illustrate the proximality and frequent separation
features in the neural system (4.9)–(4.10)–(4.11), we represent in
Fig. 5 the x22, y22 and z22 coordinates of the solutions correspond-
ing to the sequence ζ with ζ0 ¼ 0:38 and ζ0 ¼ 0:39 in blue and red
colors, respectively. In the former, we use the initial conditions
xðtÞ ¼ u1ðtÞ, t0�τ1rtrt0, yðtÞ ¼ u2ðtÞ, t0�τ2rtrt0, zðtÞ ¼ u3ðtÞ,
t0�τ3rtrt0, where t0 ¼ 0:38. For the solution shown in red
color the initial conditions xðtÞ ¼ u1ðtÞ, t1�τ1rtrt1, yðtÞ ¼ u2ðtÞ,
t1�τ2rtrt1, zðtÞ ¼ u3ðtÞ, t1�τ3rtrt1, where t1 ¼ 0:39, are

used. Here, u1ðtÞ ¼ fuij
1ðtÞg, u2ðtÞ ¼ fuij

2ðtÞg and u3ðtÞ ¼ fuij
3ðtÞg are

constant functions defined as u11
1 ðtÞ ¼ 0:428, u12

1 ðtÞ ¼ 0:351, u13
1

ðtÞ ¼ 0:745, u21
1 ðtÞ ¼ 0:623, u22

1 ðtÞ ¼ 0:553, u23
1 ðtÞ ¼ 0:254, u31

1 ðtÞ ¼
1:725, u32

1 ðtÞ ¼ 0:742, u33
1 ðtÞ ¼ 0:249, u11

2 ðtÞ ¼ 0:086, u12
2 ðtÞ ¼ 0:234,

u13
2 ðtÞ ¼ 0:321, u21

2 ðtÞ ¼ 0:253, u22
2 ðtÞ ¼ 0:201, u23

2 ðtÞ ¼ 0:113, u31
2

ðtÞ ¼ 0:105, u32
2 ðtÞ ¼ 0:194, u33

2 ðtÞ ¼ 0:454, u11
3 ðtÞ ¼ 0:095, u12

3 ðtÞ ¼
0:094, u13

3 ðtÞ ¼ 0:001, u21
3 ðtÞ ¼ 1:145, u22

3 ðtÞ ¼ 0:038, u23
3 ðtÞ ¼ 0:332,

u31
3 ðtÞ ¼ 0:089, u32

3 ðtÞ ¼ 0:251 and u33
3 ðtÞ ¼ 0:212.

It is seen in Fig. 5 that the x22, y22 and z22 coordinates of the
represented outputs are separated from each other by a positive
number approximately for 1105rtr1110:3, 1105rtr1111:4
and 1105rtr1112:3, respectively. On the other hand, one can
observe the presence of the proximality feature in each of the
coordinates such that the solutions are almost identical approxi-
mately for 1120rtr1133. In addition to this, the solutions are
again separated from each other by a positive number approxi-
mately for 1133rtr1140.

5. Discussions

In the example presented in Section 4, a neural system consist-
ing of three layers is considered. Each layer of the neural system
(4.9)–(4.10)–(4.11) is, in fact, a retarded SICNN. The layers are
connected in a unidirectional way such that between the layers
we have feed-forward connections. The schematic diagram of the
neural system is shown in Fig. 6, where the unidirectional connec-
tions between the cells of different layers are presented in blue and
red colors. It is worth noting that feed-backward connections exist
within the layers, and black color is used to depict them in the
figure. The first layer admits the chaos due to the external inputs in
the form of chaotic relay functions. The chaotic outputs of the first
layer are used as external inputs for the second one, and therefore,
the latter also possesses chaotic motions in accordance with our
theoretical results. Besides, being affected by the outputs of the
second layer, the SICNN (4.11) exhibits chaos too. As a result, the
system (4.9)–(4.10)–(4.11) admits chaotic motions, and we call this
process as the chaotification of the neural system.

