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Shunting inhibitory cellular neural networks with chaotic external inputs
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Taking advantage of external inputs, it is shown that shunting inhibitory cellular neural networks

behave chaotically. The analysis is based on the Li-Yorke definition of chaos. Appropriate

illustrations which support the theoretical results are depicted. VC 2013 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4805022]

Cellular neural networks have been paid much attention

in the past two decades. Exceptional role in psychophysics,

speech, perception, robotics, adaptive pattern recognition,

vision, and image processing has been played by shunting

inhibitory cellular neural networks (SICNNs). Chaotic dy-

namics is an object of great interest in neural networks

theory. This is natural since chaotic outputs have been

obtained for several types of neural networks. According

to the design of neural networks, solutions of some of them

can be used as an input for another ones. In our paper, we

realize this idea by considering SICNNs to obtain chaos

through chaotic external inputs. This is the first time that

a theoretically approved chaos is obtained in SICNNs.

I. INTRODUCTION

A class of cellular neural networks, introduced by

Bouzerdoum and Pinter,1 is the SICNNs, which have been

extensively applied in psychophysics, speech, perception,

robotics, adaptive pattern recognition, vision, and image

processing.2–8

The model in its most original formulation1 is as fol-

lows. Consider a two-dimensional grid of processing cells,

and let Cij; i ¼ 1; 2;…;m; j ¼ 1; 2;…; n; denote the cell at

the (i, j) position of the lattice. Denote by Nrði; jÞ the

r–neighborhood of Cij such that

Nrði; jÞ¼ fCkl : maxfjk� ij; jl� jjg� r; 1� k�m; 1� l� ng:

In SICNNs, neighboring cells exert mutual inhibitory interac-

tions of the shunting type. The dynamics of the cell Cij is

described by the following nonlinear ordinary differential

equation:

dxij

dt
¼ �aijxij �

X
Ckl2Nrði;jÞ

Ckl
ij f ðxklðtÞÞxij þ LijðtÞ; (1.1)

where xij is the activity of the cell Cij; LijðtÞ is the external

input to Cij; the constant aij represents the passive decay rate

of the cell activity; Ckl
ij � 0 is the connection or coupling

strength of postsynaptic activity of the cell Ckl transmitted to

the cell Cij; and the activation function f ðxklÞ is a positive

continuous function representing the output or firing rate of

the cell Ckl.

The chaos phenomenon has been observed in the dynam-

ics of neural networks,9–20 and chaotic dynamics applying as

external inputs are useful for separating image segments,10 in-

formation processing,16,17 and synchronization of neural

networks.21–23 Aihara et al.9 proposed a model of a single neu-

ron with chaotic dynamics by considering graded responses,

relative refractoriness, and spatio-temporal summation of

inputs. Chaotic solutions of both the single chaotic neuron and

the chaotic neural network composed of such neurons were

demonstrated numerically in Ref. 9. Focusing on the model

proposed in Ref. 9, dynamical properties of a chaotic neural

network in chaotic wandering state were studied concerning

sensitivity to external inputs in Ref. 20. On the other hand, in

Ref. 10, Aihara’s chaotic neuron model is used as the funda-

mental model of elements in a network, and the synchroniza-

tion characteristics in response to external inputs in a coupled

lattice based on a Newman-Watts model are investigated.

Besides, in Refs. 16 and 17, a network consisting of binary

neurons which do not display chaotic behavior is considered;

and by means of the reduction of synaptic connectivities, it is

shown that the state of the network in which cycle memories

are embedded reveals chaotic wandering among memory

attractor basins. Moreover, it is mentioned that chaotic wan-

dering among memories is considerably intermittent. Chaotic

solutions to the Hodgkin-Huxley equations with periodic forc-

ing have been discovered in Ref. 11. Ref. 12 indicates the exis-

tence of chaotic solutions in the Hodgkin-Huxley model with

its original parameters. An analytical proof for the existence of

chaos through period-doubling cascade in a discrete-time neu-

ral network is given in Ref. 18, and the problem of creating a

robust chaotic neural network is handled in Ref. 19.

Confirming one more time that the chaos phenomenon can be

observed in the dynamics of neural networks, the results

obtained in the present study make contribution to the develop-

ment of neural networks theory.

The existence and the stability of periodic, almost peri-

odic and anti-periodic solutions of SICNNs have been pub-

lished in Refs. 24–33. The main novelty of the present paper

is the verification of the chaotic behavior in SICNNs. To

prove the existence of chaos, we apply the technique based

on the Li-Yorke definition,34 and make use of chaotic exter-
nal inputs in the networks. We say that the external inputs
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are chaotic if they belong to a collection of functions which

satisfy the ingredients of chaos. That is, we consider mem-

bers of a chaotic set as external input terms, and, as a result,

we obtain solutions which display chaotic behavior.

