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Abstract

In this paper we introduce a general type of differential equations with piecewise constant argument
(EPCAG). The existence of global integral manifolds of the quasilinear EPCAG is established when the
associated linear homogeneous system has an exponential dichotomy. The smoothness of the manifolds
is investigated. The existence of bounded and periodic solutions is considered. A new technique of
investigation of equations with piecewise argument, based on an integral representation formula, is
proposed. Appropriate illustrating examples are given.
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1. Introduction

Let Z, N and R be the sets of all integers, natural and real numbers, respectively. Denote by
| - || the Euclidean norm in R”, n € N.
In this paper we are concerned with the quasilinear system

Y'=AMy + [t y®), y(B1)), (D
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where y e R",t € R, B(t) = 0; if 6; <t < 60;4+1,i € Z, is an identification function, 6;,i € Z,
is a strictly ordered sequence of real numbers, |6;| — o0 as |i| — 00, and there exists a number
6 > 0 such that 6;y1 — 6, < 6, i € Z. The theory of differential equations with piecewise
constant argument (EPCA) of the type

dx (1)
dr

where [-] signifies the greatest integer function, was initiated in [9] and developed by many
authors [1,5,9,15,20,21,27,29-33].

System (1) is a general case (EPCAG) of Eq. (2). Indeed, if we take 8; = i,i € Z, then (1)
takes the form of (2).

The existing method of investigation of EPCA, as proposed by its founders, is based on the
reduction of EPCA to discrete equations. We propose another approach to the problem. In fact,
this approach consists of the construction of the equivalent integral equation. Consequently, for
every result of our paper we prove a corresponding equivalence lemma. Thus, while investigating
EPCAG, we need not impose any conditions on the reduced discrete equations, and, hence, we
require more easily verifiable conditions, similar to those for ordinary differential equations. It
become less cumbersome to solve the problems of EPCAG theory (as well as of EPCA theory).

The theory of integral manifolds was founded by Poincaré and Lyapunov [24,17], and it
became a very powerful instrument for investigating various problems of the qualitative theory
of differential equations. For example, one can talk about the exceptional role of manifolds in the
reduction of the dimensions of equations. It is natural that the exploration of manifolds, of their
properties and neighborhoods, is one of the most interesting problems [6-8,13,14,18,19,22,23,
25]. One should not be surprised that manifolds are one of the major subjects of investigation for
specific types of differential and difference equations [2,3,12,16,26,28]. In [21] the subject was
discussed for EPCA. Obviously, it is not possible to mention all the results pertaining to integral
sets in this paper.

The proof of main theorems of the paper is very similar to that of the classic assertions about
integral manifolds [13,18,19,22,23].

The paper is organized in the following manner. In Section 2 we give the definitions of global
solutions of the initial value problem, and formulate and prove the existence and uniqueness
theorems for the solutions. The main results of our work are given in Section 3. We consider the
existence of stable and unstable manifolds, and prove two lemmas about the equivalence of the
EPCAG and some integral equations under certain conditions. Special properties of solutions
which start outside of the manifolds are also discussed. In Section 4 the smoothness of the
manifolds is investigated. The existence of bounded and periodic solutions is considered in the
last section. Moreover, an appropriate example of the logistic EPCAG is given.

= f(t, x(0), x([1])), 2)

2. Preliminaries

In what follows, we use the uniform norm ||7|| = sup{||Tx|||||lx]| = 1} for matrices. The
following assumptions will be needed throughout the paper.

(C1) A(t)is acontinuous n X n matrix and supg [|A(#)] = pn < o0;
(C2) f(t,x,z) is continuous in the first argument, f(¢,0,0) = 0,7 € R, and f is Lipschitzian
in the second and the third arguments with a Lipschitz constant / such that

ILf @y, w) = f@, y2, w)ll <yt — y2ll + llwr — wa2lD;



M.U. Akhmet / Nonlinear Analysis 66 (2007) 367-383 369

(C3) the linear homogeneous system associated with (1)
x'=A@)x (3)

has an exponential dichotomy on R. That is, there exists a projection P and positive
constants K and o such that

IX(OPX ™' (s)| < Kexp(—a(t —s)), t > s,
IX (@) — P)X "' (s)| < Kexp(o(s — 1)), t <s, 4)

where X (¢) is a fundamental matrix of (3).
2.1. The solutions of the EPCAG

In [29] the initial value problem (IVP) problem for EPCA is investigated in the case when
the initial moment is an integer, and global solutions have been considered. The approach is
reasonable since it is a consequence of the method of reduction to the discrete equations.

