
Commun Nonlinear Sci Numer Simulat 18 (2013) 2626–2666
Contents lists available at SciVerse ScienceDirect

Commun Nonlinear Sci Numer Simulat

journal homepage: www.elsevier .com/locate /cnsns
Replication of chaos
1007-5704/$ - see front matter � 2013 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.cnsns.2013.01.021

⇑ Corresponding author. Tel.: +90 312 210 5355; fax: +90 312 210 2972.
E-mail addresses: marat@metu.edu.tr (M.U. Akhmet), ofen@metu.edu.tr (M.O. Fen).
M.U. Akhmet ⇑, M.O. Fen
Department of Mathematics, Middle East Technical University, 06800 Ankara, Turkey
a r t i c l e i n f o

Article history:
Received 28 May 2012
Received in revised form 5 December 2012
Accepted 27 January 2013
Available online 9 February 2013

Dedicated to Alan Turing’s centennial

Keywords:
Replication of chaos
Hyperbolic set of functions
Chaotic set of functions
Period-doubling cascade
Devaney chaos
Li-Yorke chaos
Intermittency
Chaotic attractor
Chaos control
Shil’nikov orbits
The double-scroll Chua’s attractor
Quasiperiodicity
Morphogenesis of chaos
a b s t r a c t

We propose a rigorous method for replication of chaos from a prior one to systems with
large dimensions. Extension of the formal properties and features of a complex motion
can be observed such that ingredients of chaos united as known types of chaos, Devaney’s,
Li-Yorke and obtained through period-doubling cascade. This is true for other appearances
of chaos: intermittency, structure of the chaotic attractor, its fractal dimension, form of the
bifurcation diagram, the spectra of Lyapunov exponents, etc. That is why we identify the
extension of chaos through the replication as morphogenesis.

To provide rigorous study of the subject, we introduce new definitions such as chaotic
sets of functions, the generator and replicator of chaos, and precise description of ingredi-
ents for Devaney and Li-Yorke chaos in continuous dynamics. Appropriate simulations
which illustrate the chaos replication phenomenon are provided. Moreover, in discussion
form we consider inheritance of intermittency, replication of Shil’nikov orbits and quasipe-
riodical motions as a possible skeleton of a chaotic attractor. Chaos extension in an open
chain of Chua circuits is also demonstrated.

� 2013 Elsevier B.V. All rights reserved.
1. Introduction

It is known that if one considers the evolution equation u0 ¼ L½u� þ IðtÞ, where L½u� is a linear operator with spectra placed
in the left half of the complex plane, then a function IðtÞ being considered as an input with a certain property (boundedness,
periodicity, almost periodicity) produces through the equation the output, a solution with a similar property, boundedness/
periodicity/almost periodicity [1,2].

A reasonable question appears whether it is possible to use as input a chaotic motion and to obtain output also as a chaos
of certain type. Our paper is devoted to answer this question even if the input is inserted non-linearly. One must say that we
consider as an input first of all a single function, a member of a chaotic set to obtain a solution, which is a member of another
chaotic set. Beside that we consider the chaotic sets as the input and the output. We have been forced to consider sets of
functions as inputs and outputs, since Devaney or Li-Yorke chaos are indicated through relation of motions (sensitivity, tran-
sitiveness, proximality). Thus, we consider the input and the output not only as single functions, but also as collections of
functions. The way of our investigation is arranged in the well accepted traditional mathematical fashion, but with a new
and a more complex way of arrangement of the connections between the input and the output.
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Since the concept of chaos is much more complex than just single periodic or almost periodic solutions, we have to use a
special terminology for the chaos generation through the input-output mechanism, replication of chaos.

The technique of replication used in our paper is as follows. We need a source of chaotic inputs, but mostly chaos can be
obtained through solving differential or difference equations. For this reason, in our paper we use special generator systems
as the source of chaos or chaotic functions. Nevertheless, we emphasize that the generator is not necessarily the element of
the replication procedure since it can be replaced by another source of a chaotic input, and in applications present result may
be considered with, for example, chaotic inputs obtained from experimental activity. So, initially, we take into account a sys-
tem of differential equations (the generator) which produces chaos, and we use this system to influence in a unidirectional
way, another system (the replicator) in such a manner that the replicator mimics the same ingredients of chaos provided to
the generator. In the present paper, we use such ingredients in the form of period-doubling cascade, Devaney and Li-Yorke
chaos. For the study of the subject, we introduce new definitions such as chaotic sets of functions, the generator and repli-
cator of chaos, and precise description of ingredients for Devaney and Li-Yorke chaos in continuous dynamics.

Throughout the paper, the generator will be considered as a system of the form
x0 ¼ Fðt; xÞ; ð1:1Þ
where F : R� Rm ! Rm is a continuous function in all its arguments, and the replicator is assumed to have the form
y0 ¼ Ayþ gðxðtÞ; yÞ; ð1:2Þ
where g : Rm � Rn ! Rn is a continuous function in all its arguments, the constant n� n real valued matrix A has real parts of
eigenvalues all negative and the function xðtÞ is a solution of system (1.1). The generator-replicator couple, (1.1)+(1.2), will
be called in the remaining parts of the paper as the result-system.

Now, to illustrate the replication mechanism discussed in our paper, let us consider the following example. For our pur-
poses, as the generator we shall take into account the Duffing’s oscillator represented by the differential equation
x00 þ 0:05x0 þ x3 ¼ 7:5 cos t: ð1:3Þ
It is known that Eq. (1.3) possesses a chaotic attractor [3]. Defining the variables x1 ¼ x and x2 ¼ x0, Eq. (1.3) can be reduced to
the system
x01 ¼ x2;

x02 ¼ �0:05x2 � x3
1 þ 7:5 cos t:

ð1:4Þ
Next, let us consider the following system
x03 ¼ x4 þ x1ðtÞ;
x04 ¼ �3x3 � 2x4 � 0:008x3

3 þ x2ðtÞ:
ð1:5Þ
In this form system (1.5) is a replicator. One has to emphasize that the linear part of the following non-perturbed system
associated with (1.5)
x03 ¼ x4;

x04 ¼ �3x3 � 2x4 � 0:008x3
3;

ð1:6Þ
has eigenvalues with negative real parts and does not admit chaos.
To visualize the process of replication by the result-system, (1.4)+(1.5), let us consider the Poincaré sections of the both.

By marking the trajectory of this system with the initial data x1ð0Þ ¼ 2; x2ð0Þ ¼ 3; x3ð0Þ ¼ �1; x4ð0Þ ¼ 1 stroboscopically at
times that are integer multiples of 2p, we obtain the Poincaré section and in Fig. 1, where the chaos replication is apparent,
we illustrate its 2-dimensional projections. Fig. 1(a) represents the projection of the Poincaré section on the x1—x2 plane, and
we note that this projection is in fact the strange attractor of the generator system (1.4). On the other hand, the projection on
the x3—x4 plane presented in Fig. 1(b) is the attractor corresponding to the replicator system (1.5). One can see that the
attractor indicated in Fig. 1(b) repeated the structure of the attractor shown in Fig. 1(a) and this result is a manifestation
of the replication of chaos. One has to think about mathematical aspects of this phenomena and in our paper we handle this
problem.

In our theoretical results, we use coupled systems in which the generator influences the replicator in a unidirectional way.
In other words, the generator affects the behavior of the replicator counterpart in such a way that the solutions of the gen-
erator are used as an input for the latter. The possibility of making use of more than one replicator systems with arbitrarily
high dimensions in the extension mechanism is an advantage of our procedure. Moreover, we are describing a process
involving the replication of chaos which does not occur in the course of time, but instead an instantaneous one. In other
words, the prior chaos is mimicked in all existing replicators such that the generating mechanism works through arranging
connections between systems not with the lapse of time.

Since we do not restrict ourselves in this paper with a simple couple the generator-the replicator, but get them in different
combinations and numbers, having the geometric features of chaos saved, we shall call the extension of chaos as
morphogenesis.
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Fig. 1. The picture in (a) not only represents the projection of the whole attractor on the x1—x2 plane, but also the strange attractor of the generator. In a
similar way, the picture introduced in (b) represents the chaotic attractors of the replicator. The presented chaotic attractors of the generator and the
replicator systems reveal that the chaos replication mechanism works consummately.
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In our paper, we try to use the term morphogenesis issuing from the sense of the words morph meaning ‘‘form’’ and gen-
esis meaning ‘‘creation’’ [4]. In other words, similar to the ideas of René Thom [5], we employ the word morphogenesis as its
etymology indicates, to denote processes creating forms. One should understand morphogenesis of chaos as a form-generating
mechanism emerging from a dynamical process which is based on replication of chaos. Here, we accept the form (morph) not
only as a type of chaos, but also accompanying concepts as the structure of the chaotic attractor, its fractal dimension, form
of the bifurcation diagram, the spectra of Lyapunov exponents, inheritance of intermittency, etc.

To understand the concept of our paper better, let us consider morphogenesis of fractal structures [6,7]. It is important to
say that Mandelbrot fractal structures exhibit the appearance of fractal hierarchy looking in, that is, a part is similar to the
whole. Examples for this are the Julia sets [8,9] and the Sierpinski carpet [10]. In our morphogenesis both directions, in and
out, are present. Indeed, the fractal structure of the prior chaos has hierarchy looking in, and the structure for the result-sys-
tem is obtained considering hierarchy looking out, that is, when the whole is similar to the part.

One of the fields where coupled systems are used is the study of synchronization of chaotic systems [11,12]. The methods
of the continuous control scheme [13,14] and replacement of variables [15,16] can be used to obtain couplings which are
proper for synchronization. In our results, we do not consider the chaos synchronization problem, but we say that the type
of the chaos is kept invariant in the procedure. That is why the classes which can be considered with respect to this invariance
is expectedly wider then those investigated for synchronization of chaos. Since there is no strong relation and accordance
between the solutions of the generator and the replicator in the asymptotic point of view, the terms master and slave as well
as drive and response are not preferred to be used for the analyzed systems. On the other hand, contrary to the method that
we present, in the synchronization of chaotic systems, one does not consider the type of the chaos that the master and slave
systems admit. The problem that whether the synchronization of systems implies the same type of chaos for both master
and slave has not been taken into account yet.

Symbolic dynamics, whose earliest examples were constructed by Hadamard [17] and Morse [18], is one of the oldest
techniques for the study of chaos. Symbolic dynamical systems are systems whose phase space consists of one-sided or
two-sided infinite sequences of symbols chosen from a finite alphabet. Such dynamics arises in a variety of situations such
as in horseshoe maps and the logistic map. The set of allowed sequences is invariant under the shift map, which is the most
important ingredient in symbolic dynamics [19–24]. Moreover, it is known that the symbolic dynamics admits the chaos in
the sense of both Devaney and Li-Yorke [21,25–28]. The Smale Horseshoe map is first studied by Smale [29] and it is an
example of a diffeomorphism which is structurally stable and possesses a chaotic invariant set [20–22]. The horseshoe arises
whenever one has transverse homoclinic orbits, as in the case of the Duffing equation [30]. People used the symbolic dynam-
ics to discover chaos, but we suppose that it can serve as an ‘‘embryo’’ for the morphogenesis of chaos.

The phenomenon of the form recognition for chaotic processes has already begun in pioneering papers. It was Lorenz [31]
who discovered that the dynamics of an infinite dimensional system being reduced to three dimensional equation can be
next analyzed in its chaotic appearances by application of the simple unimodal one dimensional map. Smale [29] explained
that the geometry of the horseshoe map is underneath of the Van der Pol equation’s complex dynamics which was investi-
gated by Cartwright and Littlewood [32] and later by Levinson [33]. Nowadays, the Smale horseshoes with its chaotic
dynamics, is one of the basic instruments when one tries to recognize a chaos in a process. Guckenheimer and Williams gave
a geometric description of the flow of Lorenz attractor to show the structural stability of codimension 2 [34]. In addition to
this, it was found out that the topology of the Lorenz attractor is considerably more complicated than the topology of the
horseshoe [30]. Moreover, Levi used a geometric approach for a simplified version of the Van der pol equation to show exis-
tence of horseshoes embedded within the Van der Pol map and how the horseshoes fit in the phase plane [35]. In other
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words, all the mentioned results say about chaos recognition, by reducing complex behavior to the structure with recogniz-
able chaos. In [26,28,36–41], we provide a different and constructive way when a recognized chaos can be extended saving
the form of chaos to a multidimensional system. In the present study, we generalize the idea to the morphogenesis of chaos.

Nowadays, one can consider development of a multidimensional chaos from a low-dimensional one in different ways.
One of them is the chaotic itinerancy [42–49]. The itinerant motion among varieties of ordered states through high-dimen-
sional chaotic motion can be observed and this behavior is named as chaotic itinerancy. In other words, chaotic itinerancy is
a universal dynamics in high-dimensional dynamical systems, showing itinerant motion among varieties of low-dimensional
ordered states through high-dimensional chaos. This phenomenon occurs in different real world processes: optical turbu-
lence [44], globally coupled chaotic systems [47,48], non-equilibrium neural networks [45,46], analysis of brain activities
[50] and ecological systems [51]. One can see that in its degenerated form chaotic itinerancy relates to intermittency
[52,53], since they both represent dynamical interchange of irregularity and regularity.

Likewise the itinerant chaos observed in brain activities, we have low-dimensional chaos in the subsystems considered
and high-dimensional chaos is obtained when one considers all subsystems as a whole. The main difference compared to our
technique is in the elapsed time for the occurrence of the process. In our discussions, no itinerant motion is observable and
all resultant chaotic subsystems process simultaneously, whereas the low-dimensional chaotic motions take place as time
elapses in the case of chaotic itinerancy. Knowledge of the type of chaos is another difference between chaotic itinerancy
and our procedure. Possibly the present way of replication of chaos will give a light to the solutions of problems about exten-
sion of irregular behavior (crises, collapses, etc.) in interrelated or multiple connected systems which can arise in problems of
classical mechanics [53], electrical systems [54,55], economic theory [56] and brain activity investigations [50].

In systems whose dimension is at least four, it is possible to observe chaotic attractors with at least two positive Lyapunov
exponents and such systems are called hyperchaotic [57]. An example of a four dimensional hyperchaotic system is discovered
by Rössler [58]. Combining two or more chaotic, not necessarily identical, systems is a way of achieving hyperchaos [59–61].
However, in the present paper, we take into account exactly one chaotic system with a known type of chaos, and use this system
as the generator to reproduce the same type of chaos in other systems. On the other hand, the crucial phenomenon in the hyper-
chaotic systems is the existence of two or more positive Lyapunov exponents and the type of chaos is not taken into account. In
our way of morphogenesis, the critical situation is rather the replication of a known type of chaos.

The paper [62] was one of the first papers that considers mathematically the self-replicating forms using a set of reaction-
diffusion equations [63]. Taking inspiration from the ideas of Turing, Smale [64] considers the problem of whether oscilla-
tions can be generated through coupling of identical systems which tend to an equilibrium. A similar question is also rea-
sonable for the achievement of chaos in such systems and it is found out that, without using a chaotic input, it is
possible to obtain coupled systems which exhibit chaotic behavior. The existence of strange attractors in a family of vector
fields consisting of two Brusselators linearly coupled by diffusion is proved analytically in the paper [65] and numerical
examples of such a chaotic behavior are provided in [66]. Such couplings display several cases of Hopf-pitchfork singularities
of codimensions 2–4. In all these cases, the corresponding bifurcation diagrams provide regions of parameters such that the
system exhibits synchronization, regions where synchronization depends on the initial state and regions where orbits show
infinitely many transients of synchronization [67]. Another example of a linearly coupled system which exhibit chaotic
behavior can be found in [68]. According to the results of paper [68], a sufficiently large coupling coefficient used in a net-
work of linearly coupled identical systems, where each node is located in a non-chaotic region, leads to existence of a po-
sitive transversal Lyapunov exponent and makes the system behave chaotically. The Lorenz systems with stable
equilibriums can be used in the construction of such a network of linearly coupled systems. Distinctively, in our paper,
we make use of coupled systems such that exactly one of them is chaotic with a known type of chaos and prove theoretically
that the same type of chaos is extended. Moreover, in the presented mechanism, we are not restricted to use linear couplings
as well as identical systems.

In the next section, we will present assumptions for systems (1.1) and (1.2) which are needed for the chaos replication,
and introduce the chaotic attractors of these systems in the functional sense.

2. Preliminaries

In the paper R and N denote the sets of real numbers and natural numbers, respectively, and the uniform norm
kCk ¼ supkvk¼1kCvk for matrices is used in the paper.

Since the matrix A, which is aforementioned in system (1.2), is supposed to admit eigenvalues all with negative real parts,
it is easy to verify the existence of positive real numbers N and x such that eAt

�� �� 6 Ne�xt ; t P 0. These numbers will be used
in the last condition below.

The following assumptions on systems (1.1) and (1.2) are needed throughout the paper:

(A1) There exists a positive real number T such that the function Fðt; xÞ satisfies the periodicity condition
Fðt þ T; xÞ ¼ Fðt; xÞ, for all t 2 R; x 2 Rm;

(A2) There exists a positive real number L0 such that Fðt; x1Þ � Fðt; x2Þk k 6 L0 x1 � x2k k, for all t 2 R; x1; x2 2 Rm;
(A3) There exists a positive number H0 <1 such that supt2R; x2Rm Fðt; xÞk k 6 H0;
(A4) There exists a positive real number L1 such that gðx1; yÞ � gðx2; yÞk kP L1 x1 � x2k k, for all x1; x2 2 Rm; y 2 Rn;
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(A5) There exist positive real numbers L2 and L3 such that gðx1; yÞ � gðx2; yÞk k 6 L2 x1 � x2k k, for all x1; x2 2 Rm; y 2 Rn, and
gðx; y1Þ � gðx; y2Þk k 6 L3 y1 � y2k k, for all x 2 Rm; y1; y2 2 Rn;

(A6) There exists a positive number M0 <1 such that supx2Rm ; y2Rn gðx; yÞk k 6 M0;
(A7) NL3 �x < 0.