The first mathematically rigorous definition of chaos is

introduced by Li and Yorke34 for one dimensional difference

equations. According to Ref. 34, a continuous map F : J ! J,

where J is an interval, exhibits chaos if: (i) For every natural

number p, there exists a p–periodic point of F in J; (ii) There

is an uncountable set S � J, containing no periodic points,

such that for every s1; s2 2 S with s1 6¼ s2, we have

lim supk!1 jFkðs1Þ � Fkðs2Þj > 0 and lim infk!1 jFkðs1Þ
�Fkðs2Þj ¼ 0; (iii) For every s 2 S and periodic point r 2 J,

we have lim supk!1 jFkðsÞ � FkðrÞj > 0.

Generalizations of Li-Yorke chaos to high dimensional

difference equations are provided in Refs. 35–38. According

to the results of Ref. 35, if a repelling fixed point of a differen-

tiable map has an associated homoclinic orbit that is transver-

sal in some sense, then the map must exhibit chaotic behavior.

More precisely, if a multidimensional differentiable map has

a snap-back repeller, then it is chaotic. Marotto’s Theorem is

used in Ref. 36 to prove rigorously the existence of Li-Yorke

chaos in a spatiotemporal chaotic system. Furthermore, the

notion of Li-Yorke sensitivity, which links the Li-Yorke chaos

with the notion of sensitivity, is studied in Ref. 37, and gener-

alizations of Li-Yorke chaos to mappings in Banach spaces

and complete metric spaces are considered in Ref. 38. In the

present paper, we develop the concept of Li-Yorke chaos to

continuous and multidimensional dynamics of SICNNs.
Existence of a chaotic attractor in SICNNs with impulses

was numerically observed in Ref. 39 without a theoretical sup-

port, as well it is the case for Ref. 40. Our results can be

extended to impulsive systems,41 but they will be very specific.

II. PRELIMINARIES

Throughout the paper, R and N will stand for the

sets of real and natural numbers, respectively, and the

norm kuk ¼ maxði;jÞjuijj will be used, where u ¼ fuijg
¼ ðu11;…; u1n;…; um1…; umnÞ 2 Rm�n and m; n 2N.

Suppose that B is a collection of continuous functions

wðtÞ ¼ fwijðtÞg; i ¼ 1; 2;…;m; j ¼ 1; 2;…; n, such that

supt2R kwðtÞk � M, where M is a positive real number. We

start by describing the ingredients of Li-Yorke chaos for the

collection B.

We say that a couple
�
wðtÞ; ~wðtÞ

�
2 B � B is proximal

if for arbitrary small � > 0 and arbitrary large E > 0, there

exist infinitely many disjoint intervals of length not less than

E such that kwðtÞ � ~wðtÞk < �, for each t from these inter-

vals. On the other hand, a couple ðwðtÞ; ~wðtÞÞ 2 B � B is

called frequently ð�0;DÞ–separated if there exist positive real

numbers �0;D and infinitely many disjoint intervals of length

not less than D, such that kwðtÞ � ~wðtÞk > �0, for each t
from these intervals. It is worth saying that the numbers �0

and D depend on the functions wðtÞ and ~wðtÞ.
A couple ðwðtÞ; ~wðtÞÞ 2 B � B is a Li–Yorke pair if

they are proximal and frequently ð�0;DÞ–separated for some

positive numbers �0 and D. Moreover, an uncountable set

C � B is called a scrambled set if C does not contain any

periodic functions and each couple of different functions

inside C � C is a Li–Yorke pair.

B is called a Li–Yorke chaotic set if: (i) there exists a

positive real number T0 such that B possesses a periodic

function of period kT0, for any k 2N; (ii) B possesses a

scrambled set C; (iii) for any function wðtÞ 2 C and any peri-

odic function ~wðtÞ 2 B, the couple ðwðtÞ; ~wðtÞÞ is frequently

ð�0;DÞ–separated for some positive real numbers �0 and D.

One can obtain a new Li-Yorke chaotic set from a given

one as follows. Suppose that h : Rm�n ! R �m��n is a function

which satisfies for all u1; u2 2 Rm�n that

L1ku1 � u2k � khðu1Þ � hðu2Þk � L2ku1 � u2k; (2.2)

where L1 and L2 are positive numbers. One can verify that if

the collection B is Li-Yorke chaotic, then the collection Bh

whose elements are of the form hðwðtÞÞ; wðtÞ 2 B is also Li-

Yorke chaotic.

The following conditions are needed in the paper:

(C1) c ¼ minði;jÞaij > 0;

(C2) There exist positive numbers Mij such that

supt2R jLijðtÞj � Mij;

(C3) There exists a positive number Mf such that

sups2R jf ðsÞj � Mf ;

(C4) There exists a positive number Lf such that

jf ðs1Þ � f ðs2Þj � Lf js1 � s2j for all s1; s2 2 R;

(C5) Mf maxði;jÞ

P
Ckl2Nrði;jÞ C

kl
ij

aij
< 1;

(C6)
�cðLf K0þMf Þ

c < 1, where �c ¼ maxði;jÞ
P

Ckl2Nrði;jÞ C
kl
ij and

K0 ¼
maxði;jÞ

Mij
aij

1�Mf maxði;jÞ

P
Ckl2Nrði;jÞ C

kl
ij

aij

.

