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By using the reduction technique to impulsive differential equations [Akhmet & Turan, 2006],
we rigorously prove the presence of chaos in dynamic equations on time scales (DETS). The
results of the present study are based on the Li—Yorke definition of chaos. This is the first time
in the literature that chaos is obtained for DETS. An illustrative example is presented by means

of a Duffing equation on a time scale.
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1. Introduction

The concept of chaos has been one of the attractive
topics among scientists since the studies of Poincaré
[Andersson, 1994], Cartwright and Littlewood
[1945], Levinson [1949], Lorenz [1963] and Ueda
[1978]. Another subject that is also popular is the
theory of time scales, which was first presented by
Hilger [1988]. Both concepts have many applica-
tions in various disciplines such as mechanics, elec-
tronics, neural networks, population models and
economics. See, for instance, [Barrio et al., 2014;
Bohner & Peterson, 2001; Feckan, 2011; Grebogi &
Yorke, 1997; Luo, 2014; Owens et al., 2013; Thamil-
maran et al., 2004; Tisdell & Zaidi, 2008; Zhang
et al., 2010] and the references therein.

Dynamic equations on time scales (DETS)
have been extensively investigated in the literature
[Bohner & Peterson, 2001; Lakshmikantham et al.,
1996]. However, to the best of our knowledge, the
presence of chaos has never been achieved in DETS.

*Author for correspondence

Motivated by the deficiency of mathematical meth-
ods for the investigation of chaos in such equations,
we suggest the results of the present study.

The first mathematical definition of chaos was
introduced by Li and Yorke [1975] for discrete
dynamical systems in a compact interval of the
real line. The presence of an uncountable scram-
bled set is one of the main features of the Li-
Yorke chaos. The original definition of Li and Yorke
was extended to dimensions greater than one by
Marotto [1978]. According to Marotto [1978], a
multidimensional continuously differentiable map
possesses generalized Li—Yorke chaos if it has a
snap-back repeller. The existence of Li—Yorke chaos
in a spatiotemporal chaotic system was proved in
[Li et al., 2007] by means of Marotto’s theorem,
and generalizations of Li—Yorke chaos to mappings
in Banach spaces and complete metric spaces were
provided in [Kloeden & Li, 2006; Shi & Chen, 2004,
2005]. It was shown by Kuchta and Smital [1989]
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that if a map on a compact interval has a two-
point scrambled set, then it possesses an uncount-
able scrambled set. Blanchard et al. [2002] proved
that the presence of positive topological entropy
implies chaos in the sense of Li—Yorke. Moreover,
Li—Yorke chaos on several spaces in connection with
the cardinality of its scrambled sets was studied
within the scope of the paper [Guirao & Lampart,
2005]. Besides, Li—Yorke sensitivity, which links the
Li—Yorke chaos with the notion of sensitivity, was
studied in the paper [Akin & Kolyada, 2003]. The
studies [Akhmet, 2009a, 2009b, 2009c; Akhmet &
Fen, 2012a, 2012b, 2013, 2014] were concerned with
the extension of chaos in continuous-time systems
that possess asymptotically stable and hyperbolic
equilibria as well as orbitally stable limit cycles. It
was found in these papers that the solutions admit
the same type of chaos as the perturbations. The
paper [Akhmet, 2009¢] deals with the general tech-
nique of dynamical synthesis, which was developed
in [Brown & Chua, 1993, 1996, 1997; Brown et al.,
2001]. In the present study, we develop the concept
of Li—Yorke chaos for DETS and prove its existence
rigorously. Our results are appropriate to obtain
chaotic DETS with arbitrary high dimensions.