We combine the approach of EPCA [9,20,29] with a more careful analysis of the initial data. In
particular, we prove that under the conditions of our paper a global solution of (1) with arbitrary
initial data (79, xo) € R x R" is a restriction of a global solution of an IVP for (1) with the initial
moment equal to one of the elements of the sequence 6;,i € Z (see Theorem 2.2). The analysis
of the general problem of IVP for EPCAG is the subject of discussion for another paper.

In our article it is assumed that all solutions are continuous functions.

Solutions which start at points 0;,1 € Z, and exist to the right.

Definition 2.1. A solution y(z) = y(t,6;,y0),y(0;) = yo,i € Z, of (1) on [0;,00) is a
continuous function such that

(i) the derivative y’(¢) exists at each point ¢ € [6;, 00), with the possible exception of the points
0, j = i, where one-sided derivatives exist;
(i1) Eq. (1) is satisfied by y(¢) on each interval [0}, 0;11), j > i.

Remark 2.1. Definition 2.1 is a version of Definition 1.1 from [9] adapted to our general case.

Theorem 2.1. Suppose conditions (C1)—(C3) are fulfilled. Then for every yo € R" andi € Z
there exists a unique solution y(t) of (1) in the sense of Definition 2.1.

Proof. If 6; <t < 6,41 then y(¢) coincides with a solution of the following IVP:

ﬁ—Al‘ t
= = AW + f(t.8.30)

§(0:) = yo. (3)
Eq. (5) is an ordinary differential equation, where function f (¢, £, yo) is Lipschitzian in &, and,
consequently, y(¢) exists and unique on [6;, 0;41].

Assume, now, that y(¢) is defined uniquely on an interval [6;, 6k],k > i + 1. Then for

[0k, Or+1] it is a solution of the IVP

3

Fri A&+ f(1,8, y(6k))

£(6) = y (k). (6)

It is obvious that y(¢) exists and unique on the interval.
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By induction we can conclude that for every yp € R” and i € Z there exists a unique solution
y(t) of (1) on [6;, 00), satisfying y(6;) = yo. The theorem is proved. O

The existence and the uniqueness of solutions on R.

Lemma 2.1 ([11]). Assume that condition (C1) is fulfilled. Then
X (@, )| <exp(ult —s)),7,s € R.

Lemma 2.2. Assume that condition (C1) is fulfilled. Then
X, )l = exp(—ult —s)),1,s € R.

Proof. The proof follows immediately from the equality X (¢, s) X (s, ) = I, where [ isann X n
identity matrix.
The last two lemmas imply the following, simple but useful in what follows, inequalities:

X Il =M, X )l =m, (7

which hold if |t — 5| < 6, where M = exp(u8), m = exp(—ub).

Assume that 6; < fy < ;41 for some i € Z, and y(t) = y(t, to, yo), yo € R", is a solution of
(1). We can easily see that even for the local existence of y(#) around ¢ the solution should be
defined also at the moment ¢ = 6;, since y(¢) for all ¢ € [6;, 6;+1] is a solution of the equation

d
O A0y + ey O, ®

In other words the solution must exist globally to the left from # = #(, on section [6;, ty].
The following example shows that even for simple EPCA solutions do not always exist to the
left, and moreover, difficulties with uniqueness may appear.  [J

Example 2.1. Consider the following equation:
x'=2x — x*([1]), ©)

where x € R, € R. Fix z € Rand let x(¢) = x(¢, 1, z), x(1) = z, be a solution of (9). Let us
try to define the solution for ¢ < 1. It is known that if ¢ € [0, 1] then x(¢) satisfies the equation

x' =2x — x%(0). (10

Denote x(0) = xg, and introduce an operator 7 : R — R such that

1
Txp = exp(2)xo + / exp(2(1 — s))xé ds.
0

If x(¢) exists on [0, 1] then the equation Txp = z must be solvable with respect to x¢. But the
last equation has a form [exp(2) — l]xg +2exp(2)xp — 2z = 0. Since the latter can be solved not
for all z € R, not all solutions x(, 1, z), z € R, can be proceeded to t = 0.

Further we shall consider the uniqueness of solutions continued to the left. Fix numbers
x0,x1 € R, x1 # x2, such that (xg + x1)(1 — exp(2)) = 2exp(2). Denote xo(t) = x(z, 0, x0)
and x1(#) = x(z,0, x1), solutions of (9). For t € [0, 1], they are solutions of the equations
x' =2x — xg and x’ = 2x — x%, respectively. One can easily check that Txo = Tx1, that is
xo(1) = x1(1), and the solution x (¢, 1, x1(1)) of (9) cannot be continued to ¢t = 0 uniquely.
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From now on we make the assumptions:

(C4) 2M16 < 1,
(CS) MIO[1 + M(1 +10) exp(M10)] < m.

Let us prove the following theorem which provides conditions of unique existence of solutions
to the left when the initial moment #( is an arbitrary real number.

