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Abstract This paper presents the chattering through
the singularity point of view for the first time. Themain
novelty of this article is that impact moments are con-
sidered as a singularity phenomenon. A bouncing ball,
an inverted pendulum and a hydraulic relief valve mod-
els are considered for the study.Moreover, the behavior
of solutions of a spring-mass system is studied for the
small mass. Simulations are given to support the theo-
retical analysis.

Keywords Singularity in impact moments · Chatter-
ing · Singular perturbation

1 Introduction

Investigations and observations show that the impact
chattering meets in operating almost every mechanism
and machine of impact-oscillating type [1–4]. Chatter-
ing is an important feature of impact systems [5,6]. It is
known as an infinite number of discontinuity moments
occurring in a finite time period. It is asserted in [7] that
chattering resembles with the inelastic collapse. The
balls dissipate their energy through an infinite num-
ber of collisions in a finite time interval. Budd and
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Dux [5] showed that chattering can occur for a peri-
odically forced, single degree of freedom impact oscil-
lator with a restitution law. They demonstrated that
chattering can form part of a periodic motion, and this
relates to certain types of chaotic behavior. Nordmark
and Piiroinen [8] considered simulation problems for
chattering as well as analysis of stability of the limit
cycle, which is chattering by solving the first varia-
tional equations. Moreover, they used the mappings,
which are constructed with the help of a solution, in
simulation schemes. Similar to the one in paper [5],
it shows the existence of chattering for a linear sys-
tem.

In paper [9], authors consider the mechanical mod-
elswithNewton’s Lawof impacts. They provided suffi-
cient conditions for the presence of chattering by exam-
ination of the right hand side of the impact models. The
criteria for the sets of initial data which always lead
to chattering were established. Moreover, they subject
the Moon–Holmes model to regular impact perturba-
tions for the chattering generation. Using the chattering
solutions, they generated the continuous chattering and
they applied Pyragas control to the system in order to
depress the chattering.

Two different types of chattering, namely complete
and incomplete chattering [3,5,8], exist in impact sys-
tems. Complete chattering is the phenomenon wherein
a system an infinite number of discontinuities in a
finite time occurs, where the velocity tends to zero
uniformly. Incomplete chattering bears on a sequence
of the impacts that initially has the same behavior
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as complete chattering, but it ends after a large but
finite number of impacts [8]. It is important to note
that, in paper [3], authors showed that in an elec-
trically driven impact microactuator, as the excita-
tion voltage is increased the complete chattering is
observed.

We will study three important models in mechanics;
an inverted pendulum [10,11], a bouncing ball [12–14]
and a hydraulic relief valve model [15], all of which
has chattering solutions. Moreover, we will study a
spring-mass system for the small mass. Thismodel will
have a chattering solution with the singular properties
as well.

In other respects, singular perturbation problems
are common in many areas of the science since they
give a high level overview of certain problems that
appear in the modeling of real-world problems by dif-
ferential equations [16–24]. These problems depend
on a small positive parameter such that the solution
varies rapidly in some regions and varies slowly in
other regions. In the book [16], author, in order to
show the difficulty that arises when a small parame-
ter multiplies the highest derivative, studies a second-
order differential equation, and one can understand the
nature of the singular perturbation through that dis-
cussion. On the other hand, impulse effects exist in a
wide diversity of evolutionary processes that exhibit
abrupt changes in their states [25–27]. In many sys-
tems, in addition to singular perturbation, there also
have impulse effects [28–32]. Chen et al. [30] derived
a sufficient condition that guarantees robust exponen-
tial stability for sufficiently small singular perturbation
parameter by applying the Lyapunov function method
and using a two-time scale comparison principle. In
[31,32], authors proposed Lyapunov function method
to set up the exponential stability criteria for singu-
larly perturbed impulsive systems. This method can
be efficiently used to overcome the impulsive pertur-
bation such that the stability of the original system
can be ensured. In [28], Lyapunov function method
was further extended to study the exponential stabil-
ity of singularly perturbed stochastic time-delay sys-
tems with impulse effect. However, the stability crite-
ria in [28,31,32] are all based on Lyapunov functions.
There is no systematic procedure supplied therein for
constructing the appropriate Lyapunov functions. The
results in [28,31,32] only guarantee the systems under
consideration to be exponentially stable for a suffi-
ciently small positive parameter.

