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1. Introduction and preliminaries

In [1] the following differential equation is considered as a model for peripheric blood pressure Py,

dp, 1 1

dt —_E p+EQ(t)v (1)

where C is total arterial compliance, R—arterial resistance, Q (t)—continuous blood flow such that Q (t) = w where
P;—is systemic arterial pressure, and r— aortic impedance.
For systemic arterial pressure the following differential equation with impulses was discussed in [2],
s 1 [y
dt - RC S» 1y
Vi
Py(6i+) — Ps(6h) = Yk (2)

where 6; = iT,i € Z, are prescribed moments, Ps(6;+) is the right limit value, V; are stroke volumes, and C is systemic
arterial compliance.

In view of such phenomena as heart contraction and consecutive simultaneous change of systemic arterial pressure, the
idea to investigate the cardiovascular system through the discontinuous dynamics theory is very natural.

Let Z, N and R be the sets of all integers, natural and real numbers, respectively, Ry = [0, co). Denote by || - || the
Euclidean norm in R", n € N.
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The following new system is a consequence of the modeling efforts of our predecessors [2,1],

dlzit) = —ksPs + g (Ps(t) — Py(1)),
dpg:t) = —kpPy + gp(Ps(t) — Pp(t)), t # 06,

Aps|t:9,- =1 +_]S(PS)‘ (3)

The multidimensional version of this system has been introduced in [3].
We shall need the following assumptions throughout the paper:

(C1) real constants I, ks, k, are positive;
(C2) Js, gs, gp are real valued continuous functions, J;(0) = g;(0) = g,(0) =0, g,(z) > 0, &(z) < 0,ifz > 0;
(C3) the function J; is non-increasing;
(C4) the functions J;, g, g satisfy the Lipschitz condition
%) —g@) < Llz' = 2%, |g@") — g @) < lz' — 2
Usz") = Js@Hl < hlz' = 2°; (4)
(C5) the sequence 6;, i € Z, satisfies the following property: there exists a number w > 0, such thatiow < 6; < (i+ 1)w,i €
Z;
(C6) there exist positive real constants ms, m, such that
sup |gs(z)] =ms,  suplg,(2)| = my,.
z>0 z>0

Condition (C3) implies that sup,-q |Jo(z)| = m;, where m; is a positive real number.

The theoretical background of our investigation could be found in [4-10,3,11-15,2,16,17].

The paper is organized in the following manner. In the next section we give conditions for the equation such that there
exists a unique solution bounded on R. The solution is periodic if the sequence of discontinuity moments has an appropriate
property. The section also contains results on the stability and positiveness of the solutions. In Section 3, a special initial
value problem is considered, using the logistic map to create the sequence of the moments jumps. We eventually introduce
periodic solutions and prove the existence of these solutions for certain values of the parameter of the logistic equation. All
three ingredients of the Devaney’s chaos for the problem are considered in this section. Appropriate examples are provided.

2. Stability and positiveness of bounded and periodic solutions

To define the solutions of system (3), we first introduce special sets of piecewise continuous functions.

A function P(t) : R — R? is from the set 2 (R), if it is continuous on R, except at the points 6;, i € Z, where its first
coordinate has discontinuities of the first kind, and it is left continuous at these points;

We shall also need the following set of functions. A function P(t) is from the set of functions P C (R ), Ry = [0, 00), t €
R, if it is continuous on [0, co) except at the points 6,, 0 < 6, < oo, where its first coordinate has discontinuities of the first
kind, and it is left continuous at these points.

One can easily show, using the theory of impulsive differential equations [16,17], that solutions of (3) are functions from
PC(R) and P C(R;), and under the above mentioned conditions solutions of (3) P(t, ty, 7p) exist and are unique on R for
all (to, o) € R x R?, 7w = (3, 7p)-