Throughout the paper, we will denote by R, Z
and N the sets of real numbers, integers and natural
numbers, respectively. In this study, we consider the
following equation,

y2(t) = Ay(t) + f(t,y(t) + g(t,Q),

where A is a constant n x n real valued matrix, the
function f : Tg x R® — R™ is rd-continuous and
the function g(¢, () is defined through the equation
g(t,¢) = (i for t € [Oop_1,00%], k € Z, such that
¢ = {(x} is a sequence generated by the map

Cry1 = F(Cr), (2)

where (g € A, F': A — A is a continuous function
and A is a compact subset of R™. In Eq. (1) the
time scale Ty is defined as Ty = Upe_ . [f2k—1, O]
in which {0y} is a strictly increasing sequence of
real numbers such that |0;x| — oo as |k| — oo and
> oo(b2r — Oag—1) = 00, 337 (Oap, — b2k —1) = o0,
In the present paper, we investigate the exis-
tence of chaos in the dynamics of Eq. (1). The
system under discussion is a hybrid one, since it
combines the continuous dynamics on the time scale
with the discrete equation used in the right-hand
side of the system. We theoretically prove that
chaos exists in (1) provided that the map (2) is

te Ty, (1)

chaotic. For that purpose, we make use of the reduc-
tion technique to impulsive differential equations,
which was presented by Akhmet and Turan [2006].
As far as we know, there is no paper on chaos in
dynamics on time scales. The reason is that the
dynamics is essentially nonautonomous and it is dif-
ficult to verify the ingredients of chaos for unspeci-
fied time scales. That is why we utilize the time scale
introduced in the papers [Akhmet & Turan, 2006,
2009] and the method of reduction of the dynam-
ics to impulsive differential equations [Akhmet &
Turan, 2006].

The rest of the paper is organized as follows.
In Sec. 2, some preliminary results as well as basic
concepts about DETS are mentioned. Section 3 is
devoted to the bounded solutions of (1). In Sec. 4,
we give the description of the chaos of Eq. (1) and
prove its presence rigorously. An example concern-
ing Duffing equations on a time scale is presented
in Sec. 5 to support the theoretical results. Finally,
some concluding remarks are given in Sec. 6.

2. Preliminaries

The basic concepts that are needed in the present
paper about differential equations on time scales
are as follows [Bohner & Peterson, 2001; Laksh-
mikantham et al., 1996; Lakshmikantham & Vat-
sala, 2002; Lakshmikantham & Devi, 2006]. A time
scale is a nonempty closed subset of R. On a time
scale T, the forward and backward jump operators
are defined as o(t) = inf{s € T : s > t} and
p(t) = sup{s € T : s < t}, respectively. We say
that a point ¢ € T is right-scattered if o(t) > t
and right-dense if o(t) = ¢. In a similar way, if
p(t) < t, then t € T is called left-scattered, and
otherwise it is called left-dense. Besides, a function
h : T xR"® — R™ is called rd-continuous if it is
continuous at each (¢,u) € T x R™ with right-dense
t, and the limits lim,. ) o) h(r,v) = h(t—, u)
and limy,_,, h(t,v) = h(t,u) exist at each (¢,u) with
left-dense t. At a right-scattered point ¢ € T, the A-
derivative of a continuous function ¢ is defined as
9A(t) = 2eDI=90) O the other hand, at a right-

o(t)—t
dense point ¢, we have 92 (t) = lim,_; w

vided that the limit exists.

It is worth noting that on the time scale Ty
used in system (1) the points Oop_1, k € Z, are
left-scattered and right-dense, and the points 6o,
k € Z, are right-scattered and left-dense. More-
over, o(for) = O2py1, p(Oory1) = box, k € 7Z, and

pro-
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o(t) = p(t) =t for any t € T except at the points
O, k € Z.

Suppose that the time scale Ty used in the
description of Eq. (1) satisfies the w-property. That
is, there exists a number w > 0 such that t +w € Ty
whenever t € Ty. In this case, there exists a natural
number p such that 5, = 0 for all k € Z, where
Ok = 041 — Ooi [Akhmet & Turan, 2006]. Suppose
that p is the minimal among those numbers.