In this article, we introduce a new type of singular-
ity. The systems under consideration have singularity
which appears through moments of impacts. More pre-
cisely, we say that the impact moments are singular
if they are infinite and there exist accumulation points
for themoments. Since there exist an infinite number of
discontinuity moments in a finite time, the possibility
of the blow up of solutions occurs here. This is why, the
phenomenon has to be accepted as a singular one. We
will consider the system where the singularity presents
only through the discontinuity moments as well as the
case when it occurs not only in the moments but also
in the differential equation.

To say about contribution of the paper to themechan-
ics, one should remark that singularly perturbed equa-
tions, which are in the focus of the investigation, are
mechanical models with a positive restitution coef-
ficient, μ > 0. That is, there are elastic impacts.
Meantime, the degenerate models, which are assumed
to be with μ = 0, are plastic impacts in mechani-
cal sense. Thus, our research is mainly about elastic
impact processes, and the plastic (degenerated) ones
are mentioned only with auxiliary aims if one consid-
ers mechanical purposes. These all correspond to the
paradigmof singular perturbation,which is approxima-
tion of a solution z(t, μ) of a problem P(μ) having a
small positive parameter with a solution z̄(t) = z(t, 0)
of the degenerate problem P(0),wherein the parameter
is zero.

In continuous dynamics, a parameter-dependent
problem P(μ) is singular if the convergence of a solu-
tion z(t, μ) to a solution z̄(t) of degenerate equation
P(0) is not uniform [33,34]. In the present paper, we
provide a rigorous argument that the problem under
investigation is singular from this fundamental point of
view. However, during the analysis, we have found that
there are additional arguments to be a singular problem
which are usually not mentioned in the literature. They
are:

1. The solutions z(t, μ) and z̄(t) are from different
functional spaces. In our case, they are functions
with infinitely many discontinuity moments and
those with a finite number of discontinuities.

2. The set of discontinuity moments is in an interval
which shrinks to a point.

Possibly, in the future, the first and the second features
can be considered as sufficient conditions for a problem
with discontinuities to be a singular one.
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2 Preliminaries: chattering in mechanical models

Consider the problem of impact interaction of a body
falling in the uniform gravity force field with a fixed
horizontal base. After colliding with the base the body
bounces back with the velocity whose norm is equal
to the norm of the pre-impact velocity multiplied by
μ, where μ is the restitution coefficient, 0 < μ < 1.
Then, after some time interval the body will fall on the
base again and the norm of its velocity will be equal
to the norm of bouncing velocity in the previous col-
lision multiplied by μ. The process cannot end in a
finite number of collisions. Thus, the considered phe-
nomenonconsists in following: after the initial collision
a series of repeated collisions of attenuated to zero,
which ends in a finite time with establishing a long
contact between interacted bodies. Arising this contact
results in decreasing number of degrees of freedom of
the system by a unit or more.

In this section, we will demonstrate that some
mechanical models with chattering solutions.

2.1 A bouncing ball

The most famous model in mechanics is a bouncing
ball model [12–14]. Therefore, first of all, we start
with a bouncing ball model. A ball is dropped from
a height h0 without initial velocity. The ball falls verti-
cally onto a smooth horizontal surface. During the free
fall, we assume that the ball is subjected only to gravity.
Besides, during each bounce, the collision is assumed
instantaneous, i.e., the duration of contact is zero, and
inelastic, i.e., a part of the kinetic energy of the ball dis-
sipated. Therefore, the ball’s velocity after a collision
is smaller than before the collision, and consequently
the height of bounces decreases with time. Let μ be
the ratio between the ball velocity after and before the
impact. This ratio is between the ball and the surface,
which is assumed constant for all impacts. Thus, if vn
is the ball velocity before the nth bounce, we have the
following expression

vn+1 = μvn, n = 1, 2, 3, . . .

