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We address a nonautonomous differential equation with a pulse function, whose moments of
discontinuity depend on the initial moment. Existence of a quasi-minimal set is proved. An
appropriate simulation of a chaotic attractor is presented.
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1. Introduction

L. Shil'nikov emphasized in [Shil’'nikov, 2002] that
“...it seems quite reasonable that the role of
dynamical chaos orbits should be assigned to the
Poisson stable trajectories,” and *“...we arrive at
the following problem: how can one establish the
existence of the Poisson stable trajectories in the
phase space of a system?”

The goal of our paper is to obtain a quasi-
minimal set by inserting a generator of moments
of discontinuities into a dissipative system. That
is, we aim to apply dynamical synthesis [Brown
et al., 1992, 1993], which is a general technique
for constructing dynamical systems with desired
properties.

We believe that this approach makes a strong
impact on applications, since one can investigate
controllability of chaos [Fradkov, 2007; Otto et al.,
1990] based on similar properties of the generator-
function, which are already known or can be devel-
oped, if needed. For example, it provides a tool for
supporting the given degree of nonregularity, which
is important for cardiac rhythm [Garfinkel et al.,
1992]. Another issue of relevance to the paper is
the nonlinear dynamics of electrical circuits and
mechanical models [Atherton, 1982; Elwakil, 2002;
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Tsypkin et al., 1964], which convert discrete data
into continuous output.

The main focus of our investigation is the fol-
lowing special initial value problem

2(t) = Az(t) + f(2) + v(t, to),
2(to) = 20, (to, 20) € A x R",

(1)

where z € R",t € R,i € Z, R and Z are sets of all
real numbers and integers respectively,

mo  if Gaito) <t < Caiti(to),
0 if (ai—1(to) <t < (C2ilto),

- 1 €7,
vlt,to) = { i €7,
where my € R"™ is a nonzero vector. Cantor set
A C [0,1] and the strictly increasing sequence
C(to) = {Q(to)}, i € Z,1 < Q(to) < i+ 1, will be
described in the next section. The function f sat-
isfies the Lipschitz condition with a positive con-
stant L, A is an n X n constant real valued matrix,
and there exist positive numbers N, «, such that
let]] < Ne~@ ¢ > 0.

It is worth mentioning that we can consider
other types of equations to obtain similar results.
For instance, one may assume that function f
depends on t and has discontinuities of the first kind
at points of ((tp).
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For a fixed ty € A, system (1) is a differential
equation with discontinuous right-hand side [Filip-
pov, 1988] of a specific type where discontinuities
occur on vertical planes in the (¢, z)-space.

In what follows, we use the definition of
solutions formulated in [Wiener, 1993] (see, also,
[Akhmet, 2007]).

A function z(t), z(tg) = 2o, is a solution of (1)
on R if: (i) z(¢) is continuous on R; (ii) the deriva-
tive 2/(t) exists at each point ¢ € R with the pos-
sible exception of the points (;(tg), where left-sided
derivatives exist; (iii) Equation (1) is satisfied on
each interval ((;(to), Ci+1(to)],7 € Z.

It can be easily verified that problem (1) has
a unique solution z(t,tg,29),t € R, for each tg €
A, zp € R™,

The solution z(t) = z(t,to, 29) satisfies the fol-
lowing integral equation

t
2(t) = eAt00) 5 / A3 £(2(s)) 4 v(s, to)] ds.
to

In the sequel, we assume that supgn |f(2)| =
My < oo, NL < «a. Fix a sequence ((ty),tg € A.
Using the standard technique, one can verify that
z(t) is a solution of (1), bounded on R if and only
if it satisfies the equation

t
) = [ AP + ol )] s,
and for each sequence ((tg),tp € A, there exists
a unique solution z(t,((ty)) bounded on R and all
these solutions are placed in the tube with radius
M = My[l + (N/(a — NL))],t € R. Moreover, if
z(t,tg, 20) is a solution of (1), then one can obtain
by Gronwall-Bellman Lemma that

Hz(t,to,Z()) — Z(t’C(tO))H
< Nl|zo — 2(to, C(to)) || e -aT N E—to)

That is, the bounded solution z(t,((t))
attracts all solutions of (1) with the same initial
moment tg,tg € A.

Let (X, p) denote a metric space and T be either
R or Z. Consider a set S of functions defined on T.
An element ¢(t) € S is called a motion if it is a
solution of either a differential or a discrete equa-
tion. We say that a motion ¢(t) € S is positively
Poisson stable (P, stable) if for each v € T there
exist two sequences (3,, F, € T with §,, E, —
such that

pld(Bn + 1), 6(y +1)] = 0.

lim sup
N0 _En<t<En

A motion ¢(t) € S is said to be negatively Pois-
son stable (P_ stable) if for each v € T there exist
two sequences (3,,F, € T with §,, E, — oo such
that

lim  sup  plo(—Ba+1), 60y + )] = 0.
=00 R, <t<Ep

Motion ¢(t) is Poisson stable (P stable) if it is
P_ and P, stable.