One can also find that the solution satisfies the following integral equation
t
Py(t) = e M5 4 f e g (P(s) — Pp(s))du+ Y e P (U 4 [(P(6)))),

to to<6p<t
t
Py(t) = e Rot—t0) gk 4 / e g, (Py(s) — Py(s))ds. (5)

to

We shall say that the sequence 6; has the p-property, p € N, if 6, = 6; + pw for all integers i.
We may assume that

ks 2 2
(C7) L, by, ) = \/[’Tﬁ + 2]+ % <1

Theorem 2.1. If conditions (C1)-(C7) are fulfilled, then there exists a unique solution of (3) bounded on R. If the sequence 6,
has the p-property for a fixed p € N, then the bounded solution has period pw.
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The proof of the last assertion replicates the proof of Theorem 37 and 89 from [17]. The unique solution bounded on R
satisfies the following integral equation

t
Py(t) = / e gy (Py(s) — Py(s))ds + e W) Iy + (Po(6)))),

Oi<t

Py(0) = f e g, (P(s) — By(s))ds. (6)

Let us denote the solution bounded on R as £(t) = (&(t), &,(t)). If we use the norm |¢|o = supg |¢(t)] for scalar-
valued functions defined on R, and ||¢|lo = supg ||[¢(t)| for ¢ € PC(R), then every bounded solution satisfies |&|p <
ks
(B + 1oem0) = Ms, [§lo < 72 = M,
Next we obtain conditions for the positiveness of this solution. Assume additionally that

(C8) & + 72 < IIK]

e—ksw

1—e~kso

Using (6) we find that &(t) > ||I]| ]f;kj;jw - >0t eR, and [§(1)] < ',f—pp,t €R,i=1, m. Hence,

O 5O = LI ™Mo reR iz
- — = ——=§>0, eR,i=1,m.
* P ek ke Ky
Using condition (C3) and (6) again we obtain that &, (t) > ‘E—E
ksw
forz e [8, & + 1o + 121.
Thus, we have proved the existence of positive numbers i, 1, such that &(t) > s, §,(t) > pp, t € R,
Fix a positive number o, 0 < o < min{k;, k,}, denote
2l [etks—o)e 21,
ks—o  1—e k-0’ —g|’
and assume that the Lipschitz coefficients are sufficiently small so that

(€9) m(l, I, I,) > 0.

> 0, t € R, where g, is the minimal value of the function g, (z)

m(s, l,, ) =1~ max{

Theorem 2.2. Assume that conditions (C1)-(C9) are valid. Then the bounded solution & (t) of (3) is uniformly exponentially
stable.

The proof of the last theorem for the more general case is given in [3], Theorem 3.2.
3. Blood pressure dynamics as a special initial value problem: Chaotic behavior

The phenomenal exploration of the irregular behavior of dynamical systems was done in [14,18-21]. Many papers
considering the subject for specified models as well as for equations of general type have been published.

For the remainder in this paper we assume that the sequence of discontinuity points 6; is defined by a particular function
and depends on the choice of the initial moment. More precisely, consider h(t) = h(t, u) = ut?(1 — t), the logistic map,
where i > 4 is a parameter, and w = 1,1 = [0, 1]. It is known that there exists a positively invariant subset A of I.

For every ty € A one can construct a sequence k (to) of real numbers «;,i € Z, in the following way. If i > 0, then
Kiy1 = h(ki, n) and kg = to. Let us show, how the sequence is defined for negative i. Denote s® = S(t;), s® = (sgs? ).
Consider elements s = (0s3s...),S = (1s3s}...) of X, such that o(s) = o(5) = s®and t = S7!(s),t = S7'(5). The
homeomorphism implies that h(f, i) = h(t, i) = to. Set h~'(to, /4) may consist of not more than two elements t, t € A.
Each of these two values can be chosen as k_1(tp, ®). Obviously, one can continue the process to —oo, choosing always one
element from the set h~!. We have finalized the construction of the sequence, and, moreover, it is proved that « (ty, ) C A.

Thus, infinitely many sequences « (to, ;) can be constructed for a given t,. However, each of this type of sequence is
unique for an increasing i. Fix one of the sequences and define a sequence ¢ (tp) = {¢i}, & = i + k;, i € Z. The sequence has
a periodicity property if there exists p € N such that ¢, = & + p, Vi € Z. If we denote by [T the set of all such sequences
{¢i}, i € Z, then a multivalued functional w : I — IT such that ¢ (tg) = w(tp) is defined.