Consider Fig. 1, it is easy to show that the ball first
strikes the surface after a time t0 = √

2h0/g, with a
velocity v1 = √

2h0g where g is the acceleration of
gravity. Let tn be the time of flight of the ball between
the nth and n + 1th bounces. Let us compute the time
tn, n = 1, 2, 3, . . . :

time(t)0

he
ig

ht
(x

)

0

h0

v2
v2 v3

t0 t1 t2

v1

Fig. 1 Representation of a bouncing ball

tn = 2vn
g

= μn

√
8h0
g

, n = 1, 2, 3, . . .

Now, we describe the system as follows:

ẍ = −g, �ẋ |x=0= −(1 + μ)ẋ,

x(0) = h0, ẋ(0) = 0,
(1)

where x ≥ 0. In Fig. 1 and from the above assump-
tion, we can calculate the impact moments as: θ0 =√
2h0/g, θi+1 = θi + μi+1

√
8h0
g , i = 0, 1, 2, . . . .

Hence,

θ∞ = θ0 +
∞∑
i=1

tn = θ0 + t1

∞∑
i=1

μn−1

= 1 + μ

1 − μ

√
2h0
g

,

sinceμ < 1. As a result, the ball admits infinitelymany
impacts and stays on the surface without bouncing for
t > θ∞.

It is easily seen that if onefix themoments θi and take
x = y, ẋ = z in (1), then the motion of the bouncing
ball satisfies the following equations.

ż = −g, �z|t=θi = −(1 + μ)z,

ẏ = z,

z(0, μ) = 0, y(0, μ) = h0,

(2)

where y ≥ 0. It can be seen in Fig. 2 that solutions of
system (2) with initial values z(0, μ) = 1, y(0, μ) = 0
for different values of μ have many impact moments.
It is obvious that as the parameter μ decreases to zero,
the time of the ball to rest decreases and the impact
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Fig. 2 Solution of system (2) with initial values z(0, μ) =
1, y(0, μ) = 0 for different values of μ (blue, red and magenta
represent the coordinates of (2) for μ = 0.8, μ = 0.5 and
μ = 0.3, respectively). It is obviously seen that as the parameter
μ decreases to zero, the time of the ball to rest also decreases.
(Color figure online)
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Fig. 3 Ultimate form of the solution of system (2) as μ → 0

moments tend to the first impact moment. That is, as
μ → 0, the solution (z(t, μ), y(t, μ)) of (2) ultimately
looks like in Fig. 3. There arise questions: (1) are the
functions in Fig. 3 are the limits of the solutions; (2)
what is the type of the convergence; (3) is there a model
such that the functions are their solutions? In what fol-
lows, we will answer the questions, and moreover, we
specify relations between the original model and the
model with zero value of the parameter as a singu-
lar perturbation, such that one can approximate the
solution of (2) by solutions of a degenerate equation.
Moreover, we shall show that the interval (θ0, θ∞) is a
boundary layer of the problem. Similar discussion can
be made for the next two mechanical models.

Fig. 4 The impacting inverted pendulum [11]

2.2 An inverted pendulum

Next, wewill consider the inverted pendulum. It is used
in the modeling of various engineering applications,
such as rings, printers, machine tools, dynamics of
rigid standing structures and rolling railway wheel set
[10,11]. The model in [11] will be discussed which has
a lateral obstacle for the chattering. The inverted pen-
dulum has impact against the rigid flat wall with a con-
stant restitution coefficient μ. The mechanical model
can be observed in Fig. 4. The dynamics of the inverted
pendulum between the lateral walls is described by the
equations