We assume without loss of generality that
0_1 < 0 < 6y. Define on the set T = To\ Upe_
{02x_1} the 1-substitution [Akhmet & Turan, 2006]

as
t— > G t>0,
0<Oop <t

(t) = (3)
t+ > G t<0.

<055 <0

The function v(t) is one-to-one, ¥(0) = 0, ¥(T}) =
R and lim; o sery ¥(t) = oo. According to the
results of the paper [Akhmet & Turan, 2006],
dip(t)/dt =1, t € T}, and dyp~'(s)/ds = 1 provided
that s # s, k € Z, where

s+ Z Op, s>0,

0<sp<s

- S — Z Op, s<0,

$<5,<0

v (s) (4)

and the sequence {si}, k € Z, is defined through
the equation s = ¥(fa). The function )~ is piece-
wise continuous with discontinuities of the first kind
at the points s, k € Z, such that ¥~ (sp+) —
Y1 (s) = Oy, where 7 (sp+) = lim_, ¢ Yl(s),
the sequence {s;} is (¢¥(w),p)-periodic, i.e. sp4p, =
sp+1(w) for all k € Z, and ¢ (t +w) = (t) + ¢ (w),
t € T},. Moreover, if a function h(t) is w-periodic on
Ty, then h(zp~1(s)) is 1 (w)-periodic, and vice versa.

Let us denote by C,.q(Tp) the set of all functions
which are rd-continuous on Ty, and let C!,(To) C
Crd(Ty) be the set of all continuously differentiable
functions on Ty, assuming that the functions have
a one sided derivative at 0, k € Z. On the other
hand, we say that a function defined on R is an
element of the set PCy if it is left-continuous on R
and continuous on R\ |JyZ __ {sx}, and it has dis-
continuities of the first kind at the points s, k € Z.
Moreover, a function h : R — R"™ belongs to the set
PC} if both h and A’ are elements of PCq, where

Li—Yorke Chaos in Hybrid Systems on a Time Scale

B (sg) = limsﬂs; %ﬁisk), k € Z. It was shown
by Akhmet and Turan [2006] that a function ¥(t)
belongs to C.q(To) (CL,;(To)) if and only if 9(yp~1(s))
belongs to PCqy (PC}).
In accordance with the equation y(fg,) =
Y(02k41)—y(02k)
0ok 41—02k

y'(t) = Ay(t) + f(t,y(t))
+g(ta<)a tGTOa
Y(Oop11) = o Ay(Oar) + f(Oor, y(O2r)) ok

+ (0 + y(Oax,)-

Applying the transformation s = (t) to (5) we
obtain the following impulsive system,

#'(s) = Ax(s) + f( 7 (s),2(s))
97 (8),Q), s # sy
Azls=s, = Ok Ax(sp) + F( (sr), 2 (s8))0k
+ CiOk»
where ‘7;(3) - y(wil(s)% Aw‘S:sk = x(8k+> _x<3k>7
k€ Z, and z(sp+) = lim__ + 2(s).

In what follows, we will make use of the usual
Fuclidean norm for vectors and the norm induced
by the Euclidean norm for square matrices [Horn &
Johnson, 1992].

The following conditions are required through-
out the paper.

(C1) det(! + dxA) # 0 for all k € Z, where I is the
n X n identity matrix;

(C2) all eigenvalues of the matrix e?(“)4 H?;é (I+
0;A) lie inside the unit circle;

(C3) there exists a positive number My such that

SUPyety,yern Lf (6 Y)ll < My
(C4) there exists a positive number L; such that

1 y1)—f(ty2)ll < Lyllyr—yz| forall t € To
and y1,y2 € R™

, k € Z, system (1) can be written

()

(6)

Let us denote by X (s,r) the transition matrix
of the linear homogeneous system

33/(8) = A[B(S), S 7é Sk,
Az|s—s, = OpAz(sy).