Let us introduce the following special initial value problem for the impulsive differential equation (3)

dPs(t)

# = _ksPs +gs(Ps _Pp):

By _ )
P —kpPp +81(Ps — Pp),  t # 6i(to),

APsltzé)i(to) = Is +]S(PS)1
P(to) =Py, toe€l, (7)
where 7 is a vector from R2.
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Our main goal for this section is to investigate various regular and irregular dynamics of the IVP solutions.

3.1. Periodic solutions revisited. Eventually periodic solutions

In what follows we assume that conditions (C1)-(C9) are valid with @ = 1. Then, by previous results, for every to € I
such that « (tp) is a p-periodic, p € N, there exists p-periodic uniformly exponentially stable positive solution of the IVP. Let
us denote the periodic solution as £ (t, tg). Denote by P(t, t) a solution of (7) bounded on R.

It is known [22] that there exists an infinite sequence of the parameter  values, 3 < u; < Uz < -+ < Ug... <
3.8284. .., such that x (t, ;), 1 > 1, has an asymptotically stable prime period—2! point t* € I with a region of attraction
(tf — 8;, £* + 8;). Beyond the value 3.8284..., there are cycles with every integer period [18].

1

Let [a:b] be an oriented interval, that is [a:b] = [a, b],ifa < b, and [a,Ab] = [b, a], otherwise.

Fix a number j such that h(t, u;) has a period—2/ point t]* with a region of attraction (tj* — 5, tj* + 6;) € I. Denote
p=2t" = tj*, 8 = §;. In what follows we shall investigate the dynamics of the IVP near the point t*. It follows from
Theorem 2.1 that there exists a p-periodic solution & (¢, t*) of (7).

We say that a function ¢(t) from £ C(R) with a sequence of discontinuities 6; is eventually pw-periodic if for every
positive € there exists a moment T > 0, such that: (1)|6;4, — 6; — pw| < €,if 6; > T; 2)[|¢(t + pw) — ¢(t)|| < € forall
t > T,suchthat|t — 6] > €,i € R.

Solution & (t, t*) attracts all other solutions of (7) that have the same initial moment t*. Hence, it is obvious that all
solutions of IVP (7) with the same initial moment t* are eventually p-periodic. We may assume that

(C10) I + I, + In(1 + ;) < min{ks, k,}.

Theorem 3.1. [f conditions (C1)-(C10) are fulfilled, then solution P(t, ty), to € (t*—3§, t*+38), to # t*, is eventually p-periodic.

Proof. Since ty belongs to the basin of attractiveness of t*, 6(ty) satisfies the condition of periodicity. Let us check if the
other condition of the Definition holds for P(t, ty).

One can easily see that it is fulfilled if | P(t, to) — &E(t, t*)|| = 0,ast — oo, forallt & [Gi(t*):ei(to)].

It is difficult to evaluate the difference between P(t, to) and & (t, t*) since their moments of discontinuity do not coincide.
For this reason let us apply the method of B—equivalence developed in our papers [5-7].

Let us consider the following system

dest(” = Qs+ 2:(Qs — Q).
d
Qd"t“) k48 — Q). € £ O,

AQs|i=g;cv) = Is +J5(Qs) + W;i(Q).

Q(to) =Py, to€el. (8)
The two IVPs (7) and (8) are B—equivalent [5-7], if their solutions with the same initial data coincide in their common
domain only if t & [0;(ty), 6;(t*)],i € Z.

Next we shall define a function W for the last IVP such that it is B-equivalent to (7). Introduce the following system of
ordinary differential equations

dR,(t)
C; = —ksRs + gs(R; — Rp)s
t
dR,(t)
(;)t = _kpRp + gp(RS - Rp)v (9)

and assume, without any loss of generality, that 6;(ty) < 6;(t*),i € Z. Let R(t, u, Ry) be a solution of (9) with the initial
data u, RO' Fix Q = (QSs Qp)' and denote r = (rsv rp)v s = IS + JS(RS(Qi(tO)7 el(t*)i Q)) + Rs(ei(to)’ Ql(t*)v Q)? p =
Rs(6;(to), 6;(t*), Q). If W;(Q) = R(6;(t*), 6;(ty), r) — I; — Js(Q), then one can verify that IVPs (7) and (8) are B-equivalent [5-
7]. Moreover, every W;(Q) is a continuous function, and if 6;(ty) — 6;(t*) asi — oo, then W;(Q) — 0 uniformly on every
bounded set from R?.