Remark 2.1. The results presented in the remaining parts are also true even if we replace the non-autonomous system (1.1)
by the autonomous equation
x0 ¼ FðxÞ; ð2:7Þ
where the function F : Rm ! Rm is continuous with conditions which are counterparts of (A2) and (A3).
At the present time, systems of differential equations which are known to exhibit chaotic behavior are either nonauton-

omous and periodic in time such as the Duffing and Van der Pol oscillators or autonomous such as the Lorenz, Chua and
R’’ossler systems. In a similar way, in our investigations of chaos generation, we take advantage of periodic nonautonomous
systems as well as autonomous ones as generators.

Using the theory of quasilinear equations [69], one can verify that for a given solution xðtÞ of system (1.1), there exists a
unique bounded on R solution yðtÞ of the system y0 ¼ Ayþ gðxðtÞ; yÞ, denoted by yðtÞ ¼ /xðtÞðtÞ throughout the paper, which
satisfies the integral equation
yðtÞ ¼
Z t

�1
eAðt�sÞgðxðsÞ; yðsÞÞds: ð2:8Þ
Our main assumption is the existence of a nonempty set Ax of all solutions of system (1.1), uniformly bounded on R. That
is, there exists a positive real number H such that supt2R xðtÞk k 6 H, for all xðtÞ 2Ax.

Let us introduce the sets of functions
Ay ¼ /xðtÞðtÞjxðtÞ 2Ax

n o
ð2:9Þ
and
A ¼ ðxðtÞ;/xðtÞðtÞÞjxðtÞ 2Ax

n o
: ð2:10Þ
We note that for all yðtÞ 2Ay one has supt2R yðtÞk k 6 M, where M ¼ NM0
x .

Next, we reveal that if the set Ax is an attractor with basin Ux, that is, for each xðtÞ 2 Ux there exists xðtÞ 2Ax such that
xðtÞ � xðtÞk k ! 0 as t !1, then the set Ay is also an attractor in the same sense. In the next lemma we specify the basin of

attraction of Ay. Define the set
Uy ¼ yðtÞjyðtÞ is a solution of the system y0 ¼ Ayþ gðxðtÞ; yÞ for some xðtÞ 2 Uxf g: ð2:11Þ
Lemma 2.1. Uy is a basin of Ay.
Proof. Fix an arbitrary positive real number � and let yðtÞ 2 Uy be a given solution of the system y0 ¼ Ayþ gðxðtÞ; yÞ for some
xðtÞ 2 Ux. In this case, there exists xðtÞ 2Ax such that xðtÞ � xðtÞk k ! 0 as t !1. Let a ¼ x�NL3

x�NL3þNL2
and yðtÞ ¼ /xðtÞðtÞ. Condi-

tion (A7) implies that the number a is positive. Under the circumstances, one can find R0 ¼ R0ð�Þ > 0 such that if t P R0 then
xðtÞ � xðtÞk k < a� and N yðR0Þ � yðR0Þk keðNL3�xÞt < a�. The functions yðtÞ and yðtÞ satisfy the relations
yðtÞ ¼ eAðt�R0ÞyðR0Þ þ
Z t

R0

eAðt�sÞgðxðsÞ; yðsÞÞds
and
yðtÞ ¼ eAðt�R0ÞyðR0Þ þ
Z t

R0

eAðt�sÞgðxðsÞ; yðsÞÞds;
respectively. Making use of these relations one has
yðtÞ � yðtÞ ¼ eAðt�R0ÞðyðR0Þ � yðR0ÞÞ þ
Z t

R0

eAðt�sÞ gðxðsÞ; yðsÞÞ � gðxðsÞ; yðsÞÞ½ �dsþ
Z t

R0

eAðt�sÞ gðxðsÞ; yðsÞÞ � gðxðsÞ; yðsÞÞ½ �ds:
Therefore, we have
yðtÞ � yðtÞk k 6 Ne�xðt�R0Þ yðR0Þ � yðR0Þk k þ NL2a�
x

e�xt ext � exR0
� �

þ NL3

Z t

R0

e�xðt�sÞ yðsÞ � yðsÞk kds:
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Let u : ½R0;1Þ ! ½0;1Þ be a function defined as uðtÞ ¼ ext yðtÞ � yðtÞk k. Through this definition we reach the inequality
uðtÞ 6 NexR0 yðR0Þ � yðR0Þk k þ NL2a�
x

ext � exR0
� �

þ NL3

Z t

R0

uðsÞds:
Now, let wðtÞ ¼ NL2a�
x ext and /ðtÞ ¼ wðtÞ þ c, where c ¼ NexR0 yðR0Þ � yðR0Þk k � NL2a�

x exR0 . Using these functions we get
uðtÞ 6 /ðtÞ þ NL3

Z t

R0

uðsÞds:
Applying Gronwall’s Lemma [70] to the last inequality for t P R0, we attain the inequality
uðtÞ 6 c þ wðtÞ þ NL3

Z t

R0

eNL3ðt�sÞcdsþ NL3

Z t

R0

eNL3ðt�sÞwðsÞds
and hence,
uðtÞ 6 c þ wðtÞ þ c eNL3ðt�R0Þ � 1
� �

þ N2L2L3a�
xðx� NL3Þ

ext 1� eðNL3�xÞðt�R0Þ
� �

¼ NL2a�
x

ext þ N yðR0Þ � yðR0Þk kexR0 eNL3ðt�R0Þ � NL2a�
x

exR0 eNL3ðt�R0Þ þ N2L2L3a�
xðx� NL3Þ

ext 1� eðNL3�xÞðt�R0Þ
� �

:

Thus,
yðtÞ � yðtÞk k 6 NL2a�
x

þ N yðR0Þ � yðR0Þk keðNL3�xÞðt�R0Þ � NL2a�
x

eðNL3�xÞðt�R0Þ þ N2L2L3a�
xðx� NL3Þ

1� eðNL3�xÞðt�R0Þ
� �

< N yðR0Þ � yðR0Þk keðNL3�xÞðt�R0Þ þ NL2a�
x� NL3

:

Consequently, for t P 2R0, we have yðtÞ � yðtÞk k < 1þ NL2
x�NL3

� �
a� ¼ �, and hence yðtÞ � yðtÞk k ! 0 as t !1.

The proof of the lemma is completed. h

Now, let us define the set
U ¼ ðxðtÞ; yðtÞÞjðxðtÞ; yðtÞÞ is a solution of system ð1:1Þ and ð1:2Þ such that xðtÞ 2 Uxf g:
Next, we state the following corollary of Lemma 2.1.

Corollary 2.1. U is a basin of A.
Proof. Let ðxðtÞ; yðtÞÞ 2 U be a given solution of the coupled system (1.1)+(1.2). According to Lemma 2.1, one can find
ðxðtÞ; yðtÞÞ 2A such that xðtÞ � xðtÞk k ! 0 as t !1 and yðtÞ � yðtÞk k ! 0 as t !1. Consequently,
ðxðtÞ; yðtÞÞ � ðxðtÞ; yðtÞÞk k ! 0 as t !1. The proof is finalized. h
3. Description of chaotic sets of functions

In this section of the paper, the descriptions for the chaotic sets of continuous functions will be introduced and the def-
initions of the chaotic features will be presented, both in the Devaney’s sense and in the sense of Li-Yorke.

Let us denote by
B ¼ wðtÞjw : R! K is continuousf g ð3:12Þ
a collection of functions, where K � Rq; q 2 N, is a bounded region.
We start with the description of chaotic sets of functions in Devaney’s sense and then continue with the Li-Yorke

counterpart.

3.1. Chaotic set of functions in Devaney’s sense

In this part, we shall elucidate the ingredients of the chaos in Devaney’s sense for the set B, which is introduced by (3.12),
and the first definition is about the sensitivity of chaotic sets of functions.

Definition 3.1. B is called sensitive if there exist positive numbers � and D such that for every wðtÞ 2 B and for arbitrary
d > 0 there exist wðtÞ 2 B; t0 2 R and an interval J � ½t0;1Þ, with length not less than D, such that wðt0Þ � wðt0Þ

�� �� < d and
wðtÞ � wðtÞ
�� �� > �, for all t 2 J.
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Definition 3.1 considers the inequality ð> �Þ over the interval J. In the Devaney’s chaos definition for the map, the inequal-
ity is assumed for discrete moments. Let us reveal how one can extend the inequality from a discrete point to an interval by
considering continuous flows.

In [21], it is indicated that a continuous map u : K! K, with an invariant domain K � Rk; k 2 N, has sensitive depen-
dence on initial conditions if there exists � > 0 such that for any x 2 K and any neighborhood U of x, there exist y 2 U

and a natural number n such that unðxÞ �unðyÞk k > �.
Suppose that the set Ax satisfies the definition of sensitivity in the following sense. There exists � > 0 such that for every

xðtÞ 2Ax and arbitrary d > 0, there exist xðtÞ 2Ax; t0 2 R and a real number f P t0 such that xðt0Þ � xðt0Þk k < d and
xðfÞ � xðfÞk k > �.

In this case, for given xðtÞ 2Ax and d > 0, one can find xðtÞ 2Ax and f P t0 such that xðt0Þ � xðt0Þk k < d and
xðfÞ � xðfÞk k > �. Let D ¼ �

8HL0
and take a number D1 such that D 6 D1 6

�
4HL0

. Using appropriate integral equations for
t 2 ½f; fþ D1�, it can be verified that
xðtÞ � xðtÞk kP xðfÞ � xðfÞk k �
Z t

f
½Fðs; xðsÞÞ � Fðs; xðsÞÞ�ds

���� ���� > �� 2HL0D1 P
�
2
:

The last inequality confirms that Ax satisfies Definition 3.1 with � ¼ �=2 and J ¼ ½f; fþ D1�. So the definition is a natural
one. It provides more information then discrete moments and for us it is important that the extension on the interval is use-
ful to prove the property for chaos extension.

In the next two definitions, we continue with the existence of a dense function in the set of chaotic functions followed by
the transitivity property.

Definition 3.2. B possesses a dense function w�ðtÞ 2 B if for every function wðtÞ 2 B, arbitrary small � > 0 and arbitrary large
E > 0, there exist a number n > 0 and an interval J � R, with length E, such that wðtÞ � w�ðt þ nÞk k < �, for all t 2 J.
Definition 3.3. B is called transitive if it possesses a dense function.
Now, let us recall the definition of transitivity for maps [21]. A continuous map u with an invariant domain

K � Rk; k 2 N, possesses a dense orbit if there exists c� 2 K such that for each c 2 K and arbitrary real number � > 0, there
exist natural numbers k0 and l0 such that ul0 ðcÞ �ul0þk0 ðc�Þ

�� �� < �, and maps which have dense orbits are called transitive.
Suppose that Ax satisfies the transitivity property in the following sense. There exists a function x�ðtÞ 2Ax such that for

each xðtÞ 2Ax and arbitrary positive real number �, there exist a real number f0 and a natural number m0 such that
xðf0Þ � x�ðf0 þm0TÞk k < �.

Fix an arbitrary function xðtÞ 2Ax, arbitrary small � > 0 and arbitrary large E > 0. Under the circumstances, one can find
f0 2 R and m0 2 N such that xðf0Þ � x�ðf0 þm0TÞk k < �e�L0E.

Using the condition (A2) together with the convenient integral equations that xðtÞ and x�ðtÞ satisfy, it is easy to obtain for
t 2 ½f0; f0 þ E� that
xðtÞ � x�ðt þm0TÞk k 6 xðf0Þ � x�ðf0 þm0TÞk k þ
Z t

f0

L0 xðsÞ � x�ðsþm0TÞk kds
and by the help of the Gronwall–Bellman inequality [71], we get
xðtÞ � x�ðt þm0TÞk k 6 xðf0Þ � x�ðf0 þm0TÞk keL0ðt�f0Þ < �:
The last inequality shows that the set Ax satisfies Definition 3.2 with n ¼ k0T and is transitive in accordance with Definition
3.3.

The following definition describes the density of periodic functions inside B.

Definition 3.4. B admits a dense collection G � B of periodic functions if for every function wðtÞ 2 B, arbitrary small � > 0
and arbitrary large E > 0, there exist ewðtÞ 2 G and an interval J � R, with length E, such that wðtÞ � ewðtÞ��� ��� < �, for all t 2 J.

Let us remind the definition of density of periodic orbits for maps [21]. The set of periodic orbits of a continuous map u
with an invariant domain K � Rk; k 2 N, is called dense in K if for each c 2 K, arbitrary positive real number �, there exist a
natural number l0 and a point ec 2 K such that the sequence uiðecÞ� �

is periodic and ul0 ðcÞ �ul0 ðecÞ�� �� < �.
Let us denote by Gx the set of all periodic functions inside Ax. Suppose that Ax satisfies density of periodic solutions as

follows. For an arbitrary function xðtÞ 2Ax and arbitrary small � > 0 there exist a periodic function exðtÞ 2 Gx and a number
f0 2 R such that xðf0Þ � exðf0Þk k < �.

Let us fix an arbitrary function xðtÞ 2Ax, arbitrary small � > 0 and arbitrary large E > 0. In that case, there exist a periodic
function exðtÞ 2 Gx and f0 2 R such that xðf0Þ � exðf0Þk k < �e�L0E.

It can be easily verified for t 2 ½f0; f0 þ E� that the inequality
xðtÞ � exðtÞ�� �� 6 xðf0Þ � exðf0Þ
�� ��þ Z t

f0

L0 xðsÞ � exðsÞ�� ��ds;
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holds, and therefore for each t from the same interval of time we have
xðtÞ � exðtÞ�� �� 6 xðf0Þ � exðf0Þ
�� ��eL0ðt�f0Þ < �:
Consequently, the set Ax satisfies Definition 3.4 with J ¼ ½f0; f0 þ E�.
Finally, we introduce in the next definition the chaotic set of functions in Devaney’s sense.

Definition 3.5. The collection B of functions is called a Devaney’s chaotic set if
(D1) B is sensitive;
(D2) B is transitive;
(D3) B admits a dense collection of periodic functions.

In the next subsection, the chaotic properties of the set B will be imposed in the sense of Li-Yorke.

3.2. Chaotic set of functions in Li-Yorke sense

The ingredients of Li-Yorke chaos for the collection of functions B, which is defined by (3.12), will be described in this part
of the paper. Making use of discussions similar to the ones made in the previous subsection, we extend, below, the defini-
tions for the ingredients of Li-Yorke chaos from maps [72–75] to continuous flows and we just omit these indications here.

Definition 3.6. A couple of functions wðtÞ;wðtÞ
� �

2 B�B is called proximal if for arbitrary small � > 0 and arbitrary large
E > 0, there exist infinitely many disjoint intervals of length not less than E such that wðtÞ � wðtÞ

�� �� < �, for each t from these
intervals.
Definition 3.7. A couple of functions wðtÞ;wðtÞ
� �

2 B�B is frequently ð�0;DÞ – separated if there exist positive real numbers
�0;D and infinitely many disjoint intervals of length not less than D, such that wðtÞ � wðtÞ

�� �� > �0, for each t from these
intervals.
Remark 3.1. The numbers �0 and D taken into account in Definition 3.7 depend on the functions wðtÞ and wðtÞ.
Definition 3.8. A couple of functions wðtÞ;wðtÞ
� �

2 B�B is a Li-Yorke pair if they are proximal and frequently ð�0;DÞ – sep-
arated for some positive numbers �0 and D.
Definition 3.9. An uncountable set C � B is called a scrambled set if C does not contain any periodic functions and each
couple of different functions inside C� C is a Li-Yorke pair.
Definition 3.10. B is called a Li-Yorke chaotic set if

(LY1) There exists a positive real number T0 such that B admits a periodic function of period kT0, for any k 2 N;
(LY2) B possesses a scrambled set C;
(LY3) For any function wðtÞ 2 C and any periodic function wðtÞ 2 B, the couple wðtÞ;wðtÞ

� �
is frequently ð�0;DÞ – separated for

some positive real numbers �0 and D.

4. Hyperbolic set of functions

The definitions of stable and unstable sets of hyperbolic periodic orbits of autonomous systems are given in [76], and
information about such sets of solutions of perturbed non-autonomous systems can be found in [77]. Moreover, homoclinic
structures in almost periodic systems were studied in [78–80]. In this section, we give a definition for hyperbolic collection of
uniformly bounded functions and before this, we start with the descriptions of stable and unstable sets of a function.

We define the stable set of a function wðtÞ 2 B, where the collection B is defined by (3.12), as the set of functions
Ws wðtÞð Þ ¼ uðtÞ 2 Bj uðtÞ � wðtÞk k ! 0 as t !1f g; ð4:13Þ
and, similarly, we define the unstable set of a function wðtÞ 2 B as the set of functions
Wu wðtÞð Þ ¼ vðtÞ 2 Bj vðtÞ � wðtÞk k ! 0 as t ! �1f g: ð4:14Þ
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Definition 4.1. The set of functions B is called hyperbolic if each function inside this set has nonempty stable and unstable
sets.
Theorem 4.1. If Ax is hyperbolic, then the same is true for Ay.
Proof. Fix arbitrary � > 0; yðtÞ ¼ /xðtÞðtÞ 2Ay, and let a ¼ x�NL3
x�NL3þNL2

; b ¼ x�NL3
1þNL2

. By condition (A7), one can verify that the num-
bers a and b are both positive.