Using the theory of quasilinear equations,42 one can ver-

ify that a bounded on R function xðtÞ ¼ fxijðtÞg is a solution

of the network (1.1) if and only if the following integral

equation is satisfied

xijðtÞ¼�
ðt

�1
e�aijðt�sÞ

X
Ckl2Nrði;jÞ

Ckl
ij f ðxklðsÞÞxijðsÞ�LijðsÞ

2
4

3
5ds:

(2.3)

A result about the existence of bounded on R solutions

is as follows.

Lemma 2.1. For any LðtÞ ¼ fLijðtÞg; i ¼ 1; 2;…;m;
j ¼ 1; 2;…; n, there exists a unique bounded on R solution
/LðtÞ ¼ f/

ij
LðtÞg of the network (1.1) such that supt2R

k/LðtÞk � K0.

Proof. Consider the set C0 of continuous functions

uðtÞ ¼ fuijðtÞg; i ¼ 1; 2;…;m; j ¼ 1; 2;…; n, such that kuk1

� K0, where kuk1 ¼ supt2R kuðtÞk. Define on C0 the opera-

tor P as

ðPuÞijðtÞ � �
ðt

�1
e�aijðt�sÞ

�
X

Ckl2Nrði;jÞ
Ckl

ij f ðuklðsÞÞuijðsÞ � LijðsÞ

2
4

3
5ds;
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where uðtÞ ¼ fuijðtÞg and PuðtÞ ¼ fðPuÞijðtÞg. If u(t) belongs to C0, then

jðPuÞijðtÞj �
ðt

�1
e�aijðt�sÞ

X
Ckl2Nrði;jÞ

Ckl
ij jf ðuklÞðsÞjjuijðsÞj þ jLijðsÞj

2
4

3
5ds � 1

aij
Mij þMf K0

X
Ckl2Nrði;jÞ

Ckl
ij

0
@

1
A:

Accordingly, we have kPuk1 � maxði;jÞ
Mij

aij
þMf K0maxði;jÞ

P
Ckl2Nrði;jÞ C

kl
ij

aij
¼ K0: Therefore, PðC0Þ � C0.

On the other hand, for any u; v 2 C0,

jðPuÞijðtÞ � ðPvÞijðtÞj �
ðt

�1
e�aijðt�sÞ

X
Ckl2Nrði;jÞ

Ckl
ij jf ðuklðsÞÞuijðsÞ � f ðuklðsÞÞvijðsÞjds

þ
ðt

�1
e�aijðt�sÞ

X
Ckl2Nrði;jÞ

Ckl
ij jf ðuklðsÞÞvijðsÞ � f ðvklðsÞÞvijðsÞjds

� ðLf K0 þMf Þmax
ði;jÞ

X
Ckl2Nrði;jÞ

Ckl
ij

aij
ku� vk1:

Thus, kPu�Pvk1 � ðLf K0 þMf Þmaxði;jÞ

P
Ckl2Nrði;jÞ C

kl
ij

aij
ku� vk1, and condition (C6) implies that the operator P is con-

tractive. Consequently, for any L(t), there exists a unique bounded on R solution /LðtÞ of the network (1.1) such that

supt2R k/LðtÞk � K0: �

For a given LðtÞ ¼ fLijðtÞg; i ¼ 1; 2;…;m; j ¼ 1; 2;…; n, let us denote by xLðt; x0Þ ¼ fxij
Lðt; x0Þg the unique solution of

the SICNNs (1.1) with xLð0; x0Þ ¼ x0. We note that the solution xLðt; x0Þ is not necessarily bounded on R.

Consider the collection L of functions with elements of the form LðtÞ : R! Rm�n such that supt2R kLðtÞk � H0, where

H0 ¼ maxði;jÞMij. In the present paper, we assume that L is an equicontinuous family on R. Suppose that A is the collection

of functions consisting of the bounded on R solutions /LðtÞ of system (1.1), where LðtÞ 2 L.

The following assertion confirms the attractiveness of the set A.

Lemma 2.2. For any x0 2 Rm�n and LðtÞ ¼ fLijðtÞg; i ¼ 1; 2;…;m; j ¼ 1; 2;…; n, we have kxLðt; x0Þ � /LðtÞk ! 0 as
t!1.