Theorem 2.2. Assume that conditions (C1)—(CS) are fulfilled. Then for every yo € R",ty €
R, 0; <ty <6iy1,i € Z, there exists a unique solution y(t) = y(t, 0;, Yo) of (1) in the sense of
Definition 2.1 such that y(ty) = yo.

Proof. Existence. Consider a solution £(¢) = y(t, fo, yo) of the equation

dy
m =AMy + f@, y,m (11)
on [6;, ty].
We have that
t
§() = X(t, 10)y0 +/ X(,s)[f(s,§(s),n)ds, (12)
fo

and should prove that there exists a vector n € R and a solution £(¢) of (12) which is defined on
[6;, to], and satisfies £(6;) = n.
Take &y () = X (¢, tp) yo and construct

t
Em+1(1) = X (2, 10)yo +/ X(,5)f(s,6m(s), Em(6i))ds, m =0.
]

One can easily check that

max [Em+1(1) — Em®)llo < [2M161™ M| yol.
i»l0

That is sequence &, (¢) is convergent and its limit £ (¢) satisfies (12) on [6;, tp] with n = £§(6;).
The existence is proved.

Uniqueness. It is sufficient to check that for each ¢t € (6;, 0;11], and y2, y1 € R"*, y» # vy,
the condition y(z, 6;, y1) # y(t, 6;, y2) is valid.

Denote by y1(¢) = y(¢, 6;, y1), y2(¢t) = y(t, 0;, y2), y1 # y2, solutions of (1). Assume, on the
contrary, that there exists t* € (6;, 6;41] such that y; (+*) = y»(¢*). Then

t*
X", 0)(y2 — y1) = /0 X (t*, )L f (s, y1(5), y1) — f(s, y2(s), y2)]ds. (13)
‘We have that
X (@, 6)(y2 — yOll = mlly2 — y1ll. (14)

Moreover, for t € (6;, 6;+1] the following inequality is valid:

1
Iy1(@®) = y2Oll = Mlly2 = y1ll + /9 MITlly1(s) — y2() [l + Ily2 — y1llTds.

Hence, using Gronwall-Bellman inequality we can write that

y1 () = y2(0)ll = M(1 +16) exp(M10) | y2 — y1ll-
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Consequently,

¥
A X(t*?s)[f(s? YI(S), )’1) - f(S, YZ(S), )’2)] dS

<IMO[1 + M +10) exp(MI16)]||y2 — y1]l. (15)
Finally, one can see that (C5), (14) and (15) contradict (13). The theorem is proved. [

Let us illustrate the last theorem by the following example.

Example 2.2. Consider the following EPCAG:

x'(1) = 3x(1) — x()x (B(1)), (16)
where B(t) = 0; if 6; <t < 0i41,i € Z,6,j1 = j — +,00j = j + %, j € Z. The distance
0i+1 — 0;,i € Z, is equal either to 6 = % orto = %

We shall find conditions of existence of solution x () = x(¢, ty, x0), 0; < to < 0i+1,i € Z,
of (16) on [6;, 00), applying two ways: (a) by using Theorem 2.2; (b) directly through specific
properties of the equation. Then we compare the conditions obtained by these two methods.

(a). If t € [6;, 6;41] then x (¢) satisfies the following equation:

x'(t) =3x(@) — x()x(6)).
Hence,
(1) = x(6)eB—¥ONE—0) a7

The last equality implies that every nontrivial solution of (16) either is positive or negative.
That is why, without loss of generality, we consider only positive solutions. For a fixed H > 0
denote Gy ={x:0 <x < H}.

If x1, x2, y1, y2 € Gy then |x1y1 — x2y2| < H(|x1 — x2| + |y1 — y2|). Moreover, we have
that constants m, M, which are defined in Theorem 2.2, are equal

m= min &%) = e_Tg, M = max &30~ =3,
t—s|<6 lt—s|<6
Hence, condition (C4) and Theorem 2.2 imply that if 0 < xo < H then solution x (¢, o, x0)
exists on [6;, 00) if positive constant H satisfies the inequality
5 oo
H< Ze5. (18)
6

(b). Investigate again the problem of existence of x (¢, tg, xo) on [0;, 00), but this time without

applying Theorem 2.2.

Using (17) we find that
x0 = x(Qi)e(S*x(ei))(tO*gi). (19)
Consider (19) as an equation with respect to x = x(¢;). Introduce the following functions:
Fi(x) = xeBG=9 and Fr(x) = xeB~9 The critical values of x for the functions are
xﬁ}ﬁx =01 = % < 3 and xniix =0 = % < 3 respectively, and maximal values of these

functions are

5
FO = pW ) = Ee%’ FO — Bx® )=

4
5 .

e (20)

max max max max

W[ W

1
We have that Finip = min(F,%la)x, Fn(?a)x) = %63.
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It is clear that if
0<x0§Fmin (21)

then equation

xo = xeB—00—0)
is solvable, and, hence, solution x (z, ty, xg) exists on [6;, 00).