Under the conditions (C1) and (C2) there exist
positive numbers N and A such that [|[X(s,r)]| <
Ne M=) for s > ¢ [Akhmet, 2010; Samoilenko &
Perestyuk, 1995].

The following conditions are also needed.

(7)
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(C5) NLf(+ + —2) < 1, where § =
maxo<k<p—10k; B

(C6) —A\+ NL; + % In(1 + NLg6) < 0;

(CT) f(t+w,y) = f(t,y) for all (t,y) € Ty x R™.

The next section is devoted to the bounded
solutions of system (1).

3. Bounded Solutions

Under the conditions (C1)—(C5), one can verify by
using the results of [Akhmet, 2010; Samoilenko &
Perestyuk, 1995] that for a fixed sequence ¢ = {(x},
k € 7Z, there exists a unique bound on R solution
¢¢(s) of (6), which satisfies the relation

octs) = [ T X (s )@ ), 6 (1)

+o( (), Qldr+ Y X(s,spt)
< [f (™ (), dc (k) + CrlOk- (8)

Moreover, supg ||[¢¢(s)]| < Ko, where Ky =

N(Mj + Mp)(+ + —25) and Mp = maxyeq
|F'(n)||. Therefore, for a fixed sequence ( =
{¢k}, the function ¢c(t) = ¢c(¥(t)) satisfying
oc(Oak41) = éc(sk+), k € Z, is the unique solu-
tion of (5), and hence of (1), which is bounded on
To such that super, [[¢c(t)|| < Ko.

We say that the bounded solution ¢ (t) attracts
a solution y(t) of (1) if ||y(t) —¢¢(t)|| — O ast — oo,
t € Ty. The attractiveness feature of the bounded
solutions of (1) is mentioned in the next assertion.

Lemma 1. If the conditions (C1)—(C6) are valid,
then for a fized sequence (, the bounded solution
@¢(t) attracts all other solutions of (1).

Proof. Consider an arbitrary solution y(t), y(t°) =
Yo, of (1) for some t° € Ty and yo € R™. Assume
without loss of generality that t© # 65,1 for any
k € 7. Let s = ¢(t°) and x(s) = y(x~1(s)). The

relation

(s) — oc(s)

+ Y X(ss B (), x(s)

sV<sp<s

— f(™ (sk), b (sk))]0k

implies for s > sY that
[z(s) = o)

< N2y — o ()]
+ [N alr) = ge(r)ar

+ Z NLfSe”\(H’“)IIHS(Sk)*¢<(Sk)H-

s0<sp<s

Applying the Gronwall-Bellman lemma for piece-
wise continuous functions [Akhmet, 2010] to the last
inequality, one can obtain that

[2(s) = o)
< N(L+ NLgo)|lyo — ¢c(s”)

% e[f)\JrNLerpln(1+NLf5)/1j)(w)](sst)7 s> 50

Therefore, we have for t > t°, t € Ty, that
ly(£) = pc @)
< N1+ NLO) yo — ¢ (1)
« e[TAHNLy+pIn(14+NLg8) /()] (%(£)—(t%))

Consequently, ||y(t) —p¢(t)|| — 0ast — oo, t € To.
[ |

In the next section, we will deal with the pres-
ence of chaos in system (1).

4. The Chaotic Dynamics

The map (2) is called Li-Yorke chaotic on A if
[Akin & Kolyada, 2003; Aulbach & Kieninger, 2001;
Kolyada, 2004; Li & Yorke, 1975; Li, 1993]: (i) For
every natural number pg, there exists a pg-periodic
point of F' in A; (ii) there is an uncountable set
S C A, the scrambled set, containing no periodic
points, such that for every ¢!, (? € S with ¢! # (2,
we have limsup,_ .. [|F¥(¢') — F¥(¢?)|| > 0 and
liminfy_ o || FF(CY) — FF(C?)| = 0; (iii) for every
¢! € S and a periodic point (? € A, we have
lim supy, o0 | FH(C1) — FH(C?)]| > 0.