Due to hyperbolicity of Ax, the function xðtÞ has a nonempty stable set WsðxðtÞÞ and a nonempty unstable set WuðxðtÞÞ.
Let us take an arbitrary function uðtÞ 2WsðxðtÞÞ. Since xðtÞ � uðtÞk k ! 0 as t !1 and NL3 �x < 0, there exists a positive

number R1, which depends on �, such that xðtÞ � uðtÞk k < a� and eðNL3�xÞt < xa�
2M0N, for t P R1. Let yðtÞ ¼ /uðtÞðtÞ. We shall prove

that the function yðtÞ belongs to the stable set of yðtÞ.
The bounded on R functions yðtÞ and yðtÞ satisfy the relations
yðtÞ ¼
Z t

�1
eAðt�sÞgðxðsÞ; yðsÞÞds
and
yðtÞ ¼
Z t

�1
eAðt�sÞgðuðsÞ; yðsÞÞds;
respectively, for t P R1.
Therefore one can easily reach up the equation
yðtÞ � yðtÞ ¼
Z R1

�1
eAðt�sÞ½gðxðsÞ; yðsÞÞ � gðuðsÞ; yðsÞÞ�ds

þ
Z t

R1

eAðt�sÞ ½gðxðsÞ; yðsÞÞ � gðxðsÞ; yðsÞÞ� þ ½gðxðsÞ; yðsÞÞ � gðuðsÞ; yðsÞÞ�f gds;
which implies that
yðtÞ � yðtÞk k 6
Z R1

�1
2M0Ne�xðt�sÞdsþ

Z t

R1

e�xðt�sÞ NL3 yðsÞ � yðsÞk k þ NL2 xðsÞ � uðsÞk kð Þds

6
2M0N

x
e�xðt�R1Þ þ

Z t

R1

e�xðt�sÞ NL3 yðsÞ � yðsÞk k þ NL2a�ð Þds:
Using the Gronwall type inequality indicated in [81], we achieve that
yðtÞ � yðtÞk k 6 2M0N
x

eðNL3�xÞðt�R1Þ þ NL2a�
x� NL3

½1� eðNL3�xÞðt�R1Þ�; t P R1:
For this reason, for all t P 2R1, one has
yðtÞ � yðtÞk k 6 2M0N
x

eðNL3�xÞR1 þ NL2a�
x� NL3

< 1þ NL2

x� NL3

	 

a� ¼ �:
The last inequality reveals that yðtÞ � yðtÞk k ! 0 as t !1, and hence yðtÞ belongs to the stable set WsðyðtÞÞ of yðtÞ.
On the other hand, let vðtÞ be a function inside the unstable set WuðxðtÞÞ.
Since xðtÞ � vðtÞk k ! 0 as t ! �1, there exists a negative real number R2ð�Þ such that xðtÞ � vðtÞk k < b�, for t 6 R2. LeteyðtÞ ¼ /vðtÞðtÞ. Now, our purpose is to show that eyðtÞ belongs to the unstable set of yðtÞ.
By the help of the integral equations
yðtÞ ¼
Z t

�1
eAðt�sÞgðxðsÞ; yðsÞÞds
and
eyðtÞ ¼ Z t

�1
eAðt�sÞgðvðsÞ; eyðsÞÞds;
we obtain that
yðtÞ � eyðtÞ ¼ Z t

�1
eAðt�sÞ½gðxðsÞ; yðsÞÞ � gðvðsÞ; yðsÞÞ�dsþ

Z t

�1
eAðt�sÞ½gðvðsÞ; yðsÞÞ � gðvðsÞ; eyðsÞÞ�ds:
Therefore, for t 6 R2, one has
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yðtÞ � eyðtÞ�� �� 6 Z t

�1
NL2e�xðt�sÞ xðtÞ � vðtÞk kdsþ

Z t

�1
e�xðt�sÞNL3 yðsÞ � eyðsÞ�� ��ds 6

NL2b�
x
þ NL3

x
sup
t6R2

yðtÞ � eyðtÞ�� ��:

Hence,
sup
t6R2

yðtÞ � eyðtÞ�� �� 6 NL2b�
x
þ NL3

x
sup
t6R2

yðtÞ � eyðtÞ�� ��

and
sup
t6R2

yðtÞ � eyðtÞ�� �� 6 NL2b�
x� NL3

< �:
The last inequality confirms that yðtÞ � eyðtÞk k ! 0 as t ! �1. Therefore eyðtÞ 2WuðyðtÞÞ.
Consequently, Ay is hyperbolic since yðtÞ possesses both nonempty stable and unstable sets, denoted by WsðyðtÞÞ and

WuðyðtÞÞ, respectively.
The theorem is proved. h

Theorem 4.1 implies the following corollary.

Corollary 4.1. If Ax is hyperbolic, then the same is true for A.
Next, we continue with another corollary of Theorem 4.1, following the definitions of homoclinic and heteroclinic

functions.
A function w1ðtÞ 2 B is said to be homoclinic to the function w0ðtÞ 2 B; w0ðtÞ – w1ðtÞ, if w1ðtÞ 2Ws w0ðtÞð Þ \Wu w0ðtÞð Þ.
On the other hand, a function w2ðtÞ 2 B is called heteroclinic to the functions

w0ðtÞ;w1ðtÞ 2 B; w0ðtÞ – w2ðtÞ; w1ðtÞ – w2ðtÞ, if w2ðtÞ 2Ws w0ðtÞð Þ \Wu w1ðtÞð Þ.

Corollary 4.2. If x1ðtÞ 2Ax is homoclinic to the function x0ðtÞ 2Ax; x0ðtÞ–xðtÞ, then /x1ðtÞðtÞ 2Ay is homoclinic to the function
/x0ðtÞðtÞ 2Ay. Similarly, if x2ðtÞ 2Ax is heteroclinic to the functions x0ðtÞ; x1ðtÞ 2Ax; x0ðtÞ– x2ðtÞ; x1ðtÞ – x2ðtÞ, then /x2ðtÞðtÞ is
heteroclinic to the functions /x0ðtÞðtÞ;/x1ðtÞðtÞ 2Ay.

In the next section, we theoretically prove that the set Ay replicates the ingredients of Devaney’s chaos provided to the
set Ax and as a consequence the same is valid also for the set A. The same problem for the chaos in the sense of Li-Yorke will
be handled in Section 6.

5. Replication of Devaney’s chaos

In this part of our paper, we will prove theoretically that the ingredients of Devaney’s chaos furnished to the set Ax are all
replicated by the set Ay. We start with the replication of sensitivity.

Lemma 5.1. Sensitivity of the set Ax implies the same feature for the set Ay.
Proof. Fix an arbitrary d > 0 and let yðtÞ 2Ay be a given solution of system (1.2). In this case, there exists xðtÞ 2Ax such that
yðtÞ ¼ /xðtÞðtÞ.

Let us choose a number � ¼ �ðdÞ > 0 small enough which satisfies the inequality 1þ NL2
x�NL3

� �
� < d. Then take R ¼ Rð�Þ < 0

sufficiently large in absolute value such that 2M0N
x eðx�NL3ÞR < �, and let d1 ¼ d1ð�;RÞ ¼ �eL0R. Since the set of functions Ax is

sensitive, there exist positive real numbers �0 and D such that the inequalities xðt0Þ � xðt0Þk k < d1 and xðtÞ � xðtÞk k > �0; t 2 J,
hold for some xðtÞ 2Ax; t0 2 R and for some interval J � ½t0;1Þ whose length is not less than D.

Using the couple of integral equations
xðtÞ ¼ xðt0Þ þ
Z t

t0

Fðs; xðsÞÞds;

xðtÞ ¼ xðt0Þ þ
Z t

t0

Fðs; xðsÞÞds
together with condition (A2), one see that the inequality
xðtÞ � xðtÞk k 6 xðt0Þ � xðt0Þk k þ
Z t

t0

L0 xðsÞ � xðsÞk kds
���� ����
holds for t 2 ½t0 þ R; t0�. Applying Gronwall–Bellman inequality [71], we obtain
xðtÞ � xðtÞk k 6 xðt0Þ � xðt0Þk keL0 t�t0j j
and therefore xðtÞ � xðtÞk k < �, for t 2 ½t0 þ R; t0�.
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Suppose that yðtÞ ¼ /xðtÞðtÞ 2Ay. First, we will show that yðt0Þ � yðt0Þk k < d.
The functions yðtÞ and yðtÞ satisfy the integral equations
yðtÞ ¼
Z t

�1
eAðt�sÞgðxðsÞ; yðsÞÞds
and
yðtÞ ¼
Z t

�1
eAðt�sÞgðxðsÞ; yðsÞÞds;
respectively. Therefore,
yðtÞ � yðtÞ ¼
Z t

�1
eAðt�sÞ½gðxðsÞ; yðsÞÞ � gðxðsÞ; yðsÞÞ�ds
and hence we obtain
yðtÞ � yðtÞk k 6
Z t

t0þR
Ne�xðt�sÞ gðxðsÞ; yðsÞÞ � gðxðsÞ; yðsÞÞk kdsþ

Z t

t0þR
Ne�xðt�sÞ gðxðsÞ; yðsÞÞ � gðxðsÞ; yðsÞÞk kds

þ
Z t0þR

�1
Ne�xðt�sÞ gðxðsÞ; yðsÞÞ � gðxðsÞ; yðsÞÞk kds:
Since xðtÞ � xðtÞk k < � for t 2 ½t0 þ R; t0�, one has
yðtÞ � yðtÞk k 6 NL3

Z t

t0þR
e�xðt�sÞ yðsÞ � yðsÞk kdsþ NL2�

x
e�xtðext � exðt0þRÞÞ þ 2M0N

x
e�xðt�t0�RÞ:
Now, let us introduce the functions uðtÞ ¼ ext yðtÞ � yðtÞk k; kðtÞ ¼ NL2�
x ext and hðtÞ ¼ c þ kðtÞ, where

c ¼ 2M0N
x � NL2�

x

� �
exðt0þRÞ.

These definitions give us the inequality
uðtÞ 6 hðtÞ þ
Z t

t0þR
NL3uðsÞds:
Applying Lemma 2.2 [82] to the last inequality, we achieve that uðtÞ 6 hðtÞ þ NL3
R t

t0þR eNL3ðt�sÞhðsÞds.
Therefore, on the time interval ½t0 þ R; t0�, the inequality
uðtÞ 6 c þ kðtÞ þ c eNL3ðt�t0�RÞ � 1
� �

þ N2L2L3�
x

eNL3t
Z t

t0þR
eðx�NL3Þsds

¼ NL2�
x

ext þ 2M0N
x
� NL2�

x

	 

exReNL3ðt�t0�RÞ þ N2L2L3�

xðx� NL3Þ
ext 1� eðNL3�xÞðt�t0�RÞ� 

holds.
The last inequality leads to
yðtÞ � yðtÞk k 6 NL2�
x� NL3

þ 2M0N
x

eðNL3�xÞðt�t0�RÞ
and consequently we obtain that
yðt0Þ � yðt0Þk k 6 NL2�
x� NL3

þ 2M0N
x

eðx�NL3ÞR < 1þ NL2

x� NL3

	 

� < d:
In the remaining part of the proof, we will show the existence of a positive number �1 and an interval J1 � J, with a fixed
length which is independent of yðtÞ; yðtÞ 2Ay, such that the inequality yðtÞ � yðtÞk k > �1 holds for all t 2 J1.

Suppose that gðx; yÞ ¼

g1ðx; yÞ
g2ðx; yÞ

..

.

gnðx; yÞ

0BBB@
1CCCA, where each gj; 1 6 j 6 n, is a real valued function.

Since for each xðtÞ 2Ax the functions x0ðtÞ and /0xðtÞðtÞ lie inside the tubes with radii H0 and Ak kM þM0, respectively, one
can conclude that the set of functions Ax and Ay are both equicontinuous on R. Making use of the uniform continuity of the
function g : Rm � Rm � Rn ! Rn defined as gðx1; x2; x3Þ ¼ gðx1; x3Þ � gðx2; x3Þ on the compact region
D ¼ ðx1; x2; x3Þ 2 Rm � Rm � Rnj x1k k 6 H; x2k k 6 H; x3k k 6 Mf g;
together with the equicontinuity of the sets Ax and Ay, one can easily verify that the set
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F ¼ gjðxðtÞ;/xðtÞðtÞÞ � gjðxðtÞ;/xðtÞðtÞÞj1 6 j 6 n; xðtÞ 2Ax; xðtÞ 2Ax

n o
ð5:15Þ
is an equicontinuous family on R.
Therefore, there exists a positive real number s < D, independent of the functions xðtÞ; xðtÞ 2Ax; yðtÞ; yðtÞ 2Ay, such that

for any t1; t2 2 R with t1 � t2j j < s the inequality
gj xðt1Þ; yðt1Þð Þ � gj xðt1Þ; yðt1Þð Þ
� �

� gj xðt2Þ; yðt2Þð Þ � gj xðt2Þ; yðt2Þð Þ
� ��� �� < L1�0

2n
ð5:16Þ
holds, for all 1 6 j 6 n.
Condition (A4) implies that, for all t 2 J, the inequality gðxðtÞ; yðtÞÞ � gðxðtÞ; yðtÞÞk kP L1 xðtÞ � xðtÞk k is satisfied. Therefore,

for each t 2 J, there exists an integer j0 ¼ j0ðtÞ; 1 6 j0 6 n, such that
gj0
ðxðtÞ; yðtÞÞ � gj0

ðxðtÞ; yðtÞÞ
��� ���P L1

n
xðtÞ � xðtÞk k
Otherwise, if there exists s 2 J such that for all 1 6 j 6 n, the inequality
gj x sð Þ; y sð Þð Þ � gjðxðsÞ; yðsÞÞ
�� �� < L1

n
xðsÞ � xðsÞk k
holds, then one encounters with a contradiction since
gðxðsÞ; yðsÞÞ � gðxðsÞ; yðsÞÞk k 6
Xn

j¼1

gjðxðsÞ; yðsÞÞ � gjðxðsÞ; yðsÞÞ
�� �� < L1 xðsÞ � xðsÞk k:
Now, let s0 be the midpoint of the interval J and h ¼ s0 � s=2. One can find an integer j0 ¼ j0ðs0Þ; 1 6 j0 6 n, such that
gj0
ðxðs0Þ; yðs0ÞÞ � gj0

ðxðs0Þ; yðs0ÞÞ
��� ��� P L1

n
xðs0Þ � xðs0Þk k > L1�0

n
: ð5:17Þ
On the other hand, making use of inequality (5.16), for all t 2 h; hþ s½ � we have
gj0
xðs0Þ; yðs0Þð Þ � gj0

xðs0Þ; yðs0Þð Þ
��� ���� gj0

xðtÞ; yðtÞð Þ � gj0
xðtÞ; yðtÞð Þ

��� ���
6 gj0

xðtÞ; yðtÞð Þ � gj0
xðtÞ; yðtÞð Þ

� �
� gj0

xðs0Þ; yðs0Þð Þ � gj0
xðs0Þ; yðs0Þð Þ

� ���� ��� < L1�0

2n
and therefore by means of (5.17), we obtain that the inequality
gj0
xðtÞ; yðtÞð Þ � gj0

xðtÞ; yðtÞð Þ
��� ��� > gj0

xðs0Þ; yðs0Þð Þ � gj0
xðs0Þ; yðs0Þð Þ

��� ���� L1�0

2n
>

L1�0

2n
ð5:18Þ
holds for all t 2 h; hþ s½ �.
By applying the mean value theorem for integrals, one can find s1; s2; . . . ; sn 2 ½h; hþ s� such that
Z hþs

h
gðxðsÞ; yðsÞÞ � gðxðsÞ; yðsÞÞ½ �ds ¼

s g1ðxðs1Þ; yðs1ÞÞ � g1ðxðs1Þ; yðs1ÞÞ½ �
s g2ðxðs2Þ; yðs2ÞÞ � g2ðxðs2Þ; yðs2ÞÞ½ �

..

.

s gnðxðsnÞ; yðsnÞÞ � gnðxðsnÞ; yðsnÞÞ½ �

0BBBB@
1CCCCA:
Thus, using (5.18), one can obtain that
Z hþs

h
gðxðsÞ; yðsÞÞ � gðxðsÞ; yðsÞÞ½ �ds

���� ����P s gj0
ðxðsj0 Þ; yðsj0 ÞÞ � gj0

ðxðsj0 Þ; yðsj0 ÞÞ
��� ��� > sL1�0

2n
: ð5:19Þ
It is clear that, for t 2 ½h; hþ s�; yðtÞ and yðtÞ satisfy the integral equations
yðtÞ ¼ yðhÞ þ
Z t

h
AyðsÞdsþ

Z t

h
gðxðsÞ; yðsÞÞds
and
yðtÞ ¼ yðhÞ þ
Z t

h
AyðsÞdsþ

Z t

h
gðxðsÞ; yðsÞÞds;
respectively, and herewith the equation
yðtÞ � yðtÞ ¼ ðyðhÞ � yðhÞÞ þ
Z t

h
AðyðsÞ � yðsÞÞdsþ

Z t

h
½gðxðsÞ; yðsÞÞ � gðxðsÞ; yðsÞÞ�dsþ

Z t

h
½gðxðsÞ; yðsÞÞ � gðxðsÞ; yðsÞÞ�ds
is achieved. Hence, we have the inequality
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yðhþ sÞ � yðhþ sÞk kP
Z hþs

h
½gðxðsÞ; yðsÞÞ � gðxðsÞ; yðsÞÞ�ds

���� ����� yðhÞ � yðhÞk k �
Z hþs

h
Ak k yðsÞ � yðsÞk kds

�
Z hþs

h
L3 yðsÞ � yðsÞk kds: ð5:20Þ
Now, assume that maxt2½h;hþs� yðtÞ � yðtÞk k 6 sL1�0
2n½2þsðL3þ Ak kÞ�. In the present case, one encounters with a contradiction since, by

means of the inequalities (5.19) and (5.20), we have
max
t2½h;hþs�

yðtÞ � yðtÞk kP yðhþ sÞ � yðhþ sÞk k > sL1�0

2n
� ½1þ sðL3 þ Ak kÞ� max

t2½h;hþs�
yðtÞ � yðtÞk kP

sL1�0

2n½2þ sðL3 þ Ak kÞ� :
Therefore, one can see that the inequality maxt2½h;hþs� yðtÞ � yðtÞk k > sL1�0
2n½2þsðL3þ Ak kÞ� is valid.