One can see that H < Fpi, . That is, if x( satisfies conditions of Theorem 2.2 of existence of
x(t, tp, xp) on [6;, 00), then the solution exists on [6;, c0) by condition (21) on the basis of the
discussion in (b). In other words, we have verified that in the particular case of equation (16),
Theorem 2.2 does not contradict the evaluation in (b).

We shall use the following definition, which is a version of a definition from [21], adapted for
our general case.

Definition 2.2. A function y(#) is a solution of (1) on R if:

(i) y(¢) is continuous on R;
(ii) the derivative y’(¢) exists at each point # € R with the possible exception of the points
0;,1 € Z, where one-sided derivatives exist;
(iii) Eq. (1) is satisfied on each interval [6;, 6;+1),i € Z.

Theorem 2.3. Suppose that conditions (C1)—(C5) are fulfilled. Then for every (ty, yo) € RxR",
there exists a unique solution y(t) = y(t, to, o) of (1) in the sense of Definition 2.2 such that
y(to) = yo.

Proof. Assume that 6; < f9 < 6;41 for a fixed i € Z. By Theorem 2.2 there exists a
unique solution y(z, 6;, y') of (1) with some vector y' € R” such that y(1, 6;, ') = yo.
Applying the theorem again we can find a unique solution y(z,6;_1, y'~') of (1) such that
v(0;,0i_1, yi_l) = yi, and, hence, y(to, 6;—1, yi_l) = yp. We can complete the proof using
induction. [

Remark 2.2. The last theorem is of major importance for our paper. It arranges the
correspondence between points (zp, yo) € R x R” and all solutions of (1), and there is not
a solution of the equation out of the correspondence. Using the assertion we can say that the
definition of the IVP for the EPCAG is similar to the problem for an ordinary differential
equation, although the EPCAG is an equation with delay argument. In the rest of the paper we
shall use the correspondence to prove the main theorems.

2.2. Reduction to a system with a box-diagonal matrix of coefficients

Using Gram—Schmidt orthogonalization of the columns of X (¢#) one can obtain that by the
transformation y = U (t)z, where U (¢) is a Lyapunov matrix, (1) can be reduced to the following
system [10]:

d
d_L; = By (Du + g4+ (1, 2(0), 2(B())),
d

T = B+ g (6,20, 2(BO)), 22)
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where

2= (u,v),u € R*, v e R"* diag{B. (1), B_()} = U " () AU @),
(g+(, z(1), 2(B(1))), g (1, 2(1), 2(B(1)))) = f (&, U@®)z(@)), U(B())z(B(1)).

One can check that the Lipschitz condition is valid

”g+(t7 21, U)]) - g+(t7 22, w2)” + ”g—(t? 21, U)]) - g_(t7 22, w2)”
= L(llz1 — z2ll + llw1 — w2}

forallr € R, z1, 22 € R, wy, wy € R0 and L = 2 supg |U (1) ||l
The normed fundamental matrices U (, s), V (¢, s) of the systems
du

= By (t dv—Bt 23
T +(Ou, a - -, (23)

respectively, satisfy the following inequalities:
U@ )l = Kexp(—o(t =), t =5, [[V(,9)] < Kexplo(s —1)), 1 <s.

—1
The boundedness and continuity of matrices U, U -1 %—LII, d[ét , imply that the solutions and

integral sets of (1) and (22) have the same asymptotic properties and smoothness. Moreover,
the linear part of system (22) has box-diagonal form with boxes corresponding to the stable and
unstable subspaces. For this reason it is easier to investigate Eq. (22) in what follows.

3. The existence of manifolds

Theorem 3.1. Suppose that conditions (C1)—(C5) are satisfied. Then for arbitrary ¢ > 0, a €
(0, 0) and a sufficiently small Lipschitz constant L, there exists a continuous function F(t, u)
satisfying
F(t,0) =0, (24)
2K%L(1 + exp(cb))

|F @, ui) — F(t,u2)|l < luy — uzll, (25)
o+«

forallt,uy, us, such that vo = F(ty, uo) determines a solution z(t) of (22) on R and
Izl < (K + e)lluoll exp(—a(t — 7)), t > 1. (26)

Let us denote ST = {(, u,v) € R x R x R" ¥ | v = F(z, u)}.
To prove the last theorem we need the following assertion which is of major importance for
our paper.