Let us denote by © the set of all sequences
¢ = {G}, k € Z, obtained by Eq. (2). A pair of
sequences ¢ = {(x}, ¢ = {(x} € O is proximal if
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liminfy_ o ||Cx — ka = 0. Moreover, the pair is fre-
quently separated if limsup,,_,_ [|Cs — Cil| > 0.

We say that a pair ¢¢(t), ¢ (t) of bounded solu-
tions of (1) is proximal if for an arbitrary small
real number ¢ > 0 and an arbitrary large natu-
ral number FE, there exists an integer m such that
“goc(t) *(,Dg(t)H <eforallte [92m717 92(m+E)] NTy.
On the other hand, the pair ¢c(t), ¢s(t) is fre-
quently (eg, A)-separated if there exist numbers
€p > 0, A > 0 and infinitely many disjoint inter-
vals J, C Ty, ¢ € N, each with a length no less
than A, such that [[¢o¢(t) — @z(t)|| > eo for each
t from these intervals. Furthermore, a pair ¢ (1),
@i (t) of solutions of (1) is called a Li-Yorke pair if
it is proximal and frequently (g, A)-separated for
some positive numbers ¢y and A.

Let 7 be the collection of all bounded solutions
@¢(t) of (1) such that ¢ € ©. The description of Li-
Yorke chaos for system (1) is as follows.

Definition 4.1. System (1) is called Li-Yorke

chaotic if:

(i) There exists an mw-periodic solution of (1) for
each m € N.

(ii) There exists an uncountable set ¥ C <7, the
scrambled set, which does not contain any peri-
odic solution, such that any pair of different
solutions of (1) inside ¥ is a Li—Yorke pair.

(ili) For any ¢¢(t) € ¥ and any periodic solution
pe(t) € . the pair ¢c(t), ps(t) is frequently
(€0, A)-separated for some positive numbers ¢
and A.

One can verify that the sequence {x} defined
through the equation ky = 09, — Oop_1, k € Z,
is p-periodic. In what follows, we will denote x =
ming<g<p—1 K and K = maxo<p<p—1 k. Moreover,
let i((ag, b)) be the number of terms of the sequence
{sr} that belong to the interval (ag,bg), where
aog,bp € R with ao < bg. One can verify that
i((a0,b0)) < p+ 5tz (bo — ao).

The next assertion is about the proximality fea-
ture of bounded solutions of Eq. (1).

Lemma 2. Suppose that the conditions (C1)-(C6)
are fulfilled. If a pair of sequences (,( € ©
is proximal, then the same is true for the pair

pc(t), pe(t) € .

Proof. Set Ry = 2N(Mf +MF>(%
a=\— NLf

Lty ) and
( ) In(1 + NLs6). Suppose that ~

Li—Yorke Chaos in Hybrid Systems on a Time Scale

is a real number which satisfies the inequality
1 op
> il
v > 1+N(>\+ 16_/\¢(w)>
NLf( +NLf5)p

( 1
x |1+
(0%

| NLp(1 + NLfc_S)P>

1— e—a’tﬁ(td)

Fix an arbitrary small number € > 0 and an arbi-
trary large natural number E such that

14+ NL#6)P
iln<7R1< + NL;9) >

aK €

E >

Assume without loss of generality that ¢ < 2Mp.
Since the pair ¢, ¢ is proximal, there exists an inte-
ger ko such that ||g(t,¢) — g(¢,{)|| < ¢/ for t €
(0211, 02k +22)] N To- Tn this case, [lg(v"(s),¢) —
g(™1(s), )| < €/ for s € (Sky—1, Skor+2]-

The bounded solutions ¢¢(s) = ¢¢ (¢~ (s)) and
pe(s) = cpg(wfl(s)) of (6) satisfy the relation

oc(s) — og(s)