Proof. Making use of the relation

xij
Lðt; x0Þ � /ij

LðtÞ ¼ e�aijt
�

xij
Lð0; x0Þ � /ij

Lð0Þ
�
�
ðt

0

e�aijðt�sÞ
X

Ckl2Nrði;jÞ
Ckl

ij f ðxkl
L ðs; x0ÞÞxij

Lðs; x0Þ �
X

Ckl2Nrði;jÞ
Ckl

ij f ð/kl
L ðsÞÞ/

ij
LðsÞ

2
4

3
5ds;

we obtain for t � 0 that

jxij
Lðt; x0Þ � /ij

LðtÞj � e�aijtjxij
Lð0; x0Þ � /ij

Lð0Þj þMf

X
Ckl2Nrði;jÞ

Ckl
ij

ðt

0

e�aijðt�sÞjxij
Lðs; x0Þ � /ij

LðsÞjds

þLf K0

ðt

0

e�aijðt�sÞ
X

Ckl2Nrði;jÞ
Ckl

ij jxkl
L ðs; x0Þ � /kl

L ðsÞjds:

The last inequality implies the following:

ectkxLðt; x0Þ � /LðtÞk � kx0 � /Lð0Þk þ �cðLf K0 þMf Þ
ðt

0

ecskxLðs; x0Þ � /LðsÞkds; t � 0:

Applying Gronwall-Bellman Lemma, one can attain that

kxLðt; x0Þ � /LðtÞk � kx0 � /Lð0Þke½�cðLf K0þMf Þ�c�t; t � 0:

Consequently, kxLðt; x0Þ � /LðtÞk ! 0 as t!1, in accordance with condition (C6). �
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Our purpose in the next part is to prove rigorously that if

the collection L is chaotic in the sense of Li-Yorke, then the

same is true for A. In other words, if the external input terms

LijðtÞ behave chaotically, then the dynamics of the SICNNs is

also chaotic.

III. CHAOTIC DYNAMICS

The replication of the ingredients of Li-Yorke chaos

from the collection L to the collection A will be affirmed in

the following two lemmas, and the main conclusion will be

stated in Theorem 3.1. We start with the following lemma,

which indicates existence of proximality in the collection A.

Lemma 3.1. If a couple of functions ðLðtÞ; ~LðtÞÞ 2
L � L is proximal, then the same is true for the couple
ð/LðtÞ;/ ~LðtÞÞ 2 A � A.

Proof. Fix an arbitrary small positive number � and

an arbitrary large positive number E. Set R ¼ 2

Mf K0maxði;jÞ

P
Ckl2Nrði;jÞ C

kl
ij

aij
þmaxði;jÞ

Mij

aij

 !
and 0 < a

� c��cðLf K0þMf Þ
1þc��cðLf K0þMf Þ. Suppose that a given pair ðLðtÞ; ~LðtÞÞ

2 L � L is proximal. There exist a sequence of real num-

bers fEqg satisfying Eq � E for each q 2N and a sequence

ftqg; tq !1 as q!1, such that kLðtÞ � ~LðtÞk < a�
for each t from the disjoint intervals Jq ¼ ½tq; tq þ Eq�;
q 2N. Let us denote /LðtÞ ¼ f/

ij
LðtÞg and / ~LðtÞ ¼ f/

ij
~L
ðtÞg:

Fix q 2N. For t 2 Jq, using the relation (2.3), one can

reach up for any i and j that

/ij
LðtÞ � /ij

~L
ðtÞ ¼ �

ðt

�1
e�aijðt�sÞ

X
Ckl2Nrði;jÞ

Ckl
ij f ð/kl

L ðsÞÞ/
ij
LðsÞ � LijðsÞ�

X
Ckl2Nrði;jÞ

Ckl
ij f ð/kl

~L
ðsÞÞ/ij

~L
ðsÞ þ ~LijðsÞ

2
4

3
5ds:

By means of the last equation, one can obtain that

j/ij
LðtÞ � /ij

~L
ðtÞj � 2 Mf K0

X
Ckl2Nrði;jÞ

Ckl
ij

aij
þMij

aij

0
BB@

1
CCAe�aijðt�tqÞ þ a�

aij
ð1�e�aijðt�tqÞÞþ�cðLf K0þMf Þ

ðt

tq

e�aijðt�sÞk/LðsÞ � / ~LðsÞkds:

Accordingly, we have

ectk/LðtÞ � / ~L ðtÞk � Rectq þ a�
c
ðect � ectqÞ

þ �cðLf K0 þMf Þ
ðt

tq

ecsk/LðsÞ

� / ~LðsÞkds; t2 Jq:

Application of Gronwall’s Lemma to the last inequality

implies for t 2 Jq that

k/LðtÞ � /~LðtÞk �
a�

c� �cðLf K0 þMf Þ

�
�

1� e½�cðLf K0þMf Þ�c�ðt�tqÞ
�

þ Re½�cðLf K0þMf Þ�c�ðt�tqÞ:

Suppose that the number E is sufficiently large such that

E > 2
c��cðLf K0þMf Þ ln

R
a�

� �
. In this case, if t belongs to the inter-

val ½tq þ E=2; tq þ Eq�, then Re½�cðLf K0þMf Þ�c�ðt�tqÞ < a�.
Thus, for t 2 ½tq þ E=2; tq þ Eq�, the following inequal-

ity is valid:

k/LðtÞ � / ~LðtÞk < 1þ 1

c� �cðLf K0 þMf Þ

� �
a� � �:

Consequently, since the last inequality holds for each t from

the disjoint intervals J1
q ¼ ½tq þ E=2; tq þ Eq�; q 2N, the

couple
�
/LðtÞ;/~LðtÞ

�
2 A � A is proximal. �

Now, let us continue with the replication the second

main ingredient of Li-Yorke chaos in the next lemma.