Lemma 3.1. Fix N € R,N > 0,«a € (0, 0) and assume that conditions (C1)—(C3) are valid.
A function z(t) = (u, v), ||z(¢)|| < Nexp(—a(t —t9)),t > to, where to is a real fixed number,
is a solution of (22) on R if and only if it is a solution on R of the following system of integral
equations:

1
u(t) = Uz, to)u(to) +/ Ul(t,5)g+(s,2(5), 2(B(s))) ds,

fp

v(t) = —/ V(t,5)g-(s,2(s), 2(B(5))) ds. 27)
t
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Proof. Necessity. Assume that z(t) = (u, v), |z(t)]] < Nexp(—a(t — tp)),t > ty, is a solution
of (22). Denote

t

Ut to)utio) + f Ut )84 (5. 2(5). 2(B(5))) s,

]

—/ Vi(t,5)g-(s,2(s), 2(B(s))) ds. (28)
t

¢(1)

V(1)

By straightforward evaluation we can see that the integrals converge and are bounded if ¢ €
[to, 00). Assume that t # 6;,i € Z. Then

¢'(1) = BL(0)$(1) + g+ (t, z2(), 2(B1))),
V') = B-Oy (1) + 8-, z(D), z(B1)),

and

u'(t) = Br(u(t) + g+(t, 2(1), z(B1))),
V(1) = B_(v(®) + g (1, 2(1), 2(B(1))).

Hence,

(1) —u®] = Bi(0[p(1) —u®)],
Y () —v®] = B-O[y @) —v@®)].

Calculating the limit values at ; € Z we can find that

¢'(6; £0) = B0, £0)p (0, £0) + g4+(6, £0,2(6; £ 0), 2(B(6; £ 0))),
W'(0; £0) = B0 £0)u(d; £0) + g4+ (6, £0,2(6; £0), 2(B6,; £ 0))),
W' (0 £0) = BL(0; £0)¥(6; £0) + g_(0; £0,2(0; +0), 2(B(6; £0))),
V(0 £0) = BL(6; £0)v(B; £0) 4+ g_(6; £0,2(0; £ 0), 2(B(B; £ 0))).

Consequently,

[ (1) —u®] |;=p,40 = [$®) — u®] |;=g; -0,
[W(®) — v li=p,0 = (Y (@) — v |;=p, 0 -

Thus, (¢ () — u(t), ¥ (t) — v(¢)) is a continuously differentiable on R function satisfying (23)
with the initial condition ¢ (f9) — u(to) = 0. Assume that ¥ (tg) — v(#9p) # 0. Then ¥ (¢) — v(¢)
is unbounded on [#p, 0o). This contradiction proves that ¢ (¢) — u(¢) = Oand ¥ (t) — v(r) =0
on R.

Sufficiency. Suppose that (27) is valid. Fix i € Z and consider the interval [0;, 6;+1). If
t € (6;,6;11), then by differentiating one can see that z(¢) satisfies (4). Moreover, considering
t — 6;+, and taking into account that z(8(¢)) is a right-continuous function, we find that z(¢)
satisfies (22) on [6;, 6;+1). The lemma is proved. [

Similarly to the last lemma, one can prove that the following assertion is valid.

Lemma 3.2. Fix N €e R, N > 0,a € (0, 0), and assume that conditions (C1)—(C3) are valid.
A function z(t) = (u,v), |lz(t)|| < Nexp(a(t — t9)),t < ty, where ty is a real fixed number,
is a solution of (22) on R if and only if it is a solution of the following system of integral
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equations:

t
u(t) =f Ul(t,5)8+(s,2(s), 2(B(s))) ds,

—00

1
v(r) = V(t, 1)v(to) +f V(t,5)g-(s,2(s), 2(B(s))) ds. (29)
]
Proof of Theorem 3.1. Let us consider system (27) and apply the method of successive
approximations to it. Denote zo = (0, 0)7, z,, = (um, vu)T, m € N, where form > 0
1

U1 (1) = U, t0)ulto) + / U1, $)4(5, 2m (), zm (B(s))) ds.

]

o
Umt1(t) = —/ V(t,5)8—(s, Zm(s), 2m(B(s))) ds. (30)
t
One can show by induction that
lzm (2, Ol < (K + €)llcll exp(—a(t — 1)), t = 1o, 3
provided that
20
K(K + e)ﬁ(l +exp(o0))L < e. (32)
o —uo

Similarly, one can establish the following inequalities:

2K2L(1 + exp(c6))
om (£ c1) — vm(t. e2)|| < ~ +ap ller — call exp(—a(t — fo)),

lzm (2, c1) — zm(t, c2)|| < 2K|lc1 — 2]l exp(—a(t — 1p)),

if 40 KL(1 + exp(00)) < 02 — a>.
And

2K L(1 + exp(c))
—

m—1
lzm (7, €) = zm-1(t, )|l < K|c|l ( ) exp(—a(t — to)). (33)