S

= X(Svr)[f(wil

—00

- f(¢_1(r)7 (bé(r)) + g@b—l(r)? C)
—g@ 7N, Oldr+ > X(s,s54)

—00<8<S

X [f(¥™ (sk), dc(58))
= F7 (s), Be(s8)) + G — Cilow

Thus, for s € (sk,—1, Sko+2E), We have that

[f¢(s) — de(s)l

(r), d¢(r))

)‘(S*Skofl) + &(1 _

o e*)\(S*Skofl))

< Rje
Né_pe —A(s—sky—1+Y(w
,}/(1— e—\Y( w))(l - ¢ ( o1 )))

s [0 N oclr) - dgto)ar

Skg—1

+ Y NLpae g (sk) — o (s

8k0_1<8k<8

(9)
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B2 =
u(s) = el éc(s) — ¢z(s)|  and K
One can confirm by means of (9) that
v(s) = b1 + Fae™,

u(s) <o(s)+ /S NLgu(r)dr

Let us define the functions Ne /1 Sp
S <>\ 1 eww))'

where Sko—1
N _
B = Rle)\sko_l _ _;€A5k0—1 + Z NLfdu(sk).
v 5k071<3k<3
B Nope Aorg—1=9@)  4nq It can be shown by applying the analogue of the
(1 — e~ W) Gronwall’s lemma for piecewise continuous func-

tions that

u(s) <w(s)+ / NL¢(1+ NLfS)i((T’S))eNLf(S*T)v(T)dT

Sko—1
+ D NLpo(1 4 NLpo) (eroDeNEr(s=sk)y (g ).
5k071<3k<3

Accordingly, the inequality

NL 1+ NL6)P
+ f/82( + f ) e)\s
(6]

U(S) < ﬁl(l + NLf(_s)pe(A_a)(S_SkO—l) + ﬁ2€>\5 (1 _ e—a(s—sko_l))

NLf(_Spﬁ2(1 + NLf(_S)p As
+ e
1— @*aw(w)

(1 _ e_a(s_5k0—1+¢(w))>_
is valid. Therefore,

- Ne (1 5
L —a(s—spy-1) 4 V€ (L, 0P
16¢(5) = de(s)ll < Ra(l+ NLjo)Pe B <A 1 e—w(w)

NLs(1+ NLg5)?  NLgop(1+ NLg5)P
% (1 + «a + 1 — e~ (W)

for s € (Skg—1, Sko+2E)-
Suppose that s belongs to the interval (sg,—1+5, Sko+2E]- Because the number E is sufficiently large

such that £ > L ln(w) and s — sp,—1 > Fk, we have

Ry(1+ NL3)Pe s 5k0-1) < <
v

Hence,

~ e Ne/(1 op NL¢(1+ NLg5)P  NLgop(1 + NLg5)P
Iéc(s) = ée(o)ll < =+ =~ < 7)> <1 + - + <e

The last inequality yields [|o¢(t) — gpf(t)H < e for t € [Oy(ky+E)—1, O2(ko+2E)] N To. Consequently, the couple
@¢(t), pe(t) is proximal. M

The frequent separation feature of the bounded solutions of (1) is presented in the next lemma.

Lemma 3. Under the conditions (C1)—(C5), if a pair of sequences ¢,C € O is frequently separated, then
the pair of solutions ¢¢(t), goi(t) € o is frequently (€9, A)-separated for some positive numbers ey and A.

1540024-6



Int. J. Bifurcation Chaos 2015.25. Downloaded from www.worldscientific.com
by CITY UNIVERSITY OF HONG KONG on 01/16/16. For personal use only.