Introduce the norm |la|l; = |ai| + |az], if a = (ay, ay), and denote M = M + M,, k1 = max{ks, kp}, k<, = min{k, k,}.
Fix a positive ¢ < 2M, and choose positive integers k, ip and a number €; > 0, such that

k i .
1oee2) e < $;

2. IMe—ka—ls—lp—In(1+))k _ e

3. Wi (Il < e ifIQIl < M, i > ip.
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Then for t > iy

0 =0+ [ e

1o

kg (& (1) — £, (u))du + Z e K00 (I + J5(&5(8))),

ip<6;<t
t
£y(t) = e 70 (i) + / e g (& (u) — & (w))du, (10)
ig
and
t
Qs(6) = e 00 ig) + / g Q@ — Qadu+ Y e T +(Q(0) + WiQ(E)
ip ig<6;<t
t
0,(6) = e B0, (i) + / e 0 g () — Qp(w)du. (11)
Then

t
IE@) — Q)1 < e 1E(p) — Qo) 14 +[ e 27V (U5 + ) [ (W) — QW) du

o

+ ) e R EB) — Q@)1 + €,

ip<6;<t

and forig <t <iy+k,

t
IE@®) = Q®Oll1 < 115 (o) — Qo) [l1e ™2 +/ e 2 (U5 4 1) 1§ () — QW) du

o

+ Y e N@ED) — Q@) + ).

ip<6;<t

If we denote v(t) = ||E(t) — Q(t)]|1e*2!, then

k t
v(©) = [1§G0) — Qi) 1€ + ere Y ] + / s+ Lvadu+ Y [u(6).
i=1 lo

ip<O;<t

Now, applying the Gronwall-Bellman Lemma for piecewise continuous functions [17] one can find that

k
0(0) = [1§G0) — Qi) [1€2 + ege2 ) e |elblrintrH i),
i=1

and

k
€ o + k) — Qo + K)ll1 < [1§(io) — Qo) | e~ 2 b=+ ghzgy ™ etatelkambly=in4l )k

i=1

€ n € € (12)
< -4 -=-.
4 4 2
Similarly to (12), we can obtain that for t € [ig + k, ig + 2k]
k
”s(t) _ Q(t)”] < 6ef(Kz7lsflp71n(1+l]))(t7i0) 4 ekzel Z eKzl'e*(l(z*ls*lpfln(1+lj))(ffi0) < E + E <e, (13)
2 = 2 4
and
1€ (o + 2k) — QUio + 2k) |11 < [1& (o + k) — QUig + k) [|e~*2 75+«
k
. € € €
+eK2€ eKzlef(Kz7Isflp71n(]+lj))k <-4 - = . 14
| ; 2t3=3 (14)

Hence, by mathematical induction, for arbitrary t > iy + k we have that ||£(t) — Q(t)||; < €, and since € can be arbitrarily
small, P(t, to), to € (t* — §, t* — §), is eventually p-periodic. The theorem is proved. O

Since every bounded solution P(t, ty) is an attractor of all solutions of the system (9), it follows that £ (t, t*) is an attractor
of all solutions of (7) with ty € (t* — §, t* + §).
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3.2. Chaos

It is known that a chaotic process takes place on a compact domain. Hence, it is natural to discuss the irregular behavior
of the system only for the union of positive-valued and bounded solutions, that is positive solutions P(t, t), which satisfy
the inequalities [Ps(t)|o < Ms, |Py(t)|o < M, forallt € R.Below, we say that a solution is bounded if it is bounded on R. We
should remark that, since each of these bounded solutions is an attractor of all solutions, that have the same initial moment.
The chaotic properties are appropriate for all solutions, not only the bounded ones. So, to describe the chaos in the model
we can consider only bounded solutions.