The last inequality and the assumption
o—u«
L< ———
2K (1 +exp(a6))
imply that the sequence z,, converges uniformly for all ¢ and ¢ > #y. Define the limit function

z(t, to, ¢) = (u(t, ty, ), v(t, to, ¢)). It can be easily seen that this function is a solution of (27).
By Lemma 3.1, z(¢, #p, ¢) is also a solution of (22). Taking ¢ = fy in (27) we have that

(34)

o0

u(to, to, ¢) = ¢, v(fo, fo, ¢) = —f V(t,5)g-(s, z(s, 1o, ), 2(B(s), fo, ¢)) ds.
]
Denote F(tg, c) = v(1, tp, ¢). One can see that it satisfies all the conditions which should be
verified. The theorem is proved. O

Definition 3.1. The set Y in the (¢, y)— space is said to be an integral set of system (1)
if any solution y(t) = y(t,t, y0), y(to) = Yo, with (fo, yo) € X, has the property that
t,y@)eld,teR.
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Theorem 3.2. The set ST is an integral set.

Proof. Assume that (g, ug, vo) € ST, zo = (1o, vo). We must show that if z(t) = z(t, t9, 20),
then (¢*, z(t*)) € ST forall t* € R. Indeed, if t* > #o, then ||z(¢)|| < (K + €)||uo|l exp(—a(t* —
to)) exp(—a(t — t*)), t* > to. Lemma 3.1 implies that the point (¢*, z(¢*)) satisfies the equation
v = F(t,u). If t* < 19, then ||z(r)|| < K|luoll exp(—a(t* — 19)) exp(—a(t — t*)), where K =
max{maxp: s 2(t) ||, (K + €)lluo|l}. Using Lemma 3.1 again one can see that (+*, z(t*)) € ST,
The theorem is proved. [

Theorem 3.3. For every fixed (to, u(ty)) system (27) admits only one solution bounded on
[70, 00).

Proof. By Theorem 3.1 there exists a solution of (27) bounded on [#p, 0c0). Assume that z1, z>
are two bounded solutions of (27). By straightforward evaluation it can be shown that
2K L(1 + exp(o))

sup |lz1 — 22 < sup |lz1 — z2ll.
[£9,00) o -« [£9,00)

Hence, in view of (34) the theorem is proved. O

Theorem 3.4. If (ty,z0) & ST then the solution z(t, to, z0) of (22) is unbounded on [ty, 00).

Proof. Assume, on the contrary, that z(¢) = z(¢, f9, zo0) = (u, v) is a bounded solution of (22)
and (9, zo) & S™T. It is obvious that

t

u(t) = U(t,to)u(to)+/ Ul(t,5)8+(s,z(s), z(B(s))) ds,

fp
v(t) = VI, o)k —/ V(t,5)g—(s,z(s), z(B(s))) ds, (35)
t
where

Kk = v(to) +f Vi, 5)g-(s,z(s), z(B(s))) ds,
fp

and the improper integral converges and is bounded on [#y, 00). But the inequality |V (¢, s)| >
K~ Vexp(a(r—s)), t > s implies that z(r) is bounded only if k = 0. By Theorem 3.3 z(¢) satisfies
(27) with ¢ = u(to). Hence u(tp), v(to), to satisfy (27) and (t9, z0) ¢ S™. The contradiction
proves our theorem. [

Using Lemma 3.2 one can prove the existence of an unstable manifold S~ for system (22),
which has the same asymptotic properties as the stable manifold ST, but for decreasing ¢.

On the basis of Theorems 3.1-3.4 and their analogues for t+ — —o0 one can conclude that
there exist two integral manifolds X, X~ of Eq. (1) such that every solution which starts at
X tends to zero as t — 00, and every solution which starts at X~ tends to zero as t — —o0.
All solutions on X1, ¥~ exist on R. If a solution starts outside of XT then it is unbounded on
[0, 00), and if a solution starts outside of X'~ then it is unbounded on (—o0, p].

The following assertions of this section describe the structure of the set of solutions which do
not belong to the integral sets. Consider a solution z(¢) = {u(t), v(¢)} of (22) with the initial data
fo, U0, vo, 2o # 0.
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Lemma 3.3. Assume (to, ug, vo) € ST, K(K> + 1)(1 + exp(af))L < o, and |ugl < |lvol.
Then |lu(@)|l < K*[v@)]l, 1 = 1o,

Proof. Assume that K > 1 (otherwise the proof is more simple). Suppose on the contrary that
there exist moments 7, f such that

lu@®l = v, lu@l = K*v@], (36)
and

o) < lu@ll < K2v@)|, F <t <. (37)
Since

t
u(t) = U(t, Du(@) + f U(t, s)g+ (s, 2(s), 2(B(s))) ds,
t
we have that
_ t
lu@®ll < Ke " Dlu@)|l + 2K L +*%) f e 7 u(s) | ds.
t