Proof. Because the pair of sequences ( ,f is fre-
quently separated, there exists a positive number ¢
and a sequence {k,} of integers satisfying k;, — oo
as ¢ — oo such that [|Cx, —fqu > € for each ¢ € N.
Let us fix a natural number ¢. For s €
(Sky—1, Sk, ], the solutions ¢¢(s) = ¢c(p(s)) and
Pe(s) = goE(@D_l(s)) of (6) satisfy the relations

ocls) = oclon, )+ [ [46c(r)

Skq—1

HF W) de (1) + G Jdr

and

oels) = oglon, )+ [ [40z(r)

Li—Yorke Chaos in Hybrid Systems on a Time Scale

respectively. Therefore, one can obtain that

¢ (k) — B
> €0k — || Gc(skg—11) = dg(sk—1 1)l

-/ Al + Lple(r) — o5

> &k — [L+ (||All + Ly)F]
l6¢(s) — dz(s)]]-

X sup
SE(Skg—1,5kg]

The last inequality implies that

€K
$hq—1 sup  [|g¢(s) — de(s)l| > —.
1 . longrrgd ST 2 (AT LR
), 6) + G Jdr,
Define the number
A= min{g €k }
2742+ (Al + Ly)R|(Kol|All + My + Mp) |-
At first, suppose that supses, . 1l0c(s) — -
oz(8)|| = lloc(n) — ¢z( f ! ( is true also for s € J; = (sg,_1,56,-1 + 4]
: c(n) — &) for some’n € (st 1,51, e

and let

Sk,—1 T S
I
Vg =
Sk,—1+ S
n—A, ifn>%_

It can be verified for s € J, = [v,, v, + A] that

léc(s) — dx(s)]
> g (n) — o)

[A[lll¢¢ (r) = dg(r)lidr

n

— f7H(r), dg(r))lldr

S
[, - ﬁkq\dr\
n

€0k

2+ (A + LA

On the other hand, the inequality

€0R

2+ ([[All + Lg)R]

I9c() = de()l > 5

in the case that SUDse (s, 1,5%,] [éc(s) — ()]l =

[6¢(sky—1+) — Pz (sk,—11)[-
Thus, [l¢c(t) — ¢z(t)|| > €o for each ¢ from the

intervals Jq; q S N7 where € = Wm and

Jy = ¥71(J,). Consequently, the pair (1), pe(t) €
o is frequently (€9, A)-separated. W

The main result of the present study is men-
tioned in the following theorem.

Theorem 1. Assume that the conditions (C1)—(C7)
are fulfilled. If the map (2) is Li—Yorke chaotic
on A, then system (1) is chaotic in the sense of
Definition 4.1.

Proof. Suppose that ¢ = {(x} is a pp-periodic solu-
tion of (2) for some py € N. In this case, the func-
tion g(t, (), which is used on the right-hand side of
Eq. (1), is mw-periodic, where m = lem{po,p}/p.
Making use of the conditions (C5) and (C7), one can
verify that the bounded solution ¢¢(t) of (1) is mw-
periodic. Therefore, (1) possesses an muw-periodic
solution for each m € N.

Let us denote by X the set consisting of
bounded solutions ¢¢(t) of (1) for which the ini-
tial value (y of the sequence ¢ = {(x} belongs to
the scrambled set S of the map (2). Because the set
S is uncountable, ¥ is also uncountable. Moreover,

1540024-7
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> does not contain any periodic solutions, since no
periodic points of F' take place inside S.
According to Lemmas 2 and 3, any pair of dif-
ferent solutions inside ¥ is a Li—Yorke pair, i.e. X
is a scrambled set. Besides, Lemma 3 implies that
for any solution ¢¢(t) € ¥ and any periodic solu-
tion p:(t) € /, the pair @c(t), (t) is frequently
(€0, A)-separated for some positive numbers €y and
A. Consequently, system (1) is Li—Yorke chaotic.
|

In the next section, a Duffing equation on a
time scale will be utilized to illustrate the theoreti-
cal results.