In this section we assume that u > 4. Then [23] there exists an invariant for h Cantor set A C I such that h(x, u) is
chaotic on A. That is, h has sensitive dependence on initial conditions, periodic points are dense in A and h is topologically
transitive. We may also point out that there are infinitely many orbits of h with different periods, that for each p € N there
exists a solution with period p, and that topological transitivity means the existence of a positive trajectory of h, dense in A.

Consider the sequence space [14]

2y ={s = (Sp$152...) : s;=0or 1}

with the metric

00

dfs. t] = Z |s; - 1|’

i=0

where t = (tot;...) € X5, and the shift map o : ¥, — X5, such that 6(s) = (5152...). The map is continuous,
card(Per, (o)) = 2", Per(o) is dense in X5, and there exists a dense orbit in X>.
If we denote

PR L. a1 i1 1o P L O N
0_724,117 0_24,“’24/1’]_24#’.

thenl = lp UAqUI, A ClgUI, h(lp) = h(l;) =1, h(Ag) N1 = @.

Consider the itinerary of x, S(x) = (sos1...), wheres; = 0, if W (x) € Iy, and si=1,if W (x) e I. The function S(x) is a
homeomorphism between A and X,,and S o h = o o S. That is, h and o are topologically conjugate.

Next, let us consider some useful properties of the elements of I7. We shall formulate and prove three - very important
for us - consequences of the topological conjugacy of the symbolical dynamics and of the dynamics generated by the logistic
map [14] in the following assertion.

Let] € R be an open interval. Introduce the following distance |6 (to) — &(t1)ll; = SUPy,q).6:1)ey 10i(to) — 6i(1)]. One
can read about the possible uses of this distance in [6].

Lemma 3.1. If i > 4, then

(a) for each 6(ty) € I, arbitrarily small ¢ > 0, and arbitrarily large positive number E there exists a periodical sequence
0(t1) € IT such that |0(ty) — 6(t1)|; < €, where] = (0, E).

(b) There exists a sequence 6(t*) € IT such that for each ty € A, and for arbitrarily small ¢ > 0, and arbitrarily large positive
number E there exists an integer m such that |6(to) — 0(t*, m)|; < €, where] = (0, E).

Since the sequence 0 depends on t; € I, in (7) we shall denote the space of piecewise continuous functions as £ C(tp, R),
instead of #C(R). Let us fix an interval ] C R, and ty, t; € I. We shall say that a function £ (t) € £C(to, R) is e-equivalent
to a function ¥ (t) € £C(t1, R) onJ and write & (t) (e, )Y (t) if |0(ts) — O(tp) | < € and ||E(t) — Y (t)|| < € for all t from |
such that ¢ ¢ Uf)p(ts),f)p(tp)ej [ep(ts)’ ep(tp)]-

We shall say that a bounded solution P(t) = P(t, to, Py), to € A, of (7) is sensitive with respect to the initial data if there
exist positive real numbers €q, €1 such that for every § > 0 one could find a pair (t;, P1) € A XR", |[to —t1]|+ ||[Po — P1]| < §,
and an interval J; in [ty, c0) of length not less than €; such that ||P;(t) — P(t)|| > €, t € J;, where P1(t), P;(t;) = Py, is a
bounded solution of (7), and there is no point of discontinuity of P;(t) and P(t) in J;.

A bounded solution P(t) = P(t, tg, Py), tg € A, t > t;, of (7) is called dense in the set of all bounded solutions which
start on A if for each bounded solution P;(t) = P(t, ty, P1), t; € A, of (7) and arbitrarily large positive number E there exist
an interval J of length E and a real number s such that P(t + s) (e, J)P;(t).

The set of all periodic solutions &(t, to), to € A, of (7) is called dense in the set of all bounded solutions which start on A
if for each bounded solution P(t) = P(t, t1), t; € A, of (7)and each € > 0, E > 0, there exists a periodic solution & (t) and
an interval | C [t;, oo) with length E such that ¢ (t) (e, J)P(t).

Theorem 3.2. Assume that conditions (C1)-(C8) are fulfilled. Then there exists a dense solution of (7).