Applying the Gronwall-Bellman Lemma one can obtain that

lu @l < K llu(@)lle=(2KEAHDED, (38)
Similarly we can find that

@ < K [lv@)fle™ @ KLAFED A+ D)D) (39)
Hence, using (38) and the equality |u(f)|| = ||v(¢)|, one can obtain the inequality |u(f)| <

K2||v(?)||, which contradicts the assumption. The lemma is proved. O

Lemma 3.4. Assume that all conditions of Lemma 3.3 are valid. Then

U 1
o) 2 Lleo-ruaskieoo, (40)

Proof. Similarly to (39), applying Lemma 3.3 we may write that

o) || < K [[u(e)[|e® ~K LA+ A+ to=0),
The last inequality is equivalent to (40). The lemma is proved. O

Theorem 3.5. Assume that (o, ug, vo) € ST and K(K*+1)(1+e*)L < o. Then ||v(t)|| — oo
ast — oQ.

Proof. If ||ug|l < ||voll, then the proofis similar to that of Lemma 3.4. Assume that ||ug|| > |[vo]l.
In the same way as we obtained (38), we show that

()| < K [uto) e~ 2K LU+ —10), (41)

Now, Theorem 3.4 and the last inequality imply that there exists 7 such that |u(®)| = |[v@)].
The theorem is proved. [

Similarly to Theorem 3.5, one can prove that the following theorem is valid.

Theorem 3.6. Assume (o, ug, vo) € S~ and K(K* + 1)(1 4+ ¢*?)L < o. Then ||lu(t)|| — oo as
t — —oQ.
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4. The smoothness of the manifolds

The following condition is needed in this part of the paper.

(C6) The function f (¢, x, w) is uniformly continuously differentiable in x, w for all ¢, x, w.

Theorem 4.1. Suppose conditions (C1)—(C6) are fulfilled. Then the function F(t,u) is
continuously differentiable in u for all t, u.

Proof. By Theorem 3.1 there exists a solution z(t) = z(t, fo, ¢) of (22). Let us show that it is
continuously differentiable in c. Denote ¢; = (0, ...,0,1,0, .. .O)T, where the j-th coordinate
isone, and h; = hej, where h € R is fixed. Denote Az(t) = z(¢, to, ¢ + hj) — z(t, to, ¢), Az =
(Au, Av). We have that

0g+(s, Az(s), Az(B(5))) Az
dax

t
Au(t) =U(t, to)h; +/ Ul(,s) [ (s)

]

4 0846 AZ(g; AZBED) 85 +o+(Az)} ds.

Av(r) = _f Vi) [38—(& AZ(;l, Az(B(5))) Az(s)
t

L 5-G, Az(gl)u, AZBEN ) a5y + o ( AZ)} ds. (42)

Consider the following system of integral equations:

98+(s, Az(s), Az(B()))

0x ()

t
o) =U(t, e +/ Ul(,s) [

fp

L84, AZ(gi} BXPOD ,pisn | as,

o) = — / Vi) [ag—(& Azo). Az |
t

dax

0g—(s, Az(s), Az(B(s)))
+
ow

w(B(s)) | ds, (43)

where w = (¢, V).

Condition (C6) implies that there exists a constant L > 0 such that

98+ (s, Az(s), Az(B(5))) 98+(s, Az(s), Az(B(5)))
ax Jw

98— (s, Az(s), Az(B(5))) 98— (s, Az(s), Az(B(5)))
ax Jw

Consequently, from Theorem 3.1 one can obtain that there exists a unique bounded solution
w(t) =w(t, t, ej) = (¢, ) of system (43). Equalities (42) and (43) imply that

au) /’U(M)[agm, Az(s), Az(B())) (Az(s) —a)(s))
fo

’SL’

| <t

| <z,

<L

h ox h
n 0g+(s, Az(s), Az(B(s))) (AZ(ﬂ(S)) —a)(,B(s))) n 0+(AZ)} ds.
ow h h
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Av(r) v=_ /Oo Vit s) |:8g_(s, Az(s), Az(B(s))) (Az(s) B a)(s))
h ¢ dax h

9g—(s, Az(s), Az(B(s))) (Az(s) 0_(Az)

+ - ds.
ow h

Since solutions of (27) satisfy the Lipschitz condition, ||Az(¢)| < 2K |h|exp(—a(t — tp)) and

(C6) isvalid, |o+ | < O(h)|h|exp(—a(t —19)),i = 1, 2. Using the last relation and (44) we can

check that

(44)

a)(s)) +

sup O(h),

[79,00)

‘ Az H 2K L exp(o) H Az
— | < ————— sup |— —
[10.00) II 7

‘ 2K L exp(o)
w| +
h o o

where O (h) — 0 as h — 0. By the assumption we can take L arbitrarily small. Then

0z(t, 19, ¢)
ac; o

w(t).