Suppose that at the point g, the real valued function yðtÞ � yðtÞk k takes its maximum on the interval ½h; hþ s�, that is,
max
t2½h;hþs�

yðtÞ � yðtÞk k ¼ yðgÞ � yðgÞk k
for some h 6 g 6 hþ s.
For t 2 ½h; hþ s�, by virtue of the integral equations
yðtÞ ¼ yðgÞ þ
Z t

g
AyðsÞdsþ

Z t

g
gðxðsÞ; yðsÞÞds
and
yðtÞ ¼ yðgÞ þ
Z t

g
AyðsÞdsþ

Z t

g
gðxðsÞ; yðsÞÞds;
we obtain
yðtÞ � yðtÞ ¼ ðyðgÞ � yðgÞÞ þ
Z t

g
AðyðsÞ � yðsÞÞdsþ

Z t

g
½gðxðsÞ; yðsÞÞ � gðxðsÞ; yðsÞÞ�ds:
Define
s1 ¼min
s
2
;

sL1�0

8nðM Ak k þM0Þ½2þ sðL3 þ Ak kÞ�

� �
and let
h1 ¼
g; if g 6 hþ s=2
g� s1; if g > hþ s=2

�
:

We note that the interval J1 ¼ ½h1; h1 þ s1� is a subset of ½h; hþ s� and hence of J.
For t 2 J1, we have
yðtÞ � yðtÞk kP yðgÞ � yðgÞk k �
Z t

g
Ak k yðsÞ � yðsÞk kds

���� ����� Z t

g
gðxðsÞ; yðsÞÞ � gðxðsÞ; yðsÞÞk kds

���� ����
>

sL1�0

2n½2þ sðL3 þ Ak kÞ� � 2s1ðM Ak k þM0ÞP
sL1�0

4n½2þ sðL3 þ Ak kÞ� :
Consequently, we get yðtÞ � yðtÞk k > �1; t 2 J1, where �1 ¼ sL1�0
4n½2þsðL3þ Ak kÞ� and the length of the interval J1 does not depend on

the functions xðtÞ; xðtÞ 2Ax.
The proof of the lemma is finalized. h

Through Lemma 5.1, we mention the replication of sensitivity feature from the set of functions Ax to Ay, that is,
from the generator system to the replicator counterpart. In a similar way, it is reasonable to analyze the sensitivity
of the set of functions A, which is defined through Eq. (2.10). In the present case, we shall say that the set A is sen-
sitive provided that Ay is sensitive. This description is a natural one since, otherwise, the inequality xðtÞ � xðtÞk k > �0

implies that xðtÞ;/xðtÞðtÞ
� �

� xðtÞ;/xðtÞðtÞ
� ���� ��� > �0 in the same interval of time, which already signifies sensitivity of A.

But in replication of chaos, the crucial idea is the extension of sensitivity not only by the result-system, but also by
the replicator, and one should understand sensitivity of the result-system as a property which is equivalent to the sen-
sitivity of the replicator. According to this explanation, we note that if Ax is sensitive, then Lemma 5.1 implies the same
feature for the set Ay, and hence for the set A.
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Now, let us illustrate the replication of sensitivity through an example. It is known that the Lorenz system
Fig. 2.
x4—x5—
first sta
the refe
x01 ¼ r �x1 þ x2ð Þ
x02 ¼ �x2 þ rx1 � x1x3

x03 ¼ �bx3 þ x1x2;

ð5:21Þ
with the coefficients r ¼ 10; b ¼ 8=3; r ¼ 28 admits sensitivity [31]. We use system (5.21) with the specified coefficients as
the generator and constitute the 6-dimensional result-system
x01 ¼ 10ð�x1 þ x2Þ
x02 ¼ �x2 þ 28x1 � x1x3

x03 ¼ �
8
3

x3 þ x1x2

x04 ¼ �5x4 þ x3

x05 ¼ �2x5 þ 0:0002ðx2 � x5Þ3 þ 4x2

x06 ¼ �3x6 � 3x1:

ð5:22Þ
When system (5.22) is considered in the form of system (1.1)+(1.2), one can see that the diagonal matrix A whose entries
on the diagonal are�5; �2; �3 satisfies the inequality eAt

�� �� 6 Ne�xt with the coefficients N ¼ 1 and x ¼ 2. We note that the
function g : R3 � R3 ! R3 defined as
gðx1; x2; x3; x4; x5; x6Þ ¼ x3; 0:0002ðx2 � x5Þ3 þ 4x2;�3x1

� �

provides the conditions (A4) and (A5) with constants L1 ¼ 1=

ffiffiffi
3
p

; L2 ¼ 11
ffiffiffi
3
p

=2 and L3 ¼ 3=2 since the chaotic attractor of
system (5.22) is inside a compact region such that x2j j 6 30 and x5j j 6 50. Consequently, system (5.22) satisfies the condition
(A7).

In Fig. 2, one can see the 3-dimensional projections in the x1—x2—x3 and x4—x5—x6 spaces of two different trajectories of
the result-system (5.22) with adjacent initial conditions, such that one of them is in blue color and the other in red color. For
the trajectory with blue color, we make use of the initial data x1ð0Þ ¼ �8:57; x2ð0Þ ¼ �2:39; x3ð0Þ ¼
33:08; x4ð0Þ ¼ 5:32; x5ð0Þ ¼ 10:87; x6ð0Þ ¼ �6:37 and for the one with red color, we use the initial data
x1ð0Þ ¼ �8:53; x2ð0Þ ¼ �2:47; x3ð0Þ ¼ 33:05; x4ð0Þ ¼ 5:33; x5ð0Þ ¼ 10:86; x6ð0Þ ¼ �6:36. In the simulation, the trajectories
move on the time interval ½0;3�. The results seen in Fig. 2 supports our theoretical results indicated in Lemma 5.1 such that
the replicator system, likewise the generator counterpart, admits the sensitivity feature. That is, the solutions of both the
generator and the replicator given by blue and red colors diverge, even though they start and move close to each other in
the first stage.

Through the next lemma we continue with the replication of transitivity.
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Replication of sensitivity in the result-system (5.22). (a) 3-dimensional projection in the x1—x2—x3 space. (b) 3-dimensional projection in the
x6 space. The sensitivity property is observable both in (a) and (b) such that the trajectories presented by blue and red colors move together in the
ge and then diverge. In other words, the sensitivity property of the generator system is mimicked by the replicator counterpart. (For interpretation of
rences to color in this figure legend, the reader is referred to the web version of this article.)
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Lemma 5.2. Transitivity of Ax implies the same feature for Ay.
Proof. Fix arbitrary small � > 0, arbitrary large E > 0 and let yðtÞ 2Ay be a given function. Arising from the definition, intro-
duced by (2.9), of the set Ay, there exists a function xðtÞ 2Ax such that yðtÞ ¼ /xðtÞðtÞ. Let c ¼ xðx�NL3Þ

2M0Nðx�NL3ÞþNL2x
. Condition (A7)

guarantees that c is positive. Since there exists a solution x�ðtÞ 2Ax, which is dense in Ax, one can find n > 0 and an interval
J � R with length E such that xðtÞ � x�ðt þ nÞk k < c�, for all t 2 J. Without loss of generality, assume that J is a closed interval,
that is, J ¼ ½a; aþ E� for some real number a.

Let y�ðtÞ ¼ /x�ðtÞðtÞ. For t 2 J, the bounded on R functions yðtÞ and y�ðtÞ must satisfy the relations
yðtÞ ¼
Z t

�1
eAðt�sÞgðxðsÞ; yðsÞÞds
and
y�ðtÞ ¼
Z t

�1
eAðt�sÞgðx�ðsÞ; y�ðsÞÞds;
respectively. The second equation above implies that
y�ðt þ nÞ ¼
Z tþn

�1
eAðtþn�sÞgðx�ðsÞ; y�ðsÞÞds:
Using the transformation s ¼ s� n, and replacing s by s again, we get
y�ðt þ nÞ ¼
Z t

�1
eAðt�sÞgðx�ðsþ nÞ; y�ðsþ nÞÞds:
Therefore, for t 2 J, we have
yðtÞ � y�ðt þ nÞ ¼
Z a

�1
eAðt�sÞ½gðxðsÞ; yðsÞÞ � gðx�ðsþ nÞ; y�ðsþ nÞÞ�dsþ

Z t

a
eAðt�sÞ½gðxðsÞ; yðsÞÞ � gðxðsÞ; y�ðsþ nÞÞ�ds

þ
Z t

a
eAðt�sÞ½gðxðsÞ; y�ðsÞÞ � gðx�ðsþ nÞ; y�ðsþ nÞÞ�ds;
which implies the inequality
ext yðtÞ � y�ðt þ nÞk k 6 2M0N
x

exa þ NL2c�
x

ext � exa
� �

þ
Z t

a
NL3exs yðsÞ � y�ðsþ nÞk kds:
Through the implementation of Lemma 2.2 [82] to the last inequality, we attain
ext yðtÞ � y�ðt þ nÞk k 6 2M0N
x

exa þ NL2c�
x

ext � exa
� �

þ
Z t

a
NL3

2M0N
x

exa þ NL2c�
x

exs � exað Þ
� �

eNL3ðt�sÞds

¼ NL2c�
x

ext þ 2M0N
x
� NL2c�

x

	 

exaeNL3ðt�aÞ þ N2L2L3c�

xðx� NL3Þ
eNL3t eðx�NL3Þt � eðx�NL3Þa

� �
:

Multiplying both sides by e�xt , we achieve that
yðtÞ � y�ðt þ nÞk k 6 2M0N
x

eðNL3�xÞðt�aÞ þ NL2c�
x� NL3

1� eðNL3�xÞðt�aÞ� �
:

Now, suppose that E > 2
x�NL3

ln 1
c�

� �
. If t 2 aþ E

2 ; aþ E
� 


, then it is true that eðNL3�xÞðt�aÞ
6 eðNL3�xÞE=2 < c�. As a result, we have
yðtÞ � y�ðt þ nÞk k < 2M0N
x
þ NL2

x� NL3

� �
c� ¼ �;
for t 2 J1 ¼ a1; a1 þ E1½ �, where a1 ¼ aþ E=2 and E1 ¼ E=2. Consequently, the set Ay is transitive in compliance with Definition
3.3.

The lemma is proved. h

The extension of the last ingredient of chaos in the sense of Devaney is presented in the following lemma.

Lemma 5.3. If Ax admits a dense collection of periodic functions, then the same is true for Ay.
Proof. Fix yðtÞ ¼ /xðtÞðtÞ 2Ay, arbitrary small � > 0 and arbitrary large E > 0. Assume that Ax admits a dense collection
Gx �Ax of periodic functions. Let c ¼ xðx�NL3Þ

2M0Nðx�NL3ÞþNL2x
, which is a positive real number by condition (A7). In this case, there

exist exðtÞ 2 Gx and an interval J � R with length E such that xðtÞ � exðtÞk k < c�, for all t 2 J. Without loss of generality, assume
that J is a closed interval, that is, J ¼ ½a; aþ E� for some a 2 R.
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We note that by condition (A4) there is a one-to-one correspondence between the sets Gx and
Gy ¼ /xðtÞðtÞjxðtÞ 2 Gx

n o
ð5:23Þ
such that if xðtÞ 2 Gx is periodic then /xðtÞðtÞ 2 Gy is also periodic with the same period, and vice versa. Therefore Gy �Ay is a
collection of periodic functions and in the proof our aim is to verify that the set Gy is dense in Ay in accordance with Def-
inition 3.4.

Let eyðtÞ ¼ /exðtÞðtÞ, which clearly belongs to the set Gy. Making use of the relations
yðtÞ ¼
Z t

�1
eAðt�sÞgðxðsÞ; yðsÞÞds
and
eyðtÞ ¼ Z t

�1
eAðt�sÞgðexðsÞ; eyðsÞÞds
for t 2 J, we attain
yðtÞ � eyðtÞ ¼ Z a

�1
eAðt�sÞ½gðxðsÞ; yðsÞÞ � gðexðsÞ; eyðsÞÞ�dsþ

Z t

a
eAðt�sÞ½gðxðsÞ; yðsÞÞ � gðxðsÞ; eyðsÞÞ�dsþ

Z t

a
eAðt�sÞ½gðxðsÞ; eyðsÞÞ

� gðexðsÞ; eyðsÞÞ�ds:
The last equation implies that
yðtÞ � eyðtÞ�� �� 6 2M0N
x

e�xðt�aÞ þ NL2c�
x

e�xt ext � exa
� �

þ
Z t

a
NL3e�xðt�sÞ yðsÞ � eyðsÞ�� ��ds:
Using a procedure which is similar to the one presented in the proof of Lemma 5.2, it is possible to show that
yðtÞ � eyðtÞ�� �� 6 2M0N
x

eðNL3�xÞðt�aÞ þ NL2c�
x� NL3
for all t 2 J.
Now, suppose that E > 2

x�NL3
ln 1

c�

� �
. In the case that aþ E

2 6 t 6 aþ E, we have eðNL3�xÞðt�aÞ
6 eðNL3�xÞE=2 < c�. Conse-

quently, the inequality
yðtÞ � eyðtÞ�� �� < 2M0N
x
þ NL2

x� NL3

� �
c� ¼ �
holds for t 2 J1 ¼ a1; a1 þ E1½ �, where a1 ¼ aþ E=2 and E1 ¼ E=2.
The proof of the lemma is accomplished. h

We end up the present section by stating the following theorem and its immediate corollary, which can be verified as
consequences of Lemmas 5.1–5.3.

Theorem 5.1. If the set Ax is Devaney’s chaotic, then the same is true for the set Ay.
Corollary 5.1. If the set Ax is Devaney’s chaotic, then A is chaotic in the same way.
In the next part, the replication of chaos in the Li-Yorke sense is taken into account.

6. Replication of Li-Yorke chaos

Our aim in this section is to prove that if Ax is chaotic in the sense of Li-Yorke, then the same is valid for the set Ay, and
consequently for the set A.

We start by indicating the following lemma, which presents the replication of proximality property in accordance with
Definition 3.6.

Lemma 6.1. If a couple of functions xðtÞ; xðtÞð Þ 2Ax �Ax is proximal, then the same is true for the couple
/xðtÞðtÞ;/xðtÞðtÞ
� �

2Ay �Ay.
Proof. Let us fix arbitrary small positive real number � and arbitrary large positive real number E. Define c ¼ xðx�NL3Þ
2M0Nðx�NL3ÞþNL2x

.
Condition (A7) implies that c is positive. Suppose that a given couple of functions xðtÞ; xðtÞð Þ 2Ax �Ax is proximal. In such a
case, one can find a sequence of real numbers Eif g satisfying Ei P E for each i 2 N, and a sequence aif g; ai !1 as i!1, such
that we have xðtÞ � xðtÞk k < c�, for each t from the intervals Ji ¼ ½ai; ai þ Ei�; i 2 N, and Ji \ Jj ¼ ; whenever i – j.
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Now, we continue our proof by fixing an arbitrary natural number i. Taking advantage of the technique specified in the
proof of Lemma 5.3, one can verify that
/xðtÞðtÞ � /xðtÞðtÞ
�� �� 6 2M0N

x
eðNL3�xÞðt�aiÞ þ NL2c�

x� NL3
for all t 2 Ji.
If E > 2

x�NL3
ln 1

c�

� �
and t belongs to the interval ai þ Ei

2 ; ai þ Ei

h i
, then one has
eðNL3�xÞðt�aiÞ < eðNL3�xÞEi=2
6 eðNL3�xÞE=2 < c�:
Since the natural number i was chosen arbitrarily, for each i 2 N, one can conclude that the inequality
/xðtÞðtÞ � /xðtÞðtÞ
�� �� < 2M0N

x
þ NL2

x� NL3

� �
c� ¼ �
holds, for each t 2 eJ i ¼ eai; eai þ eEi

h i
, where eai ¼ ai þ Ei=2 and eEi ¼ Ei=2. Note that eJ i � R is an interval with length not less thaneE ¼ E=2. As a consequence, the couple of functions /xðtÞðtÞ;/xðtÞðtÞ

� �
2Ay �Ay is proximal according to the Definition 3.6.

The proof of the lemma is completed. h

The following lemma indicates the replication of the next characteristic feature of Li-Yorke chaos.

Lemma 6.2. If a couple of functions xðtÞ; xðtÞð Þ 2Ax �Ax is frequently ð�0;DÞ – separated for some positive real numbers �0 and
D, then the couple of functions /xðtÞðtÞ;/xðtÞðtÞ

� �
2Ay �Ay is frequently ð�1;DÞ – separated for some positive real numbers �1

and D.
Proof. Suppose that a given couple of functions xðtÞ; xðtÞð Þ 2Ax �Ax is frequently ð�0;DÞ separated, for some �0 > 0 and
D > 0. In this case, there exist infinitely many disjoint intervals, each with length not less than D, such that
xðtÞ � xðtÞk k > �0, for each t from these intervals. Without loss of generality, assume that these intervals are all closed subsets

of R. In that case, one can find a sequence Dif g satisfying Di P D; i 2 N, and a sequence dif g; di !1 as i!1, such that for
each i 2 N the inequality xðtÞ � xðtÞk k > �0 holds for t 2 Ji ¼ ½di; di þ Di�, and Ji \ Jj ¼ ; whenever i – j.

Throughout the proof, let us denote yðtÞ ¼ /xðtÞðtÞ 2Ay and yðtÞ ¼ /xðtÞðtÞ 2Ay.
Our aim is to show the existence of positive real numbers �1; D and infinitely many disjoint intervals Ji � Ji; i 2 N, each

with length D, such that the inequality yðtÞ � yðtÞk k > �1 holds for each t from the intervals Ji; i 2 N.

As in the proof of Lemma 5.1, we again suppose that gðx; yÞ ¼

g1ðx; yÞ
g2ðx; yÞ

..

.

gnðx; yÞ

0BBB@
1CCCA, where each gj; 1 6 j 6 n, is a real valued

function. Using the equicontinuity on R of the family F, defined by Eq. (5.15), one can find a positive real number s < D,

independent of the functions xðtÞ; xðtÞ 2Ax; yðtÞ; yðtÞ 2Ay, such that for any t1; t2 2 R with t1 � t2j j < s the inequality
gj xðt1Þ; yðt1Þð Þ � gj xðt1Þ; yðt1Þð Þ
� �

� gj xðt2Þ; yðt2Þð Þ � gj xðt2Þ; yðt2Þð Þ
� ��� �� < L1�0

2n
ð6:24Þ
holds, for all 1 6 j 6 n.
Suppose that the sequence sif g denotes the midpoints of the intervals Ji, that is, si ¼ di þ Di=2, for each i 2 N. Let us define

a sequence hif g through the equation hi ¼ si � s=2.
Now, let us fix an arbitrary natural number i. In a similar way to the method specified in the proof of Lemma 5.1, one can

verify that
max
t2½hi ;hiþs�

yðtÞ � yðtÞk k > sL1�0

2n½2þ sðL3 þ Ak kÞ� :
Suppose that the real valued function yðtÞ � yðtÞk k assumes its maximum on the interval ½hi; hi þ s�, at a point gi. In other
words, for some gi 2 hi; hi þ s½ �, we have
max
t2½hi ;hiþs�

yðtÞ � yðtÞk k ¼ yðgiÞ � yðgiÞk k:
Define D ¼ min s
2 ;

sL1�0
8nðM Ak kþM0Þ½2þsðL3þ Ak kÞ�

n o
and let h1

i ¼
gi; if gi 6 hi þ s=2
gi � s1; if gi > hi þ s=2

�
.