Lemma 3.2. If a couple
�
LðtÞ; ~LðtÞ

�
2 L � L is fre-

quently ð�0;DÞ–separated for some positive real numbers �0

and D, then there exist positive real numbers �1 and �D such
that the couple

�
/LðtÞ;/~LðtÞ

�
2 A � A is frequently

ð�1; �DÞ–separated.
Proof. Suppose that a given couple

�
LðtÞ; ~LðtÞ

�
2

L � L is frequently ð�0;DÞ separated, for some �0 > 0 and

D > 0. In this case, there exist infinitely many disjoint inter-

vals Jq; q 2N, each with length not less than D, such that

kLðtÞ � ~LðtÞk > �0, for each t from these intervals. Without

loss of generality, assume that these intervals are all closed

subsets of R. In that case, one can find a sequence fDqg sat-

isfying Dq � D; q 2N, and a sequence fdqg; dq !1 as

q!1, such that for each q 2N, the inequality kLðtÞ �
~LðtÞk > �0 holds for t 2 Jq ¼ ½dq; dq þ Dq� and Jp \ Jq ¼1
whenever p 6¼ q.

In the proof, we will verify the existence of positive

numbers �1; �D and infinitely many disjoint intervals

J1
q � Jq; q 2N, each with length �D, such that the inequality

k/LðtÞ � / ~LðtÞk > �1 holds for each t from the intervals

J1
q ; q 2N.
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According to the equicontinuity of L, one can find a

positive number s < D, such that for any t1; t2 2 R with

jt1 � t2j < s, the inequality

jðLijðt1Þ � ~Lijðt1ÞÞ � ðLijðt2Þ � ~Lijðt2ÞÞj <
�0

2
; (3.4)

holds for all 1 � i � m; 1 � j � n.

Suppose that for each q 2N, the number sq denotes the

midpoint of the interval Jq. That is, sq ¼ dq þ Dq=2. Let us

define a sequence fhqg through the equation hq ¼ sq � s=2.

Let us fix an arbitrary q 2N. One can find integers

i0; j0, such that

jLi0j0ðsqÞ � ~Li0j0ðsqÞj ¼ kLðsqÞ � ~LðsqÞk > �0: (3.5)

Making use of the inequality (3.4), for all

t 2 ½hq; hq þ s�, we have

jLi0j0ðsqÞ � ~Li0j0ðsqÞj � jLi0j0ðtÞ � ~Li0j0ðtÞj

� jðLi0j0ðtÞ � ~Li0j0ðtÞÞ � ðLi0j0ðsqÞ � ~Li0j0ðsqÞÞj <
�0

2
;

and therefore by means of (3.5), we obtain that the inequality

jLi0j0ðtÞ � ~Li0j0ðtÞj > jLi0j0ðsqÞ � ~Li0j0ðsqÞj �
�0

2
>
�0

2
; (3.6)

is valid for all t 2 ½hq; hq þ s�.
For each i and j, one can find numbers fq

ij 2 ½hq; hq þ s�
such that

ðhqþs

hq

ðLðsÞ � ~LðsÞÞds ¼ sðL11ðfq
11Þ � ~L11ðfq

11Þ;…; Lmnðfq
mnÞ

� ~Lmnðfq
mnÞÞ:

Thus, according to the inequality (3.6), we attain that

ðhqþs

hq

ðLðsÞ � ~LðsÞÞds

�����
����� � sjLi0j0ðf

q
i0j0
Þ � ~Li0j0ðf

q
i0j0
Þj > s�0

2
:

(3.7)