The first notions of chaotic synchronization were introduced and
developed in the papers [63–66]. Afraimovich et al. [65] proposed the
synchronization of chaotic systems that are different and not restricted
in coupling. To realize this proposal, Rulkov et al. [67] considered the
concept of generalized synchronization (GS) for unidirectionally
coupled systems with a skew product structure in the form

x0ðtÞ ¼ FðxðtÞÞ ð5:13Þ
and

y0ðtÞ ¼ GðxðtÞ; yðtÞÞ: ð5:14Þ
The systems (5.13) and (5.14) are called the drive and response
systems, respectively. GS [33,67–71] is said to occur if there exist sets
Bx;By of initial conditions and a transformation ϕ, defined on the
chaotic attractor of (5.13), such that for all xð0ÞABx, yð0ÞABy the
relation limt-1 JyðtÞ�ϕðxðtÞÞJ ¼ 0 holds. In the case of GS, a motion
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Fig. 5. The presence of the proximality and frequent separation features in the neural system (4.9)–(4.10)–(4.11). (For interpretation of the references to color in this figure
caption, the reader is referred to the web version of this paper.)
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starting on Bx � By collapses onto a manifold M � Bx � By of synchro-
nized motions. The transformation ϕ is not required to exist for the
transient trajectories. If ϕ is the identity transformation, then identical
synchronization takes place [66].

It is formulated in paper [68] that GS occurs in the coupled
system (5.13)–(5.14) if and only if for all x0ABx, y1; y2ABy, the
asymptotic stability criterion

lim
t-1

Jyðt; x0; y1Þ�yðt; x0; y2ÞJ ¼ 0

holds, where yðt; x0; y1Þ and yðt; x0; y2Þ are the solutions of (5.14)
with the same x(t) such that yð0; x0; y1Þ ¼ y1, yð0; x0; y2Þ ¼ y2 and
xð0Þ ¼ x0.

Now, let us discuss the concept of GS for the neural system
(4.9)–(4.10)–(4.11). Lemma 2.2 implies that for a fixed output
xðtÞ ¼ fxijðtÞg of (4.9), the criterion

lim
t-1

Jyðt; xðtÞ;φ1ðtÞÞ�yðt; xðtÞ;φ2ðtÞÞJ ¼ 0

holds for any initial functions φ1ðtÞ and φ2ðtÞ, where yðt; xðtÞ;φ1ðtÞÞ
and yðt; xðtÞ;φ2ðtÞÞ denote the solutions of the network (4.10) with
yðt; xðtÞ;φ1ðtÞÞ ¼φ1ðtÞ and yðt; xðtÞ;φ2ðtÞÞ ¼φ2ðtÞ for tA ½�τ2;0�.
Therefore, one can conclude that GS occurs in the dynamics of the
coupled SICNNs (4.9) and (4.10). It is worth noting that a similar
discussion is valid for the SICNNs (4.10) and (4.11), and they are also
synchronized in the generalized sense. Since different coefficients and
different external inputs are used in the networks (4.10) and (4.11),
one can confirm that different synchronization manifolds take place
for the couples (4.9)–(4.10), (4.10)–(4.11) and (4.9)–(4.11).

We apply Lemma 2.2 to prove the presence of GS and we need
just to verify the conditions (C1)–(C7) to confirm the presence of
synchronization in a couple of neural networks. It is shown for the
first time in the literature that the technique is used to synchro-
nize a chain of SICNNs. Since the synchronization manifolds are
not the same for different pairs of SICNNs from the chain, the
complexity of chaos in the family increases. The results may be
used to explain the high performance of brain functioning [6,62].

A numerical method that can be used to investigate coupled
systems for GS is the auxiliary system approach [33,70]. We will
use this approach to support the theoretical discussions about the
presence of GS in the coupled SICNNs (4.9)–(4.10).

Let us take into account the auxiliary system

dζij
dt

¼ �bijζij� ∑
C kl AN1ði;jÞ

C
kl
ij gðζklðt�τ2ÞÞζijþLijðtÞ; ð5:15Þ

which is an identical copy of (4.10).