Making use of the integral equations
yðtÞ ¼ yðgiÞ þ
Z t

gi

AyðsÞdsþ
Z t

gi

gðxðsÞ; yðsÞÞds
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and
yðtÞ ¼ yðgiÞ þ
Z t

gi

AyðsÞdsþ
Z t

gi

gðxðsÞ; yðsÞÞds;
one can confirm that
yðtÞ � yðtÞk k > sL1�0

4n½2þ sðL3 þ Ak kÞ� ;
for each t 2 ½h1
i ; h

1
i þ D�.

The information mentioned above is true for an arbitrarily chosen natural number i. Therefore, for each i 2 N, the interval
Ji ¼ ½h1

i ; h
1
i þ D� is a subset of ½hi; hi þ s�, and hence of Ji. Moreover, for any i 2 N, we have yðtÞ � yðtÞk k > �1; t 2 Ji, where

�1 ¼ sL1�0
4n½2þsðL3þ Ak kÞ�.

Consequently, according to Definition 3.7, the couple of functions /xðtÞðtÞ;/xðtÞðtÞ
� �

2Ay �Ay is frequently ð�1;DÞ –
separated.

The proof of the lemma is finalized. h

Now, we state and prove the main theorem of the present section. In the proof, we suppose that Gx �Ax denotes the set
of periodic functions inside Ax and the set Gy �Ay, defined through Eq. (5.23), denotes the set of periodic functions inside
Ay.

Theorem 6.1. If the set Ax is Li-Yorke chaotic, then the same is true for the set Ay.
Proof. Assume that the set Ax is Li-Yorke chaotic. It can be easily verified that for any natural number k; xðtÞ 2 Gx is a kT-
periodic function if and only if /xðtÞðtÞ 2 Gy is kT-periodic, where Gx and Gy denote the sets of all periodic functions inside Ax

and Ay, respectively. Therefore, the set Ay admits a kT-periodic function for any k 2 N.
Next, suppose that the set Cx is a scrambled set inside Ax and define the set
Cy ¼ /xðtÞðtÞjxðtÞ 2 Cx

n o
: ð6:25Þ
Condition (A4) implies that there is a one-to-one correspondence between the sets Cx and Cy. Since the scrambled set Cx is
uncountable, it is clear that the set Cy is also uncountable. Moreover, using the same condition one can show that no periodic
functions exist inside Cy, since no such functions take place inside the set Cx. That is, Cy \ Gy ¼ ;.

Since each couple of functions inside Cx � Cx is proximal, Lemma 6.1 implies the same feature for each couple of functions
inside Cy � Cy.

Similarly, Lemma 6.2 implies that if each couple of functions xðtÞ; xðtÞð Þ 2 Cx � Cx Cx � Gxð Þ is frequently ð�0;DÞ –
separated for some positive real numbers �0 and D, then each couple of functions yðtÞ; yðtÞð Þ 2 Cy � Cy Cy � Gy

� �
is frequently

ð�1;DÞ – separated for some positive real numbers �1 and D. Consequently, the set Cy is a scrambled set inside Ax, and
according to Definition 3.10, Ay is Li-Yorke chaotic.

The proof of the theorem is accomplished. h

An immediate corollary of Theorem 6.1 is the following.

Corollary 6.1. If the set Ax is Li-Yorke chaotic, then the set A is chaotic in the same way.
7. Morphogenesis of chaos

Two different mechanisms of chaos extension (morphogenesis) through applying replication are considered in our paper.
The first one is illustrated schematically in Fig. 3. The figure represents consecutively connected systems as boxes and the
blue arrows symbolize unidirectional couplings between two systems. In the first coupling, we take into account a generator
Fig. 3. Morphogenesis of chaos through consecutive replications.
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system, the leftmost box in the figure, which is connected with a second system considered as a replicator in the couple. In
the next coupling, the second system is considered as a generator with respect to the third one. That is, it changes its role in
the extension process. In the third coupling, the third system is considered as a generator and the forth one as a replicator. In
summary, the mechanism proceeds as follows. We take into account consecutive unidirectionally coupled systems such that
the initial one is a generator and at each next coupling the role of the previously chaotified replicator changes and we start to
use it as a generator. As a result of the mechanism all individual subsystems are chaotic as well as the system which consists
of all subsystems. Moreover, the type of the chaos is saved under this procedure.

In Fig. 4 we show another mechanism of chaos extension. Here, the generator is surrounded by three replicators and the
blue arrows symbolize, again, unidirectional couplings between two systems. Distinctively from the former mechanism, the
replicators do not change their role with respect to each other according to the special topology of connection. The generator
is coupled with all other replicators such that it is rather a core than a beginning element. The result of the mechanism is
similar to the former such that all replicators as well as the system consisting of all subsystems become chaotic, saving
the chaos type of the generator.

We call the two ways as the chain and the core mechanisms, respectively, and the system which unites the generator and
several replicators, of type (1.2), in either extension mechanism as the result-system. Theoretically, we do not discuss con-
straints on the dimension of the result-system, but under certain conditions it seems that the dimension is not restricted
for both mechanisms. However, this is definitely true for the core mechanism even with infinite dimensions. We will discuss
and simulate the chain mechanism in our paper, mainly, since the core mechanism can be discussed very similarly. One can
invent other mechanisms, for example, by considering ‘‘composition’’ of the two mechanisms proposed presently.

Next, to exemplify the chaos extension procedure of our paper, according to the chain mechanism shown in Fig. 3 we set
up the following 8-dimensional result-system
x01 ¼ x2

x02 ¼ �0:05x2 � x3
1 þ 7:5 cos t

x03 ¼ x4 þ x1

x04 ¼ �3x3 � 2x4 � 0:008x3
3 þ x2

x05 ¼ x6 þ x3

x06 ¼ �3x5 � 2:1x6 � 0:007x3
5 þ x4

x07 ¼ x8 þ x5

x08 ¼ �3:1x7 � 2:2x8 � 0:006x3
7 þ x6:

ð7:26Þ
We note that system (7.26) consists of four subsystems with coordinates ðx1; x2Þ; ðx3; x4Þ; ðx5; x6Þ and ðx7; x8Þ such that the
subsystem ðx1; x2Þ is exactly the generator used in system (1.4)+(1.5), while the subsystem ðx3; x4Þ is the replicator of (1.4)
and (1.5).

According to the theoretical results of the present paper, system (7.26) possesses a chaotic attractor in the 8-dimensional
phase space. By marking the trajectory of this system with the initial data x1ð0Þ ¼ 2; x2ð0Þ ¼ 3; x3ð0Þ ¼ x5ð0Þ ¼ x7ð0Þ ¼ �1;
x4ð0Þ ¼ x6ð0Þ ¼ x8ð0Þ ¼ 1 stroboscopically at times that are integer multiples of 2p, we obtain the Poincaré section inside the
8-dimensional space. In Fig. 5, which informs us about morphogenesis, the 3-dimensional projections of the whole Poincaré
section on the x2—x4—x6 and x3—x5—x7 spaces are shown. One can see in Fig. 5(a) and in Fig. 5(b) the additional foldings
which are not possible to observe in the classical strange attractor shown in Fig. 1(a).

Despite we are restricted to make illustrations at most in 3-dimensional spaces, taking inspiration from Figs. 1 and 5, one
can imagine that the structure of the original Poincaré section in the 8-dimensional space will be similar through its fractal
structure, but more beautiful and impressive than its projections. From this point of view, we are not surprised since these
facts have been proved theoretically in the paper.

Next, we shall handle the problem that whether the chaos extension procedure works for all existing systems in the
mechanisms presented above, from the theoretical point of view. Since the core mechanism does not need any additional
theoretical discussions, we will consider the chain mechanism.
Fig. 4. Morphogenesis of chaos from a prior chaos as a core.
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In addition to the system (1.1)+(1.2), we take into account the system
z0 ¼ Bzþ hðyðtÞ; zÞ; ð7:27Þ
where h : Rn � Rl ! Rl is a continuous function in all of its arguments, the constant l� l real valued matrix B has real parts of
eigenvalues all negative and yðtÞ is a solution system (1.2).

It is easy to verify the existence of positive real numbers eN and ex such that eBt
�� �� 6 eNe�ext , for all t P 0.

In our next theoretical discussions, the system (7.27) will serve as the third system in the chain mechanism presented by
Fig. 3, and we need the following assumptions which are counterparts of the conditions (A4)–(A7) presented in Section 2.

(A8) There exists a positive real number eL1 such that hðy1; zÞ � hðy2; zÞk kP eL1 y1 � y2k k, for all y1; y2 2 Rn; z 2 Rl;
(A9) There exist positive real numbers eL2 and eL3 such that hðy1; zÞ � hðy2; zÞk k 6 eL2 y1 � y2k k, for all y1; y2 2 Rn; z 2 Rl, and

hðy; z1Þ � hðy; z2Þk k 6 eL3 z1 � z2k k, for all y 2 Rn; z1; z2 2 Rl;

(A10) There exists a positive number K0 <1 such that supy2Rn ; z2Rl hðy; zÞk k ¼ K0;

(A11) eNeL3 � ex < 0.

Likewise the definition for the set of functions Ay, given by (2.9), let us denote by Az the set of all bounded on R solutions
of system z0 ¼ Bzþ hðyðtÞ; zÞ, for any yðtÞ 2Ay.

In a similar way to the Lemma 2.1, one can show that the set
Uz ¼ zðtÞjzðtÞ is a solution of the system z0 ¼ Azþ gðyðtÞ; zÞ for some yðtÞ 2 Uy
� �

ð7:28Þ
is a basin of Az. Furthermore, a similar result of Theorem 4.1 introduced in Section 4, hold also for the set Az.
We state in the next theorem that similar results of the Theorems 5.1 and 6.1 presented in Sections 5 and 6, respectively,

hold also for the set Az.
We note that, in the case of the presence of arbitrary finite number of systems, which obey conditions that are counter-

parts of (A4)–(A7), one can prove that a similar result of the next theorem holds for the chain mechanism.

Theorem 7.1. If the set Ax is Devaney chaotic or Li-Yorke chaotic, then the set Az is chaotic in the same way as both Ax and Ay.
Proof. In the proof, we will show that for each zðtÞ 2Az and arbitrary d > 0, there exist zðtÞ 2Az and t0 2 R such that
zðt0Þ � zðt0Þk k < d, which is needed to show sensitivity of Az. The remaining parts of the proof can be performed in a similar

way to the proofs presented in Sections 5 and 6, and therefore are omitted.
Suppose that the set Ax is sensitive. Fix an arbitrary d > 0 and let zðtÞ 2Az be a given solution of system (7.27). In this

case, there exists yðtÞ ¼ /xðtÞðtÞ 2Ay, where xðtÞ 2Ax, such that zðtÞ is the unique bounded on R solution of the system
z0 ¼ Bzþ hðyðtÞ; zÞ.



2646 M.U. Akhmet, M.O. Fen / Commun Nonlinear Sci Numer Simulat 18 (2013) 2626–2666
Let us choose a real number � ¼ �ðdÞ > 0 small enough which satisfies the inequality
1þ
eNeL2ex � eNeL3

 !
1þ NL2

x� NL3

	 

� < d
and denote �1 ¼ 1þ NL2
x�NL3

� �
�. Now, take R ¼ Rð�Þ < 0 sufficiently large in absolute value such that both of the inequalities

2M0N
x e�ðNL3�xÞR=2

6 � and 2eM0
eNex e�ðeNeL3�exÞR=2

6 �1 are valid, and let d1 ¼ d1ð�;RÞ ¼ �eL0R. Since the set Ax is sensitive, one can find

xðtÞ 2Ax and t0 2 R such that the inequality xðt0Þ � xðt0Þk k < d1 holds.
As in the case of the proof of Lemma 5.1, for t 2 ½t0 þ R; t0�, one can verify that xðtÞ � xðtÞk k < �, and
yðtÞ � yðtÞk k 6 NL2�
x� NL3

þ 2M0N
x

eðNL3�xÞðt�t0�RÞ:
According to the last inequality, we have yðtÞ � yðtÞk k 6 �1, for t 2 ½t0 þ R=2; t0�.
Suppose that zðtÞ is the unique bounded on R solution of the system z0 ¼ Bzþ hðyðtÞ; zÞ. One can see that the

relations
zðtÞ ¼
Z t

�1
eBðt�sÞhðyðsÞ; zðsÞÞds
and
zðtÞ ¼
Z t

�1
eBðt�sÞhðyðsÞ; zðsÞÞds;
are valid. Using these equations, it can be verified that
zðtÞ � zðtÞk k 6
Z t

t0þR
2

eNe�exðt�sÞ hðyðsÞ; zðsÞÞ � hðyðsÞ; zðsÞÞk kdsþ
Z t

t0þR
2

eNe�exðt�sÞ hðyðsÞ; zðsÞÞ � hðyðsÞ; zðsÞÞk kds

þ
Z t0þR

2

�1

eNe�exðt�sÞ hðyðsÞ; zðsÞÞ � hðyðsÞ; zðsÞÞk kds:
Since yðtÞ � yðtÞk k < �1 for t 2 ½t0 þ R=2; t0�, one has
zðtÞ � zðtÞk k 6 eNeL3

Z t

t0þR
2

e�exðt�sÞ zðsÞ � zðsÞk kdsþ eNeL2�1

Z t

t0þR
2

e�exðt�sÞdsþ 2 eM0
eN Z t0þR

2

�1
e�exðt�sÞds

6 eNeL3

Z t

t0þR
2

e�exðt�sÞ zðsÞ � zðsÞk kdsþ
eNeL2�1ex e�extðeext � eexðt0þR=2ÞÞ þ 2 eM0

eNex e�exðt�t0�R=2Þ:
Now, let us introduce the functions uðtÞ ¼ eext zðtÞ � zðtÞk k; kðtÞ ¼ eNeL2�1ex eext , and vðtÞ ¼ c þ kðtÞ where

c ¼ 2eM0
eNex � eNeL2�1ex

	 

eexðt0þR=2Þ.

These definitions imply that uðtÞ 6 vðtÞ þ
R t

t0þR
2

eNeL3uðsÞds and applying Lemma 2.2 [82] leads to
uðtÞ 6 vðtÞ þ eNeL3

Z t

t0þR
2

e
eNeL3ðt�sÞhðsÞds:
Therefore, for t 2 ½t0 þ R=2; t0� we have
uðtÞ 6 c þ kðtÞ þ c e
eNeL3ðt�t0�R=2Þ � 1

	 

þ N2eL2

eL3�1ex e
eNeL3t

Z t

t0þR
2

eðex�eNeL3Þsds

¼
eNeL2�1ex eext þ 2 eM0Nex �

eNeL2�1ex
 !

eexT e
eNeL3ðt�t0�R=2Þ þ

eN2eL2
eL3�1exð ex � eNeL3Þ

eext 1� eð
eNeL3�exÞðt�t0�R=2Þ

� �

and hence
zðtÞ � zðtÞk k 6
eNeL2�1ex � eNeL3

1� eð
eNeL3�exÞðt�t0�R=2Þ

� �
þ 2 eM0Nex eð

eNeL3�exÞðt�t0�R=2Þ:
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Consequently, the inequality
zðt0Þ � zðt0Þk k 6
eNeL2�1ex � eNeL3

þ 2 eM0
eNex eðex�eNeL3ÞR=2 < 1þ

eNeL2ex � eNeL3

 !
�1 < d
is valid.
The theorem is proved. h
8. Replication of period-doubling cascade

We start this section by describing the chaos through period-doubling cascade [24,83,84] for the set of functions Ax, and
deal with its replication by the set of functions Ay, which is defined by Eq. (2.9).

Suppose that there exists a function G : R� Rm � R! Rm which is continuous in all of its arguments such that
Fðt; xÞ ¼ Gðt; x;l1Þ for some finite number l1, which will be explained below.

To discuss chaos through period-doubling cascade, let us consider the system
x0 ¼ Gðt; x;lÞ; ð8:29Þ
where l is a parameter.
We say that the set Ax is chaotic through period-doubling cascade if there exist a natural number k and a sequence of

period-doubling bifurcation values lm

� �
; lm ! l1 as m!1, such that for each m 2 N as the parameter l increases (or

decreases) through lm, system (8.29) undergoes a period-doubling bifurcation and a periodic solution with period k2mT
appears. As a consequence, at l ¼ l1, there exist infinitely many unstable periodic solutions of system (8.29), and hence
of system (1.1), all lying in a bounded region. In this case, the set Ax admits periodic functions of periods
kT;2kT;4kT;8kT; . . ..

Now, making use of Eq. (2.8), one can show that for any natural number p, if xðtÞ 2Ax is a pT-periodic function then
/xðtÞðtÞ 2Ay is also pT-periodic. Moreover, condition (A4) implies that the converse is also true. Consequently, if the set
Ax admits periodic functions of periods kT;2kT;4kT;8kT; . . ., then the same is valid for Ay, with no additional periodic func-
tions of any other period. Furthermore, the technique indicated in the proof of Lemma 5.1 can be used to show that these
periodic solutions are all unstable and this provides us an opportunity to state the following theorem.

Theorem 8.1. If the set Ax is chaotic through period-doubling cascade, then the same is true for Ay.
The following corollary of Theorem 8.1 states that the result-system (1.1)+(1.2) is chaotic through the period-doubling

cascade, provided the system (1.1) is.