For t 2 ½hq; hq þ s�, using the couple of relations

/ij
LðtÞ ¼ /ij

LðhqÞ �
ðt

hq

"
aij þ

X
Ckl2Nrði;jÞ

Ckl
ij f ð/kl

L ðsÞÞ
#
/ij

LðsÞdsþ
ðt

hq

LijðsÞds;

and

/ij
~L
ðtÞ ¼ /ij

~L
ðhqÞ �

ðt

hq

"
aij þ

X
Ckl2Nrði;jÞ

Ckl
ij f ð/kl

~L
ðsÞÞ
#
/ij

~L
ðsÞdsþ

ðt

hq

~LijðsÞds;

it can be verified that

/ij
Lðhq þ sÞ � /ij

~L
ðhq þ sÞ ¼

ðhqþs

hq

ðLijðsÞ � ~LijðsÞÞdsþ ð/ij
LðhqÞ � /ij

~L
ðhqÞÞ �

ðhqþs

hq

aij

�
/ij

LðsÞ � /ij
~L
ðsÞ
�

ds

�
ðhqþs

hq

X
Ckl2Nrði;jÞ

Ckl
ij f ð/kl

L ðsÞÞ/
ij
LðsÞ �

X
Ckl2Nrði;jÞ

Ckl
ij f ð/kl

~L
ðsÞÞ/ij

~L
ðsÞ

2
4

3
5ds:

Hence, one can confirm that

k/Lðhq þ sÞ � /~Lðhq þ sÞk �
ðhqþs

hq

ðLðsÞ � ~LðsÞÞds

�����
������k/LðhqÞ � /~LðhqÞk �max

ði;jÞ

					
ðhqþs

hq

aij

�
/ij

LðsÞ � /ij
~L
ðsÞ
�

ds

					
�max
ði;jÞ

					
ðhqþs

hq

X
Ckl2Nrði;jÞ

Ckl
ij f ð/kl

L ðsÞÞ/
ij
LðsÞ �

X
Ckl2Nrði;jÞ

Ckl
ij f ð/kl

~L
ðsÞÞ/ij

~L
ðsÞ

2
4

3
5ds

					: (3.8)

Let us denote �c ¼ maxði;jÞaij. The inequalities (3.7) and (3.8) together imply that

max
t2½hq;hqþs�

k/LðtÞ � / ~LðtÞk � k/Lðhq þ sÞ � / ~Lðhq þ sÞk > s�0

2

� ½1þ s�c þ s�cðLf K0 þMf Þ� max
t2½hq;hqþs�

k/LðtÞ � /~LðtÞk:
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Therefore, we have maxt2½hq;hqþs�k/LðtÞ � / ~LðtÞk > ��, where

�� ¼ s�0

2½2þs�cþs�cðLf K0þMf Þ�.

Suppose that maxt2½hq;hqþs�k/LðtÞ � / ~LðtÞk ¼ k/LðnqÞ
�/~LðnqÞk for some nq 2 ½hq; hq þ s�. Define

�D ¼ min
s
2
;

��

4ðH0 þ K0�c þMf K0�cÞ


 �

and let

h1
q ¼

nq; if nq � hq þ s=2

nq � �D; if nq > hq þ s=2:

(

For t 2 ½h1
q; h

1
q þ �D�, by the help of the integral equation

/ij
LðtÞ � /ij

~L
ðtÞ ¼ ð/ij

LðnqÞ � /ij
~L
ðnqÞÞ þ

ðt

nq

�
LijðsÞ � ~LijðsÞ

�
ds�

ðt

nq

aij

�
/ij

LðsÞ � /ij
~L
ðsÞ
�

ds

�
ðt

nq

X
Ckl2Nrði;jÞ

Ckl
ij f ð/kl

L ðsÞÞ/
ij
LðsÞ �

X
Ckl2Nrði;jÞ

Ckl
ij f ð/kl

~L
ðsÞÞ/ij

~L
ðsÞ

2
4

3
5ds;

we obtain that

k/LðtÞ � / ~LðtÞk � k/LðnqÞ � / ~LðnqÞk �max
ði;jÞ

					
ðt

nq

�
LijðsÞ � ~LijðsÞ

�
ds

					�max
ði;jÞ

				
ðt

nq

aij

�
/ij

LðsÞ � /ij
~L
ðsÞ
�

ds

				
�max
ði;jÞ

					
ðt

nq

" X
Ckl2Nrði;jÞ

Ckl
ij f ð/kl

L ðsÞÞ/
ij
LðsÞ �

X
Ckl2Nrði;jÞ

Ckl
ij f ð/kl

~L
ðsÞÞ/ij

~L
ðsÞ
#

ds

					
> �� � 2�DðH0 þ K0�c þMf K0�cÞ � ��

2
:

Consequently, for each t from the intervals J1
q

¼ ½h1
q; h

1
q þ �D�; q 2N, the inequality k/LðtÞ � /~LðtÞk > �1

holds, where �1¼��=2, and the length of these intervals are �D:�
The following theorem, which is the main result of the

present article, indicates that the network (1.1) is chaotic,

provided that the external inputs are chaotic.

Theorem 3.1. If L is a Li-Yorke chaotic set, then the
same is true for A.

Proof. Assume that the set L is Li-Yorke chaotic.

Under the circumstances, there exists a positive number T0

such that for any natural number k; L possesses a periodic

function of period kT0. One can confirm that LðtÞ 2 L is

kT0–periodic if and only if /LðtÞ 2 A is kT0–periodic.