ẍ + 2δ ẋ − x = γ sin(ωt), |x | < 1,

�ẋ ||x |=1 = −(1 + μ)ẋ,
(3)

where x = θ/θmax is the normalized angle (Fig. 4), δ
is the viscous damping (0 < δ < 1), f (t) = γ sin(ωt)
is the harmonic excitation representing the horizon-
tal acceleration of the base. During the motion of the
impacting pendulum, we will take the wall at the posi-
tion x = 1 as an impacting surface, 0 ≤ x ≤ 1,
γ = 0.001, ω = 5, δ = −0.005 and μ = 0.9. Denote
x = y, ẋ = z. Then, system (3) will be

ż = 0.01z + y + 0.001 sin(5t),

�z|y=1 = −(1 + μ)z,

ẏ = z,

(4)

where 0 ≤ y ≤ 1. In Fig. 5, one can observe that
the pendulum performs many strikes in finite time if
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Fig. 5 Solutions of (4) with initial values z(0, μ) =
0, y(0, μ) = 0. Here, red and blue lines represent the solutions
for μ = 0.5 and μ = 0.8, respectively. (Color figure online)
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Fig. 6 Demonstration of the solution of (4) with initial values
z(0, μ) = 0, y(0, μ) = 0 as μ → 0 in ultimate situation

the initial values are z(0, μ) = 0, y(0, μ) = 0. (The
detailed mathematical investigations are presented in
paper [11]. In particular, it was shown that there are
infinitely many strikes.)

Moreover, Fig. 5 tells us that whenμ decreases solu-
tions of (4) get closer to functions demonstrated in
Fig. 6.

2.3 A hydraulic pressure relief valve

In this subsection, a mathematical model describing
the dynamics of a single stage relief valve embedded

Fig. 7 Sketch of the physical system. Here y1,2,3 stand for
the dimensionless displacement, velocity and pressure, q is
the dimensionless flow rate entering the system, δ and κ are
the (dimensionless) spring precompression and damping coeffi-
cients, μ is the restitution coefficient between the seat and the
valve body, β is a measure of the compressibility parameter of
the fluid and the elastic hoses [15]

within a simple hydraulic circuit, which is derived in
[15], will be discussed.

The equation of motion for the valve poppet system,
which is described in Fig. 7, is of the form:

ẏ1 = y2,

ẏ2 = −κy2 − (y1 + δ) + y3,

ẏ3 = β(q − y1
√
y3),

�y2|y1=0 = −(1 + μ)y2,

(5)

with the initial values the initial values y1(0, μ) = 10,
y2(0, μ) = 0, y3(0, μ) = 10, where y1 is the position
and y2 is the velocity of the poppet, y3 is the pressure
in the chamber. y1 > 0 if the valve is open and y1 =
0 if it is closed. It is assumed that y3 > 0, that is,
the reservoir pressure is above the ambient pressure;
hence, the flow direction is always outwards from the
reservoir. δ and κ are the spring precompression and
damping coefficients, μ is the restitution coefficient
between the seat and the valve body, β is a measure
of the compressibility parameter of the fluid and the
elastic hoses.

In [15], it is shown that in the case of low flow rates,
i.e., for small values of q, and y3 < δ chatteringmotion
exists. Therefore, it is reasonable to discuss this model
as an example for the chattering. Figure 8 represents
the solutions y1(t, μ), y2(t, μ), y3(t, μ) for different
values of μ. Clearly, we can see that as the restitution
coefficientμ decays to zero, they approach to functions
y1(t), y2(t), y3(t), which are represented in Fig. 9.
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Fig. 8 Solutions of system (5) for y1(0, μ) = 10, y2(0, μ) = 0,
y3(0, μ) = 10, where β = 20, q = 0.3, κ = 1.25, δ = 20.
Here, blue and red represent the solutions for μ = 0.8 and μ =
0.3, respectively. (Color figure online)
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Fig. 9 Representation of solution of system (5) for y1(0, μ) =
10, y2(0, μ) = 0, y3(0, μ) = 10, where β = 20, q = 0.3, κ =
1.25, δ = 20 as μ → 0 in ultimate situation

3 Main results

3.1 Singularity in impact moments

We start to consider the following impulsive system

dz

dt
= F(z, y, t), �z|t=θi (μ) = I (z, y) (6a)

dy

dt
= f