Corollary 8.1. If the set Ax is chaotic through period-doubling cascade, then the same is true for A.
Our theoretical results show that the replicator system (1.2), likewise the generator counterpart, undergoes period-dou-

bling bifurcations as the parameter l increases or decreases through the values lm; m 2 N. That is, the sequence lm

� �
of

bifurcation parameters is exactly the same for both generator and replicator systems. In this case, if the generator system
obeys the Feigenbaum universality [3,85–87] then one can conclude that the same is true also for the replicator. In other
words, when limm!1

lm�lmþ1
lmþ1�lmþ2

is evaluated, the universal constant known as the Feigenbaum number 4:6692016 . . . is

achieved and this universal number is the same for both generator and replicator.
It is worth saying that the results about replication of period-doubling cascade as well as the Feigenbaum’s universal

behavior, which can be perceived as another aspect of morphogenesis of chaos, are true also for chaos extension mechanisms
shown in Figs. 3 and 4. In our next example, using the chain mechanism, we will illustrate through simulations the morpho-
genesis of period-doubling cascade.

In paper [88], it is indicated that the Duffing’s equation
x00 þ 0:3x0 þ x3 ¼ l cos t ð8:30Þ
admits the chaos through period-doubling cascade at the parameter value l ¼ l1 � 40. Defining the new variables x1 ¼ x
and x2 ¼ x0, Eq. (8.30) can be rewritten as a system in the following form
x01 ¼ x2

x02 ¼ �0:3x2 � x3
1 þ l cos t:

ð8:31Þ
Making use of system (8.31) as the generator, let us constitute the following 8-dimensional result-system
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x01 ¼ x2

x02 ¼ �0:3x2 � x3
1 þ l cos t

x03 ¼ 2x3 � x4 þ 0:4 tan ðx1 þ x3Þ=10ð Þ
x04 ¼ 17x3 � 6x4 þ x2

x05 ¼ �2x5 þ 0:5 sin x6 � 4x4

x06 ¼ �x5 � 4x6 � tan x3=2ð Þ
x07 ¼ 2x7 þ 5x8 � 0:0003ðx7 � x8Þ3 � 1:5x6

x08 ¼ �5x7 � 8x8 þ 4x5:

ð8:32Þ
System (8.32) is designed according to the chain mechanism indicated in Fig. 3. In the coupling between the subsystems
with coordinates ðx1; x2Þ and ðx3; x4Þ the former is the generator and the latter is the replicator. In the second coupling be-
tween the subsystems with coordinates ðx3; x4Þ and ðx5; x6Þ, this time the former is used as the generator although it was
the replicator in the previous coupling. The final coupling between the subsystems with coordinates ðx5; x6Þ and ðx7; x8Þ is
constructed in a similar way. In this exemplification we will refer to subsystems with coordinates ðx1; x2Þ; ðx3; x4Þ; ðx5; x6Þ
and ðx7; x8Þ as the first, second, third and the fourth subsystems, respectively.

According to our theoretical discussions, the result-system (8.32) with the parameter value l ¼ l1 � 40 admits a chaotic
attractor in the 8-dimensional phase space, which is obtained through period-doubling cascade. For the parameter value l
between 30 and 40, the bifurcation diagrams corresponding to the x2; x4; x6 and x8 coordinates of system (8.32) are illus-
trated in Fig. 6. The picture shown in Fig. 6(a) is the bifurcation diagram of the system (8.31), while the pictures presented in
Fig. 6(b)–(d) correspond to the second, third and the fourth subsystems, respectively. For the parameter values where stable
periodic solutions exist, the one-to-one correspondence between the periodic solutions of the subsystems is observable in
the figure. Moreover, it is seen in Fig. 6(b)–(d) that, likewise the first subsystem, all other subsystems undergo period-dou-
bling bifurcations at the same parameter values such that for l ¼ l1 all of them are chaotic. One should recognize that the
similarities between the presented bifurcation diagrams indicate morphogenesis of period-doubling cascade.
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The bifurcation diagrams of system (8.32) according to coordinates. (a) The bifurcation diagram corresponding to x2-coordinate, (b) The bifurcation
corresponding to x4-coordinate, (c) The bifurcation diagram corresponding to x6-coordinate, (d) The bifurcation diagram corresponding to x8-

ate. The picture in (a) is the bifurcation diagram of the generator system (8.31) and the pictures shown in (b)–(d) correspond to the second, third and
eplicator systems, respectively. It is observable that all replicators, likewise the generator, undergo period-doubling bifurcations at the same values
arameter and all of them are chaotic for l ¼ l1 � 40. The one-to-one correspondence between the stable periodic solutions of the generator and
ors are also seen in the figure. The resemblances between the bifurcation diagrams corresponding to the coordinates x2; x4; x6, and x8 reveal
genesis of chaos.
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Fig. 7. 2-dimensional projections of the chaotic attractor of the result-system (8.32). (a) Projection on the x1—x2 plane, (b) Projection on the x3—x4 plane, (c)
Projection on the x5—x6 plane, (d) Projection on the x7—x8 plane. The picture in (a) shows the attractor of the prior chaos produced by the generator system
(8.31) and in (b)–(d) the chaotic attractors of the remaining subsystems are observable. The illustrations in (b)–(d) repeated the structure of the attractor
shown in (a), and these pictures are indicators of the chaos extension.
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In Fig. 7(a)–(d), we illustrate the 2-dimensional projections of the trajectory of system (8.32), with the initial data
x1ð0Þ ¼ 2:16; x2ð0Þ ¼ �9:28; x3ð0Þ ¼ �0:21; x4ð0Þ ¼ �2:03; x5ð0Þ ¼ 3:36; x6ð0Þ ¼ �0:52; x7ð0Þ ¼ 3:07; x8ð0Þ ¼ �0:32, on
the planes x1—x2; x3—x4; x5—x6, and x7—x8, respectively. The picture in Fig. 7(a) shows in fact the attractor of the prior chaos
produced by the generator system (8.31) and similarly the illustrations in Fig. 7(b)–(d) correspond to the chaotic attractors of
the second, third and the fourth subsystems, respectively. The resemblance between the shapes of the attractors of the sub-
systems reflect the morphogenesis of chaos in the result-system (8.32).

To obtain a better impression about the chaotic attractor of system (8.32), in Fig. 8 we demonstrate the 3-dimensional
projections of the trajectory with the same initial data as above, on the x3—x5—x7 and x4—x6—x8 spaces. Although we are
restricted to make illustrations at most in 3-dimensional spaces and not able to provide a picture of the whole chaotic attrac-
tor, the results shown both in Figs. 7 and 8 give us an idea about the spectacular chaotic attractor of system (8.32).

We note that system (8.32) exhibits a symmetry under the transformation
K : ðx1; x2; x3; x4; x5; x6; x7; x8; tÞ ! ð�x1;�x2;�x3;�x4;�x5;�x6;�x7;�x8; t þ pÞ
and the presented attractors are symmetric around the origin due to the symmetry of the result-system (8.32) under this
transformation.

Now, let us show that the first replicator system which is included inside (8.32) satisfies the condition (A7).
In the calculations below, we will denote by :k k the matrix norm which is induced by the usual Euclidean norm in Rl. That

is,
Ck k ¼ max
ffiffiffi
1
p

: 1 is an eigenvalue of CTC
n o

ð8:33Þ
for any l� l matrix C with real entries, and CT denotes the transpose of the matrix C [89].
When the system
x03 ¼ 2x3 � x4 þ 0:4 tan ðx1 þ x3Þ=10ð Þ
x04 ¼ 17x3 � 6x4 þ x2

ð8:34Þ
is considered in the form of system (1.2), one can see that the matrix A can be written as A ¼ 2 �1
17 �6

� �
, which admits the

complex conjugate eigenvalues �2� i.
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The real Jordan form of the matrix A is given by J ¼ �2 �1
1 �2

� �
and the identity P�1AP ¼ J is satisfied where P ¼ 0 1

�1 4

� �
.

Evaluating the exponential matrix eAt we obtain that
eAt ¼ e�2tP
cos t � sin t

sin t cos t

� �
P�1: ð8:35Þ
Taking N ¼ Pk k P�1
��� ��� < 18 and x ¼ 2, one can see that the inequality eAt

�� �� 6 Ne�xt holds for all t P 0. The function
g : R2 � R2 ! R2 defined as
gðx1; x2; x3; x4Þ ¼ 0:4 tan
x1 þ x3

10

� �
; x2

� �

satisfies the conditions (A4) and (A5) with constants L1 ¼

ffiffiffi
2
p

=50; L2 ¼
ffiffiffi
2
p

and L3 ¼ 0:08 since the chaotic attractor of system
(8.32) satisfies the inequalities x1j j 6 6; x3j j 6 3=2, and consequently x1þx3

10

�� �� 6 3=4. Therefore, the condition (A7) is satisfied.
In a similar way, for the second replicator system, making use of x3j j 6 3=2 once again, one can show that the function

h : R2 � R2 ! R2 defined as
hðx3; x4; x5; x6Þ ¼ 0:5 sin x6 � 4x4;� tan
x3

2

� �� �

satisfies the counterparts of the conditions (A4) and (A5) with constants L1 ¼

ffiffiffi
2
p

=4; L2 ¼ 4
ffiffiffi
2
p

and L3 ¼ 1=2.
On the other hand, when one considers the third replicator, it is easy to show that the function k : R2 � R2 ! R2 defined as
kðx5; x6; x7; x8Þ ¼ 0:0003ðx7 � x8Þ3 � 1:5x6;4x5

� �

satisfies the counterparts of the conditions (A4) and (A5) with constants L1 ¼ 3

ffiffiffi
2
p

=4; L2 ¼ 4
ffiffiffi
2
p

and L3 ¼ 0:19 since the cha-
otic attractor of system (8.32) satisfies the inequalities x7j j 6 8; x8j j 6 4.
9. Controlling replication of chaos

In the previous section we have theoretically proved replication of chaos for specific types and controlling the extended
chaos is another interesting problem. The next theorem and its corollary indicate a method to control the chaos of the rep-
licator system (1.2) and the result-system (1.1)+(1.2), respectively, and reveal that controlling the chaos of system (1.1) is
sufficient for this.
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Theorem 9.1. Assume that for arbitrary � > 0, a periodic solution xpðtÞ 2Ax is stabilized such that for any solution xðtÞ of
system (1.1) there exist real numbers a and E > 0 such that the inequality xðtÞ � xpðtÞ

�� �� < � holds for t 2 ½a; aþ E�. Then, the
periodic solution /xpðtÞðtÞ 2Ay is stabilized such that for any solution yðtÞ of system (1.2) there exists a number b P a such

that the inequality yðtÞ � /xpðtÞðtÞ
��� ��� < 1þ NL2

x�NL3

� �
� holds for t 2 ½b; aþ E�, provided that the number E is sufficiently

large.
Proof. Fix an arbitrary solution yðtÞ of system y0 ¼ Ayþ gðxðtÞ; yÞ for some solution xðtÞ of system (1.1). According to our
assumption, there exist numbers a and E > 0 such that the inequality xðtÞ � xpðtÞ

�� �� < � holds for t 2 ½a; aþ E�. Let us denote
ypðtÞ ¼ /xpðtÞðtÞ 2Ay. It is clear that the function ypðtÞ is periodic with the same period as xpðtÞ. Since yðtÞ and ypðtÞ satisfy the
integral equations
yðtÞ ¼ eAðt�aÞyðaÞ þ
Z t

a
eAðt�sÞgðxðsÞ; yðsÞÞds
and
ypðtÞ ¼ eAðt�aÞypðaÞ þ
Z t

a
eAðt�sÞgðxpðsÞ; ypðsÞÞds;
respectively, one has
yðtÞ � ypðtÞ ¼ eAðt�aÞðyðaÞ � ypðaÞÞ þ
Z t

a
eAðt�sÞ gðxðsÞ; yðsÞÞ � gðxðsÞ; ypðsÞÞ

� 

ds

þ
Z t

a
eAðt�sÞ gðxðsÞ; ypðsÞÞ � gðxpðsÞ; ypðsÞÞ

� 

ds:
By the help of the last equation, we have
yðtÞ � ypðtÞ
�� �� 6 Ne�xðt�aÞ yðaÞ � ypðaÞ

�� ��þ NL2�
x

e�xt ext � exa
� �

þ NL3

Z t

a
e�xðt�sÞ yðsÞ � ypðsÞ

�� ��ds:
Let u : ½a; aþ E� ! ½0;1Þ be a function defined as uðtÞ ¼ ext yðtÞ � ypðtÞ
�� ��. In this case, we reach the inequality
uðtÞ 6 Nexa yðaÞ � ypðaÞ
�� ��þ NL2�

x
ext � exa
� �

þ NL3

Z t

a
uðsÞds:
Implementation of Lemma 2.2 [82] to the last inequality, where t 2 ½a; aþ E�, provides us
uðtÞ 6 NL2�
x

ext þ N yðaÞ � ypðaÞ
�� ��exaeNL3ðt�aÞ � NL2�

x
exaeNL3ðt�aÞ þ N2L2L3�

xðx� NL3Þ
ext 1� eðNL3�xÞðt�aÞ� �

:

and consequently,
yðtÞ � ypðtÞ
�� �� 6 NL2�

x
þ N yðaÞ � ypðaÞ

�� ��eðNL3�xÞðt�aÞ � NL2�
x

eðNL3�xÞðt�aÞ þ N2L2L3�
xðx� NL3Þ

1� eðNL3�xÞðt�aÞ� �
< N yðaÞ � ypðaÞ

�� ��eðNL3�xÞðt�aÞ þ NL2�
x� NL3

:

If yðaÞ ¼ ypðaÞ, then clearly ypðtÞ � yðtÞ
�� �� < 1þ NL2

x�NL3

� �
�; t 2 ½a; aþ E�. Suppose that yðaÞ–ypðaÞ. For

t P aþ 1
NL3�x ln �

N yðaÞ�ypðaÞk k

	 

, the inequality eðNL3�xÞðt�aÞ

6
�

N yðaÞ�ypðaÞk k is satisfied. Assume that the number E is sufficiently

large so that E > 1
NL3�x ln �

N yðaÞ�ypðaÞk k

	 

. Thus, taking
b ¼max a; aþ 1
NL3 �x

ln
�

N yðaÞ � ypðaÞ
�� ��

 !( )

and
eE ¼min E; E� 1
NL3 �x

ln
�

N yðaÞ � ypðaÞ
�� ��

 !( )
one attains yðtÞ � ypðtÞ
�� �� < x�NL3þNL2

x�NL3

� �
�, for t 2 ½b; bþ eE�. Here the number eE stands for the duration of control for system

(1.2). We note that b P a; 0 < eE 6 E and bþ eE ¼ aþ E.
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Hence yðtÞ � ypðtÞ
�� �� < 1þ NL2

x�NL3

� �
�, for t 2 ½b; aþ E�.

The proof of the theorem is finalized. h

An immediate corollary of Theorem 9.1 is the following.

Corollary 9.1. Assume that the conditions of Theorem 9.1 hold. In this case, the periodic solution zpðtÞ ¼ xpðtÞ;/xpðtÞðtÞ
� �

2A is
stabilized such that for any solution zðtÞ of system (1.1)+(1.2) there exists a number b P a such that the inequality

zpðtÞ � zðtÞ
�� �� < 2þ NL2

x�NL3

� �
� holds for t 2 ½b; aþ E�, provided that the number E is sufficiently large.
Proof. On account of the inequality zðtÞ � zpðtÞ
�� �� 6 xðtÞ � xpðtÞ

�� ��þ yðtÞ � /xpðtÞðtÞ
��� ���, and using the conclusion of Theorem 9.1

one can show that zpðtÞ � zðtÞ
�� �� < 2þ NL2

x�NL3

� �
� holds for t 2 ½b; aþ E� and for some b P a. The proof is completed. h
Remark 9.1. As a conclusion of Theorem 9.1, the transient time for control to take effect may increase and the duration of
control may decrease as the number of consecutive replicator systems increase.

In the remaining part of this section, our aim is to present an illustration which confirms the results of Theorem 9.1, and
for our purposes, we will make use of the Pyragas control method [90]. Therefore, primarily, we continue with a brief expla-
nation of this method.

A delayed feedback control method for the stabilization of unstable periodic orbits of a chaotic system was proposed by
Pyragas [90]. In this method, one considers a system of the form
x0 ¼ Hðx; qÞ; ð9:36Þ
where q ¼ qðtÞ is an externally controllable parameter and for q ¼ 0 it is assumed that the system (9.36) is in the chaotic
state of interest, whose periodic orbits are to be stabilized [11,87,90,91]. According to Pyragas method, an unstable n-peri-
odic solution of the system (9.36) with q ¼ 0, can be stabilized by the control law qðtÞ ¼ C s t � nð Þ � sðtÞ½ �, where the param-
eter C represents the strength of the perturbation and sðtÞ ¼ r xðtÞ½ � is a scalar signal given by some function of the state of the
system.

It is indicated in [11] that in order to apply the Pyragas control method to the chaotic Duffing oscillator given by the
system
x01 ¼ x2

x02 ¼ �0:10x2 þ 0:5x1 1� x2
1

� �
þ 0:24 sin t;

ð9:37Þ
one can construct the corresponding control system
v 01 ¼ v2

v 02 ¼ �0:10v2 þ 0:5v1 1� v2
1

� �
þ 0:24 sinðv3Þ þ C v2ðt � 2pÞ � v2ðtÞ½ �

v 03 ¼ 1;

ð9:38Þ
where qðtÞ ¼ C v2ðt � 2pÞ � v2ðtÞ½ � is the control law and an unstable 2p-periodic solution can be stabilized by choosing an
appropriate value for the parameter C.

Now, let us combine system (9.37) with two consecutive replicator systems and set up the following 6-dimensional re-
sult-system
x01 ¼ x2

x02 ¼ �0:10x2 þ 0:5x1 1� x2
1

� �
þ 0:24 sin t

x03 ¼ x4 � 0:1x1

x04 ¼ �3x3 � 2x4 � 0:008x3
3 þ 1:6x2

x05 ¼ x6 þ 0:6x3

x06 ¼ �3:1x5 � 2:1x6 � 0:007x3
5 þ 2:5x4:

ð9:39Þ
In system (9.39) the subsystems with coordinates ðx3; x4Þ and ðx5; x6Þ correspond to the first and the second replicator sys-
tems, respectively. Since our procedure of morphogenesis is valid for specific types of chaos such as in Devaney’s and Li-
Yorke sense and through period-doubling cascade, we expect that our procedure is also applicable to any other chaotic sys-
tem with an unspecified type of chaos. Accordingly, system (9.39) is chaotic since the generator system (9.37) is chaotic.