It is said that ¢(t) € S is an w-limit motion
corresponding to ¢(t) € S, if for each v € R there
exist two sequences f3,, E, € T with 3,, E, — oo,
and

pld(Bn +1),1b(y +1)] = 0.

lim sup
N0 B <t<Ep
P(t) € S is called an a-limit motion corre-
sponding to ¢(t) € S, if for each v € R there exist
two sequences G,, E, € T with G,, E, — oo, and

plo(—Bn + 1), (y +1)] = 0.

lim sup

=00 B <t<En

Denote the sets, which consist of all w-limit
motions and a-limit motions by €2, and Ay, respec-
tively.

We say that S is a quasi-minimal set if § =
Qy = Ay, where ¢ € S.

The definition of Poisson stability can be com-
pared with the one for solutions of nonautonomous
equations in [Sell, 1971], Chapter 8.

2. Poisson Stability of a Discrete
Motion

Consider the sequence space Yy = {s =
(s0s182---) : 85 = 0 or 1} with the metric d[s,5] =
S0 lsi—5il/2, where § = (5051 - - -) € X2, and the
shift map o : X9 — X, such that o(s) = (s152- ).

In addition, let us consider the space of
bi-sequences

»={s=(---
sj =0or 1}.

We introduce the following ordering in X2
[Wiggins, 1990]. Given two finite sequences s =
{s1---sk},8§ = {815}, it is said that s < 3,
if k <k, and,if k=&, then s < 5 if s; < 5;, where
i is the first integer such that s; # §;.

Thus, one can denote the sequences having

Sin...silsoslsz...sn...):

length k£ as follows: slf < < Sék, where
the superscript refers to the length of the

sequence and the subscript refers to a particu-
lar sequence of length k which is uniquely speci-
fied by the ordering scheme above. Denote s* =

3.3.3.2.1.1.2.2.3.3.3.3
(- 5§5651525251571535153558% * + ).



Introduce the maps B; : ©2 — Y9,i € Z, such
that B;(s) = (siSi+1--+). From the method of con-
struction of s*, it follows that the following assertion
is valid.

Lemma 2.1
(1) For a fized j € Z there exist two sequences of
integers ky,l, with ky,l, — oo, and

lim max d[By,+i(s"), Bjti(s*)] = 0.

n—00 —I, <i<ln

(2) For a fized j € Z there exist two sequences of
integers ky,l, with ky,l, — oo, and

dim - max d[Bog,+i(s7), Bji(sT)] = 0.
(3) For each s € X2 and j € 7 one can find
sequences of integers ky,l, with ky,l,
and

— OQ,

A max d|Bg,i(s"), Bj(s)] = 0.

(4) For each s € X2 and j € 7 one can find
sequences of integers kn,l, with ky,l, — oo,
and

Jim max d[B_,+:(s"), B;(s)] = 0.

Assume that there exist a homeomorphism S
between Y9 and a set A C [0,1], and amap h: A —
A such that Soh = g0S. That is, h and o are topo-
logically conjugate. It is known that 9 and A are
Cantor sets [Wiggins, 1990] and they are compact.
One of the most popular examples of the map h is
the logistic map px(1l — x), > 4, considered on a
subset of [0, 1] [Robinson, 1995].

For every ty € A, one can construct a sequence
k(tp) of real numbers k;,i € Z, in the following
way. If i > 0, then k41 = h(k;) and kg = to.
Let us show how the sequence is defined for neg-
ative i. Denote s’ = (s)s{ ) = S(tg). Consider
elements s = (0s9sy--+),5 = (1s9s}--+) of By such
that o(s) = 0(3) = s” and t = S~1(s),t = S~1(3).
The homeomorphism implies that h(t) = h(t) = t.
The set h™'(tg) may not consist of less than two
elements #,t € A. Each of these two values can
be chosen as k_1(tp). Obviously, one can continue
the process to —oo by choosing always one element
from the set h~!. We have finalized the construc-
tion of the sequence, and moreover, it is proved
that k(to) C A,k(tg) = {ki(to)},i € Z. Thus,
infinitely many sequences £ (tg) can be constructed
for a given to. However, each of this type of sequence
is unique for increasing . Fix one of the sequences

Dynamical Synthesis of Quasi-Minimal Sets 2425
and define a sequence ((ty) = {(;}, G = i+k4, i € Z.
If we denote by II the set of all such sequences
{¢i},i € Z, then a multivalued functional w : A —
IT is defined. In our paper, the sequence ((tp) in (1)
is considered to be a value of w(ty).