Therefore, the set A contains a kT0–periodic function for

any natural number k.

Next, suppose that LS is a scrambled set inside L and

take into account the collection AS with elements of the

form /LðtÞ, where LðtÞ 2 LS. Since LS is uncountable, the

set AS is also uncountable. Due to the one-to-one correspon-

dence between the periodic functions inside L and A, no

periodic functions exist inside AS.

According to Lemmas 3.1 and 3.2, AS is a scrambled

set. Moreover, Lemma 3.2 implies that each couple of func-

tions inside AS �AP is frequently ð�1; �DÞ–separated for

some positive real numbers �1 and �D, where AP denotes the

set of all periodic functions inside A. Consequently, the set

A is Li-Yorke chaotic. �

Remark 3.1. Combining the main result presented in
Theorem 3.1 with the result of Lemma 2.2, one can conclude

that a chaotic attractor takes place in the dynamics of system
(1.1).

IV. EXAMPLES

To actualize the results of the paper, one needs a source

of external inputs, LijðtÞ, which are ensured to be chaotic in

the Li-Yorke sense. For this reason, in the first example, we

will take into account SICNNs whose external inputs are

relay functions with chaotically changing switching

moments. Then, to support our new theoretical results, we

will make use of the solutions of this network as external

inputs for another SICNNs, which is the main illustrative

object for the results of the paper. To increase the flexibility

of our method for applications, we will also take advantage

of nonlinear functions to build chaotic inputs.

Example 1. Let us introduce the following SICNNs:

dzij

dt
¼ �bijzij �

X
Dkl2N1ði;jÞ

Dkl
ij gðzklðtÞÞzij þ �ijðt; t0Þ; (4.9)

in which i, j¼ 1, 2, 3,

b11 b12 b13

b21 b22 b23

b31 b32 b33

0
B@

1
CA ¼

8 4 7

10 6 5

6 4 1

0
B@

1
CA;

D11 D12 D13

D21 D22 D23

D31 D32 D33

0
B@

1
CA ¼

0:006 0 0:001

0:009 0:002 0:003

0 0:005 0:004

0
B@

1
CA:
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In Eq. (4.9), Dij denotes the cell at the (i, j) position of the

lattice, and for each i, j, the relay function �ijðt; t0Þ is defined

by the equation

�ijðt; t0Þ ¼
aij; if f2qðt0Þ < t � f2qþ1ðt0Þ;
bij; if f2q�1ðt0Þ < t � f2qðt0Þ;

(

where t0 2 ½0; 1� and the numbers fqðt0Þ; q 2 Z, denote the

switching moments, which are the same for all i, j. The

switching moments are defined through the formula

fqðt0Þ ¼ qþ jqðt0Þ; q 2 Z, where the sequence fjqðt0Þg;
j0ðt0Þ ¼ t0 is generated by the logistic equation jqþ1ðt0Þ
¼ 3:9jqðt0Þð1� jqðt0ÞÞ, which is chaotic in the Li-Yorke

sense.34 More information about the dynamics of relay sys-

tems and replication of chaos can be found in Refs. 43–47.

In system (4.9), let gðsÞ ¼ s2 and aij ¼ 1; bij ¼ 2 for all

i, j. By results of Ref. 43, the family f�ijðt; t0Þg; t0 2 ½0; 1� is

chaotic in the sense of Li-Yorke, and the collection L con-

sisting of elements of the form zðtÞ ¼ fzijðtÞg, where z(t) are

bounded on R solutions of (4.9), is a Li-Yorke chaotic set.

Next, we consider the simulations of the network (4.9).

Figure 1 represents the chaotic solution zðtÞ¼fzijðtÞg of (4.9)

with z11ðt0Þ¼0:1678;z12ðt0Þ¼0:3956;z13ðt0Þ¼0:1987; z21ðt0Þ
¼0:1261; z22ðt0Þ¼0:2405; z23ðt0Þ¼0:3012; z31ðt0Þ¼0:2412;
z32ðt0Þ¼0:3942;z33ðt0Þ¼1:6692; where t0 ¼0:45.

In Example 1, to procure a Li-Yorke chaotic set, we

used SICNNs in the form of (1.1) where the terms LijðtÞ are

replaced by relay functions �ijðt; t0Þ, whose switching

moments change chaotically. Now, to support the results of

the present paper, we will construct another SICNNs, but this

time we will use external inputs of the form LijðtÞ ¼ hijðzðtÞÞ,
where z(t) are the chaotic solutions of the network (4.9) and

hðvÞ ¼ fhijðvÞg is a nonlinear function, which satisfies the in-

equality (2.2).