Proof. By Lemma 3.1(b) there exists t* € A such that 8(t*) is dense in IT, such that for each ty € A, for arbitrarily small
€ > 0, and arbitrarily large positive number E there exists a positive integer m such that |0(ty) — 6(t*, m)|; < €, where
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J = (0, E). By Theorem 2.1 there exists a unique bounded solution £*(t) = &(t, t*). Let us prove that £*(t) is the dense
solution.
Consider an arbitrary solution £(t) = £(t, ty), to € A, of (7). Then for t > 0, we have that

t+m

£t +m) = e SHMMEr(m) + / e Mg () — E)du+ Y eSO (1 4 J(E(6)))

m m<@;<t+m

t
= e S m) + / e g w+m) — &+ m)du+ Y e S (R G))). (15)
0

m<6;<t+m

Similarly,

t
EX(t+m) =e ®'Erm) + / e g, (& (u) — & (u))du. (16)
0

Moreover,

t
E(D) = e M6(0) + / e g (&) — E)du+ Y e R 4 (& 6)),
0

0<6;<t

£(t) = e 5,(0) + / e g, (&) — & (w)du. (17)
0

Now, using the last three formulas and using the B-equivalence technique, similarly to the proof of Theorem 3.1, we can
find a number E; sufficiently large so that there exists a subinterval J of J; of length E such that &,(t + m) and &(t) are
e-equivalent on J. The theorem is proved. O

We shall need the following assumption.

Ieks
(C8) L < “r-

Theorem 3.3. Assume that conditions (C1)-(C8) are fulfilled. Then every bounded solution of (7) is sensitive with respect to the
initial data.

Proof. LetS(t) =s° = (s§,s]...). Fixanumber t; € A suchthatS(t;) =s' = (s3,s7...,s0_1, 58,50, 1,505, .., sh # S0,
for some n > 0. We have that

1 )
d[O'iSO, O_is1] — F if 0 <1<n,
0 ifi > n.

Take a positive number §. Assume that n > 8, it is an even number, and that it is sufficiently large so that [ty — t{| =
IS71(s%) —s71(sh)| < 2.
Since S is a homeomorphism and the set X, is compact, for a giveni, 0 < i < n, the set

. . 1
di = {(s,s) € Xy x Xy :d[s, 5] > 2"_1,}

is compact, and

min [S7'G) = S7'®)| = i > 0,

G.3)eP;
div1 € di, ip1 > i, 0 <i < n. Fix i, g <ip <n— 1.Then |k;(ty) — ki(t1)| > i, ifi =i, i + 1.
We also have that |k;i(ty) — x;(t1)] < /1 — ﬁ ifo<i<n.
Without loss of generality, assume that «;(ty) < «;(t7) for all i. Thus, there is a number k among ig, iy + 1, such that
i (1) — Kki(to) > pig and ki (to) — ky—1(t) > 3(1 — /1 — ﬁ)-

It is obvious that a solution is sensitive if its first coordinate is.
Fix a solution P(t) = P(t, tg). We shall show that the constants €y, €; of the sensitivity definition can be taken equal to

Ise—2ks ; 1 4
€0 = "5 ,61:m1n{m0,5 T=y1=2)-

Let us fix a solution P'(t) = (P! (1), P} (t)), [Py — Po|| < 3.

Iie—2ks
4

Below, we consider two alternative cases. Assume, first, that |Ps(6k(tp)) — P; Ok (t0))| <
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Fig. 1. Graphs of coordinates Py(t), P;(t) are in the blue, and of coordinates Py (t), P; (t) are red. The coordinates abruptly become significantly different
when t is near 15, while coinciding for all t in the interval (t1, 15). (For interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

Then on the interval [0, (tg), Ok (t1)]

t

Py(t) = e %D p (4, (t9)) + / e Mg (Py(s) — Py(s))du + e *sE=ROD (4 1 (P (t)))),

Ok (to)
and
t
P{(t) = e S THOIRI O, (1)) + / e g (P{(s) = Py(5))du.
Ok (to)
Hence,

IPs(t) — P} (6)] > |e "D (1 4 J(P(Bk(t0))))]

t
— e O P, (t9)) — P} (Bulto))| — / e TW2UMdu > €.
Ok(to)