5. An Example

Let us take into account the following forced Duffing
equation,

yA8 )+ 5yA 1) + S u(e) +0.025°()

:0.1cos<gt)+g(t,é'), teTo, (10)

where To = Up__.[02k—1,02]) and 60, = 3k +
(14 (=1)%), k € Z. The function g(t,() is defined
through the equation g(t, () = ( for t € [fop_1, O],
k € Z, in which the sequence ¢ = {(x}, (o € [0,1],
is generated by the logistic map

Crr1 = 3.9Ck (1 — Ck)- (11)

The time scale T satisfies the w-property with
w = 6, and one can confirm that ¢ (w) = 4 and
0 = 2 for all k € Z, where 0, = 0,11 —02x. Accord-
ing to the results of the paper [Li & Yorke, 1975],
the map (11) possesses Li—Yorke chaos. It is worth
noting that the unit interval [0, 1] is invariant under
the iterations of the map [Hale & Kocak, 1991].

By using the variables y; = y and yo = y2,
Eq. (10) can be reduced to the system

YR (t) = y2(t),

A 35

y5 (1) = =S (t) = Bua(t) — 0.0247(1)  (12)

+0.1 cos(%t) +9(t, C),

which is in the form of (1), where

0 1
A= _32_5 s
and
0
fty,y2) =

—0.02y3 + 0.1 cos (gt)

One can show that

coS (—Bﬁt
2
[ 3V5 3v5
sin <Tt> CcoSs <Tt>

~_
|
&.
=
VY
‘OJ
[\)
S
~
~__—

where
0 1
Q=135 5
2 2

and the eigenvalues of the matrix e*4(I + 2A) are
inside the unit circle, where I is the 2 x 2 identity
matrix.

Due to the fact that the coefficient of the non-
linear term y3$(¢) in (12) is sufficiently small in
absolute value, it can be numerically verified for
Co € [0, 1] that the bounded solutions of system (12)

w1 01 o j
AV

Fig. 1.

t

The chaotic behavior in the solution of system (12).

1540024-8
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0.075

0.035

~0.005} L2

Yo

-0.045

-0.085

-0.125
-0.01

Fig. 2. The chaotic trajectory of system (12).

lie inside the region 2 = {(y1,72) € R? : —0.01 <
y1 < 0.07,-0.12 < y9 < 0.07}. Therefore, it is rea-
sonable to consider the dynamics of (12) inside 2.

The conditions (C5) and (C6) hold for (12) with
N =193, A=16,p=1,6 =2 and Ly = 0.000294.
In accordance with Theorem 1, system (12) is Li-
Yorke chaotic. It is worth noting that the chaoticity
of the logistic map (11) gives rise to the presence of
chaos in (12). Moreover, Lemma 1 implies that for a
fixed solution ¢ = {(x} of (11) the unique bounded
solution of (12) attracts all other solutions of the
System.

Let us use the solution ¢ = {(x} of (11) with
Co = 0.19 in system (12). We depict in Fig. 1 the y;-
coordinate of the solution of (12) corresponding to
the initial data y1(0) = 0.019 and y2(0) = —0.004.
Figure 1 supports the result of Theorem 1 such that
system (12) possesses chaos. Moreover, the trajec-
tory of the same solution in the y;—y- plane is rep-
resented in Fig. 2, which reveals the existence of a
chaotic attractor in the dynamics of (12).

6. Conclusion

We rigorously prove the existence of chaos in
dynamic equations on time scales, where the right-
hand side of the equations depends on a chaotic
map. The reduction technique to impulsive differ-
ential equations presented in the paper [Akhmet &
Turan, 2006] is used in our investigations. A mathe-
matical description of chaos in the sense of Li—Yorke
is provided for DETS, and the ingredients of the Li—
Yorke chaos, proximality and frequent separation,
are theoretically proved. The results can be used

Li—Yorke Chaos in Hybrid Systems on a Time Scale

to obtain chaotic mechanical systems and electrical
circuits on time scales without any restriction in the
dimension.
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