The above discussion shows that there exists
a one-to-one correspondence between Y2 and II.
Denote by ((t*) the sequence which corresponds to
s*. Then homeomorphism S and Lemma 2.1 imply
that the following assertion is correct.

Theorem 2.1. II = Q((t*) = A((t*)-

3. The Quasi-Minimal Set

Denote CB = {z(t,((to)) : ((to) € II}. We shall
show that the set CB, which is an attractor for all
solutions of (1), is a quasi-minimal set.

Theorem 3.1. CB is the quasi-minimal set.

Proof.  Consider the sequence ((t*), which has been
defined in Theorem 2.1, and the solution z(t, ((t*))
of (1). We shall show that the solution is Py stable
by considering v = 0. The proof is very similar for
any other v € R. Fix a positive e. Moreover, fix a
positive €1, whose dependence on € will be described
below. From Theorem 2.1, it follows that there exist
sufficiently large natural numbers j and m such that
[Citm(t*) — Gi(t")] < €1 if —j < i < j. For the sake
of simplicity, we shall write ¢; instead of (;(t*).
We have for t > —j,

2(t, (%)) = MG (¢, (1))

1 / teA@*S) [f(2(s, C(t)) + (s, to)]ds,
G

and

2+ Cjrm — )
= eA(t_Cj)Z(C—j-i-ma C(t*))
C—j m_<j
N /t+ T AW e —Gis) [f(2(s, C(t)))

C—j+m

+ (s, tg)]ds
= AG2((Cjim)

t
+ [ Aol + g — )
C.

+U(S + C—j-i—m — Cj,to)]ds.
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Subtracting the last expression from the previ-
ous one, we obtain that

€, CE)) = 20+ C_yom — G
< 2MNe Si(t=6)
+ [ NLeot9) x5, ()
G
st Cyam — G)lds

t
+ / Ne =3¢ ||mg||ds.
G

Next, we denote u(t) = ||z(t,¢(t*)) — z(t +
C—jtm — ¢;)||e*" and apply the following assertion.

Lemma 3.1 [Barbashin, 1970]. Let wu(t), f(t) be
non-negative functions integrable over the interval
to <t<tog+T and K be a positive constant. If the
inequality
t
u() < F(8) + K | u(s)ds,

to

to<t<to+T,
s fulfilled then the following expression holds

u(t) < f(t)+ K teK“—s) f(s)ds.

to

Thus, we have
122, C(7)) = 2(t + C—jtm — )|
< Ne|[mo| (1+ 1 )

« o — NL

X2

Fig. 1.

a2M(a — NL) — ellmoll] (—a+nryi—))
aL(a — NL)
n al(NL - 1)2Ma — exlmoll) —a@—,)
ol

On the basis of the last inequality, one can see that
12(6,C() — 2(t+ Cjom — )| < € i € (—E, ),
where E = j/2,j is sufficiently large, and € is
a sufficiently small positive number. The number
C—j+m — Gj is as large as m. Thus, we have proved
that the solution is Py stable. Applying Theo-
rem 2.1 again, one can show that z(¢,{(t*)) is P-
stable and CB = Q. ¢(1+)) = A.(t,¢(++)), Which com-
pletes the proof. W

4. A Simulation Result

Consider the sequence (; = i + ki, k; = 4ki—1(1 —
Hi_l),ﬁo = to,lp € [0, 1],i > 0, and the fOHOWing
system

2" 4+ 22" + 1.5z = siny,
y/ = _By + /U(t7 tO)v

where v(t, tp) is a scalar pulse function with mg = 1.
The second equation is a drive equation and the
first one, the pendulum equation. Using new vari-
ables x1 = x,x9 = 2/, 23 = y, one can reduce (2) to
the system

(2)

xll = T2,
zh = —1.5x1 — 239 + sin z3, (3)
rh = —3xs3 + v(t, o).

x1

The chaotic attractor by a stroboscopic sequence (z1(n), z2(n),z3(n)),1 < n < 75000, is observable.



One can easily verify that all eigenvalues of the
matrix of coefficients have negative real parts. Fix
to = 12/17 and take a solution (x(t),x2(t),z3(t))
of the last system with the initial condition
Tl (to) = 0.027352 (to) = —0.025,563 (to) = —0.02.
In Fig. 1 the chaotic attractor is shown by using
points (z1(n),z2(n),z3(n)),n = 1,2,3,...,75000,
in x1xox3-space.

Remark 4.1. Using the technique of the present
paper, we shall develop shadowing theorems
[Anosov, 1967; Bowen, 1975; Hammel et al., 1987]
for system (1) in future investigation.
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