The theorem is proved. [

The last theorem implies the smoothness of the surface X'*. Similarly, one can verify the
smoothness of the surface X' ~.

5. The existence of bounded and periodic solutions
In the same way as we did in Lemma 3.1, we can prove that the following assertion is valid.

Lemma 5.1. Assume that conditions (C1)—(C3) are valid. A function z(t) = (u, v) bounded on
R is a solution of (22) if and only if it is a solution of the following system of integral equations:

1
u(t) =f Ul(t,5)8+(s,2(s), 2(B(s))) ds,

v(t) = —f V(t,5)g—(s,2(s), z(B(s))) ds. (45)
t

In what follows, we shall need the following two conditions:

CDH Nf@, 0,0 <h,t eR,forsomeh € R, h > 0;
(C8) KL 1.

Denote H = supp |U (¢)]h.

Theorem 5.1. Suppose conditions (C1)—(C3), (C7), (C8) are valid. Then there exists a unique
solution z(t) of (22), bounded on R, and

2KH
D < —— . 46
IOl < ——2 (46)

Proof. Let us solve system (45), applying the method of successive approximations. Assume
that zo(t) =0, ¢t € R, and

t
) =/ U, $)8+(5, 2m-1(5), zm—1(B(s))) ds,

—0o0

U (1) = —/ V(t,$)g— (s, zm—1(5), zm—1(B(5))) ds, (47)
1
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where z,,(t) = (um, vm)T, m > 1. We have that

t
1 (@l Sf 1U (2, 9)]1llg+(s,0,0)]l ds,

—0Q
o
lvi @l S/ 1V, s)lllg—(s, 0, 0)] ds.
t
Then
KH KH
lurOl < —, lvi@OIl = —,
o o
and hence
2KH
lz1) < ——.
o

We can obtain by induction that the following inequality is valid:

2KL\" 2KH
lzm1() = 2wl = { == ——0=m.

Condition (C8) implies that the sequence z,, converges uniformly to a function « (¢), t € R. It is
easy to check that

KH
D < ————
el <

and «(¢) is a solution of system (45). Assume that there are two different bounded solutions
z! 72 of (45). Then one can see that

. 5 2K L
supllz” (1) —z7 (@ <
R o

sup |z (1) — 22 (D).
R

The last formula contradicts assumption (C6). The theorem is proved. O
Let us make the following additional assumptions:

(C9) the matrix A(¢) and the function f (¢, x, y) are periodic in ¢ with a period w;
(C10) there exist a real number @ and a positive integer p, such that 6;, , = 6; + w,i € Z.

Theorem 5.2. Suppose conditions (C1)—(C3), and (C7)—-(C10) are valid. Moreover,

w k
—=—, k,meN. (48)

® m
Then there exists an mw-periodic solution of (22).
Indeed, one can verify that all approximations z,,(t) are mw-periodic functions. The definition

of k (¢) implies that it is mw-periodic, too. The theorem is proved.

Example 5.1. Consider the following logistic equation:

N'(t) = NOla(®) — fF(NBOD], (49)

where N,t € R, a(t)— is an w-periodic, positive-valued, continuous function, f(0) =
0, f(N) > 0if N > 0, and there exists a Lipschitz constant / > O such that | f (N1) — f(N2)| <
[|N1 — N;| for all N1, N,. Moreover, we assume that sequence 6; satisfies condition (C10).
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Let m be the number from (48). We shall find conditions which guarantee the existence of an
maw-periodic, nonnegative solution of (49).
If we denote 0 = % f(;” a(u)du > 0 then there exists a constant K > 1 such that

el adu o geolt=s) 4 < ¢ (50)

Fix H > 0 and denote Gy = {N € R | 0 < N < H}. One can easily check that if
Ni, Ny, M|, M, € Gy, then

IMy1 f(N1) — My f(N2)| <TH(INy — N2| + |[M1 — M>)).

Fix ¢o(?), an mw-periodic, positive and continuous function. The last theorem implies that
if %Hl < 1,lH < land 0 > 2(1 — [H) then a sequence ¢, (¢) of mw-periodic and positive
functions

[e¢)
Pnt1(t) = / el 1 £ (¢, (B(s))) ds, n = 0,
t
converges to the nonnegative mw-periodic solution of (49).

Remark 5.1. Almost periodic solutions of logistic EPCA were considered using the reduction
to discrete equations in [27], and by applying an equivalent integral equation in [4]. Another
interesting possibility is to consider the existence of quasiperiodic solutions [33] using the
method of equivalent integral equations.
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