In the networks (4.10) and (5.15), we use the external inputs
xijðtÞ, i¼1, 2, 3, j ¼ 1, 2, 3, which are depicted in Fig. 1, and
represent in Fig. 7 the projection of the stroboscopic plot of the
network (4.9)–(4.10)–(5.15) on the y22–ζ22 plane using the initial
functions yðtÞ ¼ u2ðtÞ, which was described in the previous section,
and ζðtÞ ¼ vðtÞ for t0�τ2rtrt0, where t0¼0.38 and vðtÞ ¼ fvijg is
the constant function defined as v11ðtÞ ¼ 0:114, v12ðtÞ ¼ 0:191,
v13ðtÞ ¼ 0:302, v21ðtÞ ¼ 0:512, v22ðtÞ ¼ 0:041, v23ðtÞ ¼ 0:215,
v31ðtÞ ¼ 0:287, v32ðtÞ ¼ 0:158, v33ðtÞ ¼ 0:294. In the simulation the
first 50 iterations are omitted. One can see in Fig. 7 that the plot is
on the line ζ22 ¼ y22, and this result supports our theoretical
discussions about the presence of GS for the coupled SICNNs
(4.9)–(4.10). A similar simulation can be performed for the coupled
SICNNs (4.10)–(4.11).

6. Conclusions

Delayed neural networks have applications in many areas such
as signal and image processing, associative memories, combina-
torial optimization and automatic control. Because of the finite
switching speed of the amplifiers, time delays occur during the
hardware implementation of neural networks. Therefore, it is of
prime importance to study neural networks with time delays.

Fig. 6. The schematic diagram of the neural system (4.9)–(4.10)–(4.11). The layers are unidirectionally coupled, and each layer of the neural system is a SICNN. The couplings
between the cells of different layers are presented in blue and red colors, while the connections within each SICNN are shown in black color. (For interpretation of the
references to color in this figure caption, the reader is referred to the web version of this paper.)
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Fig. 7. Application of the auxiliary system approach to the coupled SICNNs (4.9)–
(4.10) indicates that GS exists for the couple.
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Chaotic dynamics is useful in neural networks for separating
image segments and information processing. The presence of
synchronization in neural networks provides a criterion for the
existence of a dynamical correspondence between the systems,
and helps for a better understanding of neural processes. More-
over, chaos can improve the performance of CNNs on problems
that have local minima in energy (cost) functions and it is an
important tool for the studies of chaotic communication and
combinatorial optimization problems.

In the present study, SICNNs with delay are considered with
chaotic external inputs, and this is the first time that a theoreti-
cally approved chaos is obtained in such networks. As an example,
we have considered a neural system consisting of three layers such
that each layer is a retarded SICNN. Piecewise constant external
inputs are utilized in the first layer of this neural system to ensure
the presence of chaos in the sense of Li–Yorke. The results of the
obtained chaotification process are discussed through the general-
ized synchronization point of view, and the proximality and
frequent separation features are demonstrated numerically. The
results of the present paper can be extended easily if the delay is
variable and also for the case of advanced argument. Our approach
can be applied to other types of chaos such as the one analyzed
through period-doubling cascade.

Freeman and his collaborators [57–62] achieved remarkable
observations and conclusions that reveal the essentialness of
deterministic chaos for the brain functioning. Another hypothesis
is that chaos is undesirable and it occurs in brains subject to
pathological malfunctions [5]. This also provides an interesting
and considerable direction to the analysis of neural network
problems in the chaos theory. We suppose that the present study
can give some contributions in both directions. The proposed
chaotification procedure indicates not only the advantage of the
deterministic chaos over random noise for the analysis, but also
significant properties of self-organization [113,114]. Our results
may be useful for the investigation of environmental inputs of the
brain both on low and high levels of organization as well as
learning by considering it as the creation of new structures
(motions) in neural networks.

The brain comprises functionally specialized areas, which per-
form specific tasks and have differentiated parts or structures
within. These different structures have to work together for a
cerebral activity to occur. In the papers [115–117], the authors
proposed the presence of synchronization as the underlying
reason for such processes. Breakspear and Terry [75] reported
the detection of generalized synchronization between different
brain regions by means of electroencephalogram signals. In the
present paper, we have demonstrated the presence of generalized
synchronization by means of interconnected SICNNs with delay,
and our results may provide an opportunity to understand the
complex structure of the brain and the rest of the nervous system.
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