In the case when |P;(6;(to)) — P (6k(t0))| = 'Se;ks , we consider the interval [6_1(t1), 6k(to)], where

t
Py(t) = e BB (6, (1)) + / e K0 g (py(s) — Py(s))d,

Ok (to)
and
t
P} (t) = e SHOIPl(G,(to)) + / e 5 Wg (P} (s) — P, (s))du.
Ok (to)
Consequently,

IPs(t) — P (1)] = e 5= P (5, (t9)) — P (Bi(to))]| — 2LM > €.
The theorem is proved. O

One must say that under the additional condition |g,(z1) — g,(22)| < |21 — 22|, 21, 22 € R, one can easily prove that a
bounded solution is sensitive in the second coordinate, too.

The next theorem can be proved similarly to the verification of Theorem 3.2 using B-equivalence technique and
Lemma 3.1(a).

Theorem 3.4. Assume that conditions (C1)-(C8) are fulfilled. Then the set of all periodic solutions £(t, ty), to € A, of (7)is
dense in the set of all bounded solutions.
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Fig. 2. The chaotic attractor by a stroboscopic sequence P(n), 1 < n < 75000, is observable.
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Fig. 3. Both coordinates Py(t), P;(t), which are in red and blue colors respectively, have intermittency bouts in the intervals (0, 20) and (90, 110). (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

4. Example

It is not easy task to find initial moments which can illustrate the chaos of a system, if «# > 4. For this reason we propose
to consider values of parameter w, which are not discussed in our paper, but which can help us demonstrate the chaotic
nature of the considered initial value problem. We construct a simulation to show that the dynamics of blood pressure can
exhibit sensitivity if 4 = 4, and intermittency for © = 3.8282. Moreover, if & = 4 we observe the chaos attractor by a
stroboscopic sequence on R?.

Let the following system be given

Py = —2Py — g1(Po — P1),

P = —3P; 4 g,(Py — Py),

APyle=g, = 0.5, (18)
where 0; = i + &, the sequence £ is defined recursively, & = 4&;_1(1 — &_1),& = to, to € [0, 1],i > 0,g1(u) = g, (u) =

Isin®u, W(s) = 1+ s?,if |s| < I. One can easily see that all the functions are Lipschitzian with a constant proportional to I.
In what follows we assume that [ = 1074,
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Consider two solutions P(t) = (Po, P1), P(t) = (P, P,), with initial moments t, = 7/9 and f = 7/9 + 3712,
respectively. That is, we take the initial values close to each other, and, moreover, the solutions with identical initial values,
P(ty) = P(ty) = (0.005, 0.002). The graphs of the coordinates of these solutions (Fig. 1) show that the solutions abruptly
become different when t is between 15 and 20, despite being very close to each other for all t in the interval (t;, 15). One
can conclude that the phenomenon of sensitivity is numerically observable.

Next, in Fig. 2 the chaotic attractor is shown by using points P(n),n = 1, 2, 3, ..., 75000, in P, P,-plane.

If one considers (18) with the sequence 6; = i + &;, & = 3.8282&_1(1 — &_1),& = to, to € [0, 1],i > O, then the
phenomenon of intermittency (i.e. irregular switching between periodic and chaotic behavior) for a solution P(t) = (Pg, P1)
can be observed in Fig. 3. The coefficient’s value of 3.8282 is such that the logistic map admits intermittency [14].

5. Conclusion

In this paper we continue investigation of qualitative characteristics of the system (3), which can be considered as a model
of the blood pressure distribution [3]. We introduce a new initial boundary value problem for the system, and consider Eq.
(7). The main modeling novelty, useful for applications, is that the moments of discontinuity are prescribed by the choice
of the initial moment. Apparently, this assumption could be accepted as an appropriate deterministic condition for many
real life processes. The problem is restricted for the two-dimensional model, and the investigation is confined on the chaotic
behavior. We have defined the complex discontinuous dynamics proving that sensitivity and transitivity, as well as existence
of a countable set of periodic solutions, are proper for the set of solutions of the problem bounded on the whole real axes.
The chaotic attractor is observable.
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