Theorem 9.1 specifies that in order to control the chaos of system (9.39) one should control the chaos of the generator
system, which is the subsystem of (9.39) with coordinates ðx1; x2Þ. In accordance with this purpose, we will use the Pyragas
control method by means of the system
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Fig. 9. Pyragas control method applied to the result-system (9.39) with the aid of the corresponding control system (9.40). (a) The graph of v2-coordinate,
(b) The graph of v5-coordinate, (c) The graph of v7-coordinate. The result of Pyragas control method applied to the generator system (9.37) is seen in (a).
Through this method, the 2p-periodic solution of the generator and accordingly the 2p-periodic solutions of the first and the second replicator systems are
stabilized. In other words, the chaos of the result-system (9.39) is controlled. For the coordinates v1; v4 and v6 we have similar results which are not just
pictured here. The control starts at t ¼ 60 and ends at t ¼ 200, after which emergence of the chaos is observable again.
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v 01 ¼ v2

v 02 ¼ �0:10v2 þ 0:5v1 1� v2
1

� �
þ 0:24 sinðv3Þ þ C v2ðt � 2pÞ � v2ðtÞ½ �

v 03 ¼ 1

v 04 ¼ v5 � 0:1v1

v 05 ¼ �3v4 � 2v5 � 0:008v3
4 þ 1:6v2

v 06 ¼ v7 þ 0:6v4

v 07 ¼ �3:1v6 � 2:1v7 � 0:007v3
6 þ 2:5v5;

ð9:40Þ
which is the control system corresponding to (9.39).
Let us consider a solution of system (9.40) with the initial data v1ð0Þ ¼ 0:2; v2ð0Þ ¼ 0:2; v3ð0Þ ¼ 0; v4ð0Þ ¼ �0:5;

v5ð0Þ ¼ 0:1; v6 ¼ �0:2 and v7ð0Þ ¼ 0:1. We let the system evolve freely taking C ¼ 0 until t ¼ 60, and at that moment we
switch on the control by taking C ¼ 0:84. At t ¼ 200, we switch off the control and start to use the value of the parameter
C ¼ 0 again. In Fig. 9 one can see the graphs of the v2; v5; v7 coordinates of the solution. Supporting the result of Theo-
rem 9.1, it is observable in Fig. 9 that stabilizing a 2p-periodic solution of the generator system provides the stabilization
of the corresponding 2p-periodic solutions of the replicator systems. After switching off the control, the 2p-periodic solu-
tions of the generator and replicators lose their stability and chaos emerges again.
10. Discussion

In this part of the paper, we intend to consider not rigorously proved, but interesting phenomena which can be considered
in the framework of our results. So, we shall give some additional light on the results obtained above and say about the pos-
sibility for the replication of intermittency, Shil’nikov orbits and relay systems. We also demonstrate the possibility of qua-
siperiodic motions as an infinite basis of chaos.

We start our discussions with replication of intermittency.
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Fig. 10. Intermittency in the Lorenz system (5.21), where r ¼ 10; b ¼ 8=3 and r ¼ 166:25. (a) The graph of the x1-coordinate, (b) The graph of the x2-
coordinate, (c) The graph of the x3-coordinate.
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10.1. Replication of intermittency

In previous sections of the paper, we have rigorously proved replication of specific types of chaos such as period-doubling
cascade, Devaney’s and Li-Yorke chaos. Consequently, one can expect that the same procedure also works for the intermit-
tency route.

Pomeau and Manneville [52] observed chaos through intermittency in the Lorenz system (5.21), with the coefficients
r ¼ 10; b ¼ 8=3 and values of r slightly larger than the critical value rc 	 166:06. To observe intermittent behavior in the
Lorenz system, let us consider a solution of system (5.21) together with the coefficients r ¼ 10; b ¼ 8=3; r ¼ 166:25 using
the initial data x1ð0Þ ¼ �23:3; x2ð0Þ ¼ 38:3 and x3ð0Þ ¼ 193:4. The time-series for the x1; x2 and x3 coordinates of the solu-
tion are indicated in Fig. 10, where one can see that regular oscillations are interrupted by irregular ones.

To perform replication of intermittency, let us consider the Lorenz system (5.21) as a generator and set up the 6-dimen-
sional result-system
x01 ¼ r �x1 þ x2ð Þ
x02 ¼ �x2 þ rx1 � x1x3

x03 ¼ �bx3 þ x1x2

x04 ¼ �x4 þ 4x1

x05 ¼ x6 þ 2x2

x06 ¼ �3x5 � 2x6 � 0:00005x3
5 þ 0:5x4;

ð10:41Þ
again with the coefficients r ¼ 10; b ¼ 8=3 and r ¼ 166:25. It can be easily verified that condition (A7) is valid for system
(10.41). We consider the trajectory of system (10.41) corresponding to the initial data x1ð0Þ ¼ �23:3; x2ð0Þ ¼
38:3; x3ð0Þ ¼ 193:4; x4ð0Þ ¼ �17:7; x5ð0Þ ¼ 11:4, and x6ð0Þ ¼ 2:5, and represent the graphs for the x4; x5 and x6 coordinates
in Fig. 11 such that the intermittent behavior in the replicator system is observable. The similarity between the graphs of the
coordinates corresponding to the generator and the replicator counterpart reveals the replication of intermittency.

10.2. Replication of Shil’nikov orbits

To illustrate that by our method it may also be possible to replicate strange attractors [19,30,65], let us provide simula-
tions of homoclinic and complicated Shil’nikov orbits (Fig. 12 and Fig. 13 correspondingly).

As a model for Shilnikov’s orbits, the paper [92] considers the system
x01 ¼ x2

x02 ¼ x3

x03 ¼ �x2 � bx3 þ flðx1Þ;
ð10:42Þ
where
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Fig. 12. Replication of a Shil’nikov type homoclinic orbit. In picture (a), one can see the projection on the x1—x2—x3 space of the trajectory of system (10.44)
corresponding to the initial data x1ð0Þ � 1:57590; x2ð0Þ ¼ 0; x3ð0Þ ¼ 0; x4ð0Þ ¼ �0:78795; x5ð0Þ ¼ 0 and x6ð0Þ ¼ 0. The picture in (b) shows the projection
on the x4—x5—x6 space of the same trajectory. The parameter values a ¼ 0:633625; b ¼ 0:3375 and l ¼ 2:16 are used in the simulation. The picture in (a)
represents a Shil’nikov type homoclinic orbit corresponding to the generator system (10.42), while the picture in (b) shows its replication through the
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Fig. 11. Intermittency in the replicator system. (a) The graph of the x4-coordinate, (b) The graph of the x5-coordinate, (c) The graph of the x6-coordinate. The
analogy between the time-series of the generator and the replicator systems indicates the replication of intermittency.
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flðxÞ ¼
1� lx; if x > 0
1þ ax; if x 6 0:

�
ð10:43Þ
The values a ¼ 0:633625; b ¼ 0:3375 and the parameter l used in system (10.42) are taken from [24]. There exists an
equilibrium point e0 ¼ ð�1=a;0;0Þ of system (10.42) and the eigenvalues of the matrix of linearization at e0 are
0:4625;�0:4
 1:1i such that the condition of the Shil’nikov’s theorem about eigenvalues [93] is satisfied. For values of
the parameter l near 2:16 system (10.42) possesses a special type homoclinic orbit – Shil’nikov orbit, and its presence implies
chaotic dynamics [24]. In this case, Shil’nikov’s theorem asserts that every neighborhood of the homoclinic orbit contains a
countably infinite number of unstable periodic orbits [92,93].

To demonstrate numerically the replication of a Shil’nikov orbit, let us consider the following system



−5

0

5 −2
0

2

−3

−2

−1

0

1

2

3

x2

(a)

x1

x 3

−2

0

2 −5
0

5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

x5

(b)

x4

x 6

Fig. 13. Projections of a complicated orbit of system (10.44) with a ¼ 0:633625; b ¼ 0:3375 and l ¼ 0:83. (a) Projection on the x1—x2—x3 space, (b)
Projection on the x4—x5—x6 space. The initial data x1ð0Þ � 1:57590; x2ð0Þ ¼ 0; x3ð0Þ ¼ 0; x4ð0Þ ¼ �0:78795; x5ð0Þ ¼ 0; x6ð0Þ ¼ 0 is used for the illustration.
The picture in (a) represents the behavior of the trajectory corresponding to the generator (10.42), while the picture in (b) illustrates its replication.
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x01 ¼ x2

x02 ¼ x3

x03 ¼ �x2 � bx3 þ flðx1Þ
x04 ¼ �2x4 þ x1

x05 ¼ �0:6x5 þ 2x2 þ 0:1x3
2

x06 ¼ �1:2x6 þ 0:001 sinðx6Þ þ x3;

ð10:44Þ
where, again, the function flðxÞ is given by formula (10.43).
System (10.42) is used as a generator in system (10.43), where the last three coordinates are of a replicator. Let us con-

sider system (10.44) with the values a ¼ 0:633625; b ¼ 0:3375 and l ¼ 2:16 once again. In Fig. 12 we show the trajectory of
this system with initial data x1ð0Þ � 1:5759; x2ð0Þ ¼ 0; x3ð0Þ ¼ 0; x4ð0Þ ¼ �0:78795; x5ð0Þ ¼ 0 and x6ð0Þ ¼ 0. The picture in
Fig. 12(a), where we illustrate the projection of the trajectory on the x1—x2—x3 space represents, in fact, the Shil’nikov orbit
corresponding to the generator system (10.42). On the other hand, the picture in Fig. 12(b), shows the projection of the tra-
jectory on the x4—x5—x6 space and in this picture the replication of the Shil’nikov orbit is observable.

Next, we consider system (10.44) with the values a ¼ 0:633625; b ¼ 0:3375; l ¼ 0:83 and take the trajectory of this sys-
tem with the same initial data as above. In Fig. 13(a) and (b), we represent the projections of this trajectory on the x1—x2—x3

and x4—x5—x6 spaces, respectively. The picture in (a) represents the complicated behavior of the generator system (10.42)
and one can see in picture (b) the replication of this behavior.

We suppose that theoretical affirmation of our simulation results can be done if one considers interpretation of Shil’ni-
kov’s theorem [93] for the multidimensional replicator. That is, we are still questioning whether our approach can be some-
how combined with methods indicating chaos through Shil’nikov type strange attractors [19,65]. At least, it is easy to see
that a homoclinic trajectory exists for a replicator as well as a denumerable set of unstable periodic solutions.

In next our discussion, we will emphasize by means of simulations the morphogenesis of the double-scroll Chua’s attrac-
tor in a unidirectionally coupled open chain of Chua circuits. Approaches for the generation of hyperchaotic systems have
already been discussed making use of Chua circuits which are all chaotic [61,94]. It deserves to remark that to create hyper-
chaotic attractors in previous papers, others consider both involved interacting systems chaotic, but in our case only the first
link of the chain is chaotic and other consecutive Chua systems are all non-chaotic.
10.3. Morphogenesis of the double-scroll Chua’s attractor

The type of chaos for the double-scroll Chua circuit is proposed in paper [95]. It is an interesting problem to prove that
this type of chaos can be replicated through the method discussed in our paper. Nevertheless, we will show by simulations
that the regular behavior in Chua circuits placed in the extension mechanism can also be seen. This means that next special
investigation has to be done. Moreover, this will show how one can use morphogenesis not only for chaos, but also for Chua
circuits by uniting them in complexes in electrical (physical) sense, and observing the same properties as a unique separated
Chua circuit admits. This is an interesting problem which can give a light for the complex behavior of huge electrical circuits.
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There is a well known result of the chaoticity based on the double-scroll Chua’s attractor [96]. It was proven first in the
paper [95] rigorously and the proof is based on the Shil’nikov’s theorem [93]. Since the Chua circuit and its chaotic behavior
is of extreme importance from the theoretical point of view and its usage area in electrical circuits by radio physicists and
nonlinear scientists from other disciplines, one can suppose that morphogenesis of the chaos will also be of a practical and a
theoretical interest.

We just take into account a simulation result which supports that morphogenesis idea can be developed also from this
point of view.

Let us consider the dimensionless form of the Chua’s oscillator given by the system
Fig. 14
x4—x5—
replicat
x01 ¼ ka½x2 � x1 � f ðx1Þ�
x02 ¼ kðx1 � x2 þ x3Þ
x03 ¼ kð�bx2 � cx3Þ
f ðxÞ ¼ bxþ 0:5ða� bÞ xþ 1j j þ x� 1j jð Þ;

ð10:45Þ
where a; b; c; a; b and k are constants.
In paper [97], it is indicated that system (10.45) with the coefficients a ¼ 21:32=5:75; b ¼ 7:8351; c ¼ 1:38166392=12;

a ¼ �1:8459; b ¼ �0:86604 and k ¼ 1 admits a stable equilibrium.
In what follows, as the generator, we make use of system (10.45) together with the coefficients

a ¼ 15:6; b ¼ 25:58; c ¼ 0; a ¼ �8=7; b ¼ �5=7 and k ¼ 1 such that a double-scroll Chua’s attractor takes place [83], and
consider the following 12-dimensional result-system
x01 ¼ 15:6 x2 � ð2=7Þx1 þ ð3=14Þ x1 þ 1j j þ x1 � 1j jð Þ½ �
x02 ¼ x1 � x2 þ x3

x03 ¼ �25:58x2

x04 ¼ ð21:32=5:75Þ½x5 � 0:13396x4 þ 0:48993 x4 þ 1j j þ x4 � 1j jð Þ� þ 2x1

x05 ¼ x4 � x5 þ x6 þ 5x2

x06 ¼ �7:8351x5 � ð1:38166392=12Þx6 þ 2x3

x07 ¼ ð21:32=5:75Þ½x8 � 0:13396x7 þ 0:48993 x7 þ 1j j þ x7 � 1j jð Þ� þ 2x4

x08 ¼ x7 � x8 þ x9 þ 3x5

x09 ¼ �7:8351x8 � ð1:38166392=12Þx9 � 0:001x6

x010 ¼ ð21:32=5:75Þ½x11 � 0:13396x10 þ 0:48993 x10 þ 1j j þ x10 � 1j jð Þ� þ 4x7

x011 ¼ x10 � x11 þ x12 � 0:1x8

x012 ¼ �7:8351x11 � ð1:38166392=12Þx12 þ 2x9:

ð10:46Þ
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System (10.46) consists of four unidirectionally coupled Chua circuits such that the subsystems with coordinates
ðx1; x2; x3Þ; ðx4; x5; x6Þ; ðx7; x8; x9Þ and ðx10; x11; x12Þ correspond to the first, second, third and the fourth links of the open chain
of circuits.

In Fig. 14, we simulate the 3-dimensional projections on the x1—x2—x3 and x4—x5—x6 spaces of the trajectory of the result-
system (10.46) with the initial data x1ð0Þ ¼ 0:634; x2ð0Þ ¼ �0:093; x3ð0Þ ¼ �0:921; x4ð0Þ ¼ �8:013; x5ð0Þ ¼ 0:221; x6ð0Þ ¼
6:239; x7ð0Þ ¼ �50:044; x8ð0Þ ¼ �0:984; x9ð0Þ ¼ 48:513; x10ð0Þ ¼ �256:325; x11ð0Þ ¼ 7:837; x12ð0Þ ¼ 264:331. The pro-
jection on the x1—x2—x3 space shows the double-scroll Chua’s attractor produced by the generator system (10.45), and pro-
jection on the x4—x5—x6 space represents the chaotic attractor of the first replicator.

In a similar way, we display the projections of the same trajectory on the x7—x8—x9 and x10—x11—x12 spaces, which cor-
respond to the attractors of the second and the third replicator systems, in Fig. 15. The illustrations shown in Figs. 14 and 15
indicate the extension of chaos in system (10.46). Possibly the result-system (10.46) produces a double-scroll Chua’s attrac-
tor with hyperchaos, where the number of positive Lyapunov exponents are more than one and even four.

10.4. Morphogenesis and the logistic map

Since the logistic map is very convenient to verify chaos in the sense of Devaney and Li-Yorke as well as obtained through
period-doubling cascade, one can expect that it can be used as a generator. This is true in the theoretical sense, but not for
simulations since only chaos through period-doubling route can be presented in this way. Chaos in the sense of Devaney
[26], Li-Yorke [39] and obtained through period-doubling cascade [40,41] as well as intermittency [26] were provided in
a quasilinear system of the type
z0ðtÞ ¼ AzðtÞ þ f ðt; zÞ þ mðt; t0;lÞ
zðt0Þ ¼ z0; ðt0; z0Þ 2 ½0;1� � Rn:

ð10:47Þ
In system (10.47) the relay function mðt; t0;lÞ is defined by the following equation
mðt; t0;lÞ ¼
m0; if f2iðt0;lÞ < t 6 f2iþ1ðt0;lÞ
m1; if f2i�1ðt0;lÞ < t 6 f2iðt0;lÞ;

�
ð10:48Þ
where i is an integer, m0;m1 2 Rn, the sequence ffiðt0;lÞg is defined through the equation fiðt0;lÞ ¼ iþ jiðt0;lÞ, where
jiþ1ðt0;lÞ ¼ hðjiðt0;lÞ;lÞ; j0ðt0;lÞ ¼ t0, and the function hðx;lÞ ¼ lxð1� xÞ represents the logistic map.