Example 2. Consider the following SICNNs

dxij

dt
¼ �aijxij �

X
Ckl2N1ði;jÞ

Ckl
ij f ðxklðtÞÞxij þ LijðtÞ; (4.10)

in which i, j¼ 1, 2, 3,

a11 a12 a13

a21 a22 a23

a31 a32 a33

0
B@

1
CA ¼

5 12 2

6 4 8

2 9 3

0
B@

1
CA;

C11 C12 C13

C21 C22 C23

C31 C32 C33

0
B@

1
CA ¼

0:02 0:04 0:06

0:04 0:07 0:09

0:03 0:04 0:08

0
B@

1
CA;

and f ðsÞ ¼ 1
2

s3. One can calculate that

X
Ckl2N1ð1;1Þ

Ckl
11 ¼ 0:17;

X
Ckl2N1ð1;2Þ

Ckl
12 ¼ 0:32;

X
Ckl2N1ð1;3Þ

Ckl
13 ¼ 0:26;

X
Ckl2N1ð2;1Þ

Ckl
21 ¼ 0:24;

X
Ckl2N1ð2;2Þ

Ckl
22 ¼ 0:47;

X
Ckl2N1ð2;3Þ

Ckl
23 ¼ 0:38;

X
Ckl2N1ð3;1Þ

Ckl
31 ¼ 0:18;

X
Ckl2N1ð3;2Þ

Ckl
32 ¼ 0:35;

X
Ckl2N1ð3;3Þ

Ckl
33 ¼ 0:28:

FIG. 1. The chaotic behavior of the SICNNs (4.9).
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In the previous example, we obtained a network whose

solutions behave chaotically. Now, we will make these solu-

tions as external inputs for (4.10), with the help of a nonlin-

ear function h.

Define a function hðvÞ ¼ fhijðvÞg, where v ¼ fvijg, i,
j¼ 1, 2, 3, through the equations h11ðvÞ ¼ 2v11 þ sinðv11Þ;
h12ðvÞ ¼ 3

2
v2

12; h13ðvÞ ¼ ev13 ; h21ðvÞ ¼ tanðv21

2
Þ; h22ðvÞ ¼ v22

þ arctan v22; h23ðvÞ¼ v2
23
�v23�1

v23�1
; h31ðvÞ¼ 2

3
ð2 þ v31Þ3=2; h32ðvÞ

¼ tanhðv32Þ; h33ðvÞ ¼ 1
4
v3

33 þ 1
5
v33. We note that the inequal-

ity (2.2) can be verified by using the bounded regions where

each component function zijðtÞ lies in. Accordingly, the set

Lh whose elements are of the form hðzðtÞÞ; zðtÞ 2 L, where

L is the set of bounded on R solutions of (4.9), is Li-Yorke

chaotic. Moreover, for each zðtÞ 2 L, we have jhijðzðtÞÞj
� Mij, where M11 ¼ 0:78; M12 ¼ 0:54; M13 ¼ 1:35; M21 ¼
0:11;M22 ¼ 0:69; M23 ¼ 2:11;M31 ¼ 2:41;M32¼ 0:51, and

M33 ¼ 2:4.

Consider the network (4.10) with LijðtÞ ¼ hijðzðtÞÞ,
where hðzðtÞÞ ¼ fhijðzðtÞÞg 2 Lh. In this case, the condition

(C6) holds for (4.10) with Mf ¼ 0:864; Lf ¼ 2:16;
K0 ¼ 1:36; c ¼ 2, and �c ¼ 0:47. The results of Theorem 3.1

ensure us to say that the collection A with elements

/zðtÞ; zðtÞ 2 L is Li-Yorke chaotic.

In SICNNs (4.10), we use the chaotically behaving

solution zðtÞ ¼ fzijðtÞg which is simulated in Example 1, and

depict in Figure 2 the solution of (4.10) with x11ðt0Þ ¼ 0:1341;
x12ðt0Þ¼ 0:0247; x13ðt0Þ ¼ 0:6493; x21ðt0Þ ¼ 0:0143; x22ðt0Þ
¼ 0:1503; x23ðt0Þ¼0:2394; x31ðt0Þ¼1:1574; x32ðt0Þ¼0:0467,

and x33ðt0Þ¼ 0:5145, where t0¼ 0:45. Figure 2 reveals that

each cell Cij; i; j¼ 1;2;3 behave chaotically, and this supports

the result mentioned in Theorem 3.1. Moreover, Figure 3 shows

the projection of the same trajectory on the x22�x31�x33 space,

and this figure also confirms the results of the present paper.

V. CONCLUSION

In the paper, it is shown that SICNNs with chaotic external

inputs admit a chaotic attractor. Considering this phenomenon

with the input-output mechanism, one can say about chaos

expansion among nonlinearly coupled SICNNs. The presented

two examples considered together illustrate the possibility. Our

method can be applied to other types of chaos, for example,

that one analyzed through period-doubling cascade. The

approach is suitable for the control of unstable periodic

motions. Our results can be applied to the studies of chaotic

communication, combinatorial optimization problems, and on

problems that have local minima in energy (cost) functions.
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