In paper [40] it is rigorously proved that the Duffing equation perturbed with a pulse function
x00 þ 0:18x0 þ 2xþ 0:00004x3 ¼ 0:02 cosð2ptÞ þ mðt; t0;l1Þ; ð10:49Þ
with the coefficients m0 ¼ 2; m1 ¼ 1 and l1 ¼ 3:8, where the function mðt; t0;l1Þ is described by Eq. (10.48), admits the
chaos through period-doubling cascade on the time interval ½0;1Þ and obeys the Feigenbaum universal behavior [85].
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Fig. 16. 2-dimensional projections of the chaotic attractor of the result-system (10.51). (a) Projection on the x1—x2 plane, (b) Projection on the x3—x4 plane,
(c) Projection on the x5—x6 plane, (d) Projection on the x7—x8 plane. The picture in (a) shows the attractor of the prior chaos produced by the generator
(10.50), which is a relay-system, and in (b)–(d) the chaotic attractors of the replicator systems are observable. The illustrations in (b)–(d) repeated the
structure of the attractor shown in (a), and the mimicry between these pictures is an indicator of the replication of chaos.
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By favor of the new variables x1 ¼ x and x2 ¼ x0, Eq. (10.49) can be reduced to the system
x01 ¼ x2

x02 ¼ �0:18x2 � 2x1 � 0:00004x3
1 þ 0:02 cosð2ptÞ þ mðt; t0;l1Þ:

ð10:50Þ
One can see that system (10.50) is in the form of system (10.47). For the illustration of chaos extension, we will make use of
the relay-system (10.50) as the generator, in the role of a core as displayed in Fig. 4, and attach three replicator systems to
obtain the 8-dimensional result-relay-system
x01 ¼ x2

x02 ¼ �0:18x2 � 2x1 � 0:00004x3
1 þ 0:02 cosð2ptÞ þ mðt; t0;l1Þ

x03 ¼ x4 � 0:1x1

x04 ¼ �10x3 � 6x4 � 0:03x3
3 þ 4x2

x05 ¼ x6 þ 2x1

x06 ¼ �2x5 � 2x6 þ 0:007x3
5 þ 0:6x2

x07 ¼ x8 � 0:5x2

x08 ¼ �5x7 � 4x8 � 0:05x3
7 þ 2:5x1;

ð10:51Þ
where again m0 ¼ 2;m1 ¼ 1 and l1 ¼ 3:8.
Our theoretical results reveal that system (10.51), as well as the replicators, admit the chaos through period-doubling cas-

cade and obey the universal behavior of Feigenbaum. Fig. 16 shows the 2-dimensional projections on the
x1—x2; x3—x4; x5—x6 and x7—x8 planes of the trajectory of the result-relay-system (10.51) with initial data
x1ð0Þ ¼ 1:37; x2ð0Þ ¼ �0:05; x3ð0Þ ¼ 0:05; x4ð0Þ ¼ �0:1; x5ð0Þ ¼ 1:09; x6ð0Þ ¼ �0:81; x7ð0Þ ¼ 0:08 and x8ð0Þ ¼ 0:21. The
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picture seen in Fig. 16(a) is the attractor of the generator (10.50) and accordingly Fig. 16(b)–(d) represent the attractors of
the first, second and the third replicator systems, respectively. It can be easily verified that all replicators used inside the
system (10.51) satisfy condition (A7). The resemblance of the chaotic attractors of the generator and the replicators is a con-
sequence of morphogenesis of chaos.

Now, let us continue with the control of morphogenesis of chaos. In paper [40], it is indicated that to control chaos of
system (10.50) generated through the period-doubling cascade, unstable periodic orbits of the logistic map
hðs;l1Þ ¼ l1sð1� sÞ must be necessarily controlled, and the OGY control method [98,99] is proposed to stabilize the peri-
odic solutions of system (10.50) by the help of the conjugate control system
Fig. 17.
of the x
(10.50)
approx
x3; x5 a
x01 ¼ x2

x02 ¼ �0:18x2 � 2x1 � 0:00004x3
1 þ 0:02 cosð2ptÞ þ mðt; t1; �liÞ:

ð10:52Þ
In system (10.52), the sequence �li is given by the formula
�li ¼ l1 1þ ½2jðjÞ � 1�½ji � jðjÞ�
jðjÞ½1� jðjÞ�

	 

; ð10:53Þ
where jðjÞ; j P 0, with jð0Þ ¼ t0 2 ½0;1� is the target periodic orbit of the logistic map hðs;l1Þ to be controlled, and
jiþ1 ¼ hðji;l1Þ; i P 0, with j0 ¼ t1 2 ½0;1�.

In this method, the sequence �li is supposed to vary in a small range around the value l1, that is, l can take values in the
range ½l1 � d;l1 þ d�, where d is a given small positive number. When the trajectory is outside the neighborhood of the tar-
get periodic orbit, no parameter perturbation is applied and the system evolves at its nominal parameter value l1. That is,
we set �li ¼ l1 when �li � l1

�� �� > d.
To simulate the result, let us consider the system
x01 ¼ x2

x02 ¼ �0:18x2 � 2x1 � 0:00004x3
1 þ 0:02 cosð2ptÞ þ mðt; t1; �liÞ

x03 ¼ x4 � 0:1x1

x04 ¼ �10x3 � 6x4 � 0:03x3
3 þ 4x2

x05 ¼ x6 þ 2x1

x06 ¼ �2x5 � 2x6 þ 0:007x3
5 þ 0:6x2

x07 ¼ x8 � 0:5x2

x08 ¼ �5x7 � 4x8 � 0:05x3
7 þ 2:5x1;

ð10:54Þ
which is the control system conjugate to the result-relay-system (10.51), where m0 ¼ 2 and m1 ¼ 1.
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OGY control method applied to the result-relay-system (10.51). (a) The graph of the x3-coordinate, (b) The graph of the x5-coordinate, (c) The graph
7-coordinate. For stabilizing the 2-periodic solution of the result-relay-system (10.51), the OGY control method is applied to the generator system
around the fixed point 2:8=3:8 of the logistic map. The value d ¼ 0:19 is used, and the control starts at t ¼ f25 and ends at t ¼ f125. After

imately 60 iterations when the control is switched off, the chaos becomes dominant again and irregular motion reappears. The presented coordinates
nd x7, all correspond to replicator systems and it is possible to obtain similar illustrations for the remaining ones, which are not just simulated here.
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Fig. 18. Pyragas control method applied to the result-system (10.59) by means of the corresponding control system (10.60). (a) The graph of the v2-
coordinate, (b) The graph of the v5-coordinate, (c) The graph of the v8-coordinate. The simulation for the result-system (10.59) is provided such that in ðaÞ
and ðbÞ periodic solutions with incommensurate periods 2 and 2p are controlled by Pyragas method and in ðcÞ a quasiperiodic solution of the replicator
system is pictured. The control starts at t ¼ 35 and ends at t ¼ 120. After switching off the control, chaos emerges again and irregular behavior reappears.
For the coordinates v1; v4 and v7 we have similar illustrations which are not indicated here.
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To simulate the control results, we make use of the values d ¼ 0:19; t1 ¼ 0:5; t0 ¼ 2:8=3:8 and the trajectory of system
(10.54) with the initial data x1ð0Þ ¼ 1:37; x2ð0Þ ¼ �0:05; x3ð0Þ ¼ 0:05; x4ð0Þ ¼ �0:1; x5ð0Þ ¼ 1:09; x6ð0Þ ¼
�0:81; x7ð0Þ ¼ 0:08; x8ð0Þ ¼ 0:21. Taking the value t0 ¼ 2:8=3:8 means that the control mechanism is applied around the
fixed point of the logistic map, and consequently stabilizes the 2-periodic solutions of the generator and the existing repli-
cators. We switch on the control mechanism at the iteration number i ¼ 25 for the logistic map, such that for the continuous-
time system this moment corresponds to t ¼ f25, and switch off at i ¼ 125 which corresponds to the time moment t ¼ f125.
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Fig. 19. 3-dimensional projections of the chaotic attractor of the result-system (10.61). (a) Projection on the x1—x2—x3 space, (b) Projection on the
x4—x5—x6 space. In (a), the famous Lorenz attractor produced by the generator system (5.21) with coefficients r ¼ 10; r ¼ 28 and b ¼ 8=3 is shown. In (b),
as in usual way, the projection of the chaotic attractor of the result-system (10.61), which can separately be considered as a chaotic attractor, is presented.
Possibly one can call the attractor of the result-system as 6D Lorenz attractor.
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The graphs of the coordinates x3; x5 and x7 are pictured in Fig. 17. It is observable that the 2-periodic solutions of the repli-
cators and hence of the result-relay-system (10.51) are stabilized. In other words, the extended chaos is controlled and the
results of Theorem 9.1 are validated. One can see that after approximately 60 iterations when the control is switched off, the
chaos becomes dominant again and irregular motion reappears.

10.5. Quasiperiodicity through chaos replication

Now, let us indicate that if there are more than one generator system then the chaos extension mechanism will lead to
some new forms such as periodicity gives birth to quasiperiodicity.

In paper [100], it is mentioned that the Duffing equation
Fig. 20
x4—x5—
present
x00 þ 0:168x0 � 0:5x 1� x2� �
¼ l sin t; ð10:55Þ
where l is a parameter, admits the chaos through period-doubling cascade at the parameter value l ¼ l1 � 0:21. That is, at
the parameter value l ¼ l1, for each natural number k Eq. (10.55) admits infinitely many periodic solutions with periods
2kp. Using the change of variables t ¼ 2ps and xðtÞ ¼ yðsÞ, and relabeling s as t, one attains the following equation
y00 þ 0:168py0 � 0:5p2y 1� y2� �
¼ p2l sinðptÞ: ð10:56Þ
Likewise Eq. (10.55), it is clear that Eq. (10.56), when considered with l ¼ l1, also admits the chaos through period-dou-
bling cascade and has infinitely many periodic solutions with periods 2;4;8; . . .

Using the new variables x1 ¼ x; x2 ¼ x0 and x3 ¼ y; x4 ¼ y0, one can convert the Eqs. (10.55) and (10.56) to the systems
x01 ¼ x2

x02 ¼ �0:168x2 þ 0:5x1 1� x2
1

� �
þ l sin t

ð10:57Þ
and
x03 ¼ x4

x04 ¼ �0:168px4 þ 0:5p2x3ð1� x2
3Þ þ p2l sinðptÞ;

ð10:58Þ
respectively. Now, we shall make use both of the systems (10.57) and (10.58), with l ¼ l1, as generators to obtain a chaotic
system with infinitely many quasiperiodic solutions. We mean that the two systems admit incommensurate periods and
consequently their influence on the replicator will be quasiperiodic. In this case, one can expect that replicator will expose
infinitely many quasiperiodic solutions. For that purpose, let us consider the 6-dimensional result-system
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ed in (a) and (b) supports the replication of chaos. The attractor of the result-system (10.63) can be possibly called as 6D Rössler attractor.
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x01 ¼ x2

x02 ¼ �0:168x2 þ 0:5x1ð1� x2
1Þ þ 0:21 sin t

x03 ¼ x4

x04 ¼ �0:168px4 þ 0:5p2x3ð1� x2
3Þ þ 0:21p2 sinðptÞ

x05 ¼ x6 þ x1 þ x3

x06 ¼ �3x5 � 2x6 � 0:008x3
5 þ x2 þ x4;

ð10:59Þ
where the last two equations are of a replicator.
To reveal existence of quasiperiodic solutions embedded in the chaotic attractor of system (10.59) we control the chaos of

system (10.59) by the Pyragas method through the following control system
v 01 ¼ v2

v 02 ¼ �0:168v2 þ 0:5v1ð1� v2
1Þ þ 0:21 sin v3 þ C1ðv2ðt � 2pÞ � v2ðtÞÞ

v 03 ¼ 1
v 04 ¼ v5

v 05 ¼ �0:168pv5 þ 0:5p2v4ð1� v2
4Þ þ 0:21p2 sinðpv6Þ þ C2ðv5ðt � 2Þ � v5ðtÞÞ

v 06 ¼ 1
v 07 ¼ v8 þ v1 þ v4

v 08 ¼ �3v7 � 2v8 � 0:008v3
7 þ v2 þ v5:

ð10:60Þ
We take into account the solution of the result-system (10.59) with the initial data v1ð0Þ ¼ 0:4; v2ð0Þ ¼
�0:1; v3ð0Þ ¼ 0; v4ð0Þ ¼ �0:2; v5ð0Þ ¼ 0:5; v6ð0Þ ¼ 0; v7ð0Þ ¼ 1:1 and v8ð0Þ ¼ 2:5. The simulation results are shown in
Fig. 18. The control mechanism starts at t ¼ 35 and ends at t ¼ 120. The chaos not only in the generator systems, but also
in the replicator counterpart is observable before the control is switched on. During the control, we make use of the values
of C1 ¼ 0:62 and C2 ¼ 2:58 to stabilize the periodic solutions corresponding to the generator systems (10.57) and (10.58)
with periods 2p and 2, respectively. Up to t ¼ 35 and after t ¼ 120 the values C1 ¼ C2 ¼ 0 are used. Between t ¼ 35 and
t ¼ 120, the quasiperiodic solution of the replicator is stabilized and after t ¼ 120 chaos in the system (10.59) develops again.

Possibly the obtained simulation result and previous theoretical discussions can give a support to the idea of quasiperi-
odical cascade for the appearance of chaos which can be considered as a development of the popular period-doubling route to
chaos.

In paper [101], it has been mentioned that, in general, in the place of countable set of periodic solutions to form chaos, one
can take an uncountable collection of Poisson stable motions which are dense in a quasi-minimal set. This can be also ob-
served in Horseshoe attractor [29]. These emphasize that our simulation of quasiperiodic solutions can be considered as an-
other evidence for the theoretical results.
10.6. Replicators with nonnegative eigenvalues

We recall that in our theoretical discussions, all eigenvalues of the real valued constant matrix A, used in system (1.2), are
assumed to have negative real parts. Now, as open problems from the theoretical point of view, we shall discuss through
simulations the problem of chaos replication in the case when the matrix A possesses an eigenvalue with positive or zero
real part.

First, we are going to concentrate on the case of the existence of an eigenvalue with positive real part. Let us make use of
the Lorenz system (5.21) together with the coefficients r ¼ 10; r ¼ 28 and b ¼ 8=3 as the generator, which is known to be
chaotic [31,57], and set up the 6-dimensional result-system
x01 ¼ �10x1 þ 10x2

x02 ¼ �x2 þ 28x1 � x1x3

x03 ¼ �ð8=3Þx3 þ x1x2

x04 ¼ �2x4 þ x1

x05 ¼ �3x5 þ x2

x06 ¼ 4x6 � x3
6 þ x3:

ð10:61Þ
It is crucial to note that system (10.61) is of the form of system (1.1)+(1.2), where the matrix A admits the eigenvalues
�2; �3 and 4, such that one of them is positive. We take into account the solution of system (10.61) with the initial data
x1ð0Þ ¼ �12:7; x2ð0Þ ¼ �8:5; x3ð0Þ ¼ 36:5; x4ð0Þ ¼ �3:4; x5ð0Þ ¼ �3:2; x6ð0Þ ¼ 3:7 and visualize in Fig. 19 the projections
of the corresponding trajectory on the x1—x2—x3 and x4—x5—x6 spaces. It is seen that the replicator system admits the chaos
and the input-output mechanism works for system (10.61).
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Next, we continue to our discussion with the case of the existence of an eigenvalue with a zero real part. This time we
consider the chaotic Rössler system [57,102] described by
x01 ¼ �ðx2 þ x3Þ
x02 ¼ x1 þ 0:2x2

x03 ¼ 0:2þ x3ðx1 � 5:7Þ
ð10:62Þ
as the generator and constitute the result-system
x01 ¼ �ðx2 þ x3Þ
x02 ¼ x1 þ 0:2x2

x03 ¼ 0:2þ x3ðx1 � 5:7Þ
x04 ¼ �4x4 þ x1

x05 ¼ �x5 þ x2

x06 ¼ �0:2x3
6 þ x3:

ð10:63Þ
In this case, one can consider system (10.63) as in the form of (1.1)+(1.2) where the matrix A is a diagonal matrix with entries
�4;�1;0 on the diagonal and admits the number 0 as an eigenvalue. We simulate the solution of system (10.63) with the
initial data x1ð0Þ ¼ 4:6; x2ð0Þ ¼ �3:3; x3ð0Þ ¼ 0; x4ð0Þ ¼ 1; x5ð0Þ ¼ �3:7 and x6ð0Þ ¼ 0:8. The projections of the trajectory on
the x1—x2—x3 and x4—x5—x6 spaces are seen in Fig. 20. The simulation results confirm that the replicator mimics the complex
behavior of the generator system.

These results of the simulations request more detailed investigation which concern not only the theoretical existence of
chaos, but also its resistance and stability.

11. Conclusion

Replication of different types of chaos such as obtained by period-doubling cascade, Devaney’s and Li-Yorke chaos is rec-
ognized in the paper. The definitions of chaotic sets as well as the hyperbolic sets of functions are introduced and the rep-
lication of the chaos is proved rigorously. The morphogenesis mechanism considered in our paper is based on a chaos
generating element inserted in a network of systems. Replication of intermittency as well as Shil’nikov orbits are discussed.
Morphogenesis of the double-scroll Chua’s attractor and quasiperiodical motions as a possible skeleton of a chaotic attractor
are demonstrated numerically. Moreover, control problem of the extended chaos is realized. Some of the results are illus-
trated through the relay system’s dynamics and appropriate simulations are presented using the indicated method
successively.

The concept of self-replicating machines, in the abstract sense, starts with the ideas of von Neumann [103] and these
ideas are supposed to be the origins of cellular automata theory [63]. Morphogenesis was deeply involved in mathematical
discussions through Turing’s investigations [62] as well as in the concept of structural stability [104]. In the present paper
the term ‘‘morphogenesis’’ is used in the meaning of ‘‘processes creating forms’’ where we accept the form not only as a type
of chaos, but also accompanying concepts as the structure of the chaotic attractor, its fractal dimension, form of the bifur-
cation diagram, the spectra of Lyapunov exponents, inheritance of intermittency, etc. This is similar to the idea such that
morphogenesis is used in fields such as urban studies [105], architecture [106], mechanics [107], computer science [108],
linguistics [109] and sociology [110,111].

Replication of a known type of chaos in systems with arbitrary large dimension is a significant consequence of the paper.
More precisely, by the method presented, we show that a known type of chaos, such as obtained through period-doubling
cascade and in the sense of Devaney or Li-Yorke, can be extended to systems with arbitrary large dimension. To be more
precise, we provide replication of chaos between unidirectionally coupled systems such that finally to obtain a result-system
admitting the same type of chaos. One can construct the morphogenesis mechanism by the formation of consecutive repli-
cations of chaos or replication of chaos from a core system. It is also possible to construct a result-system using these two
mechanisms in a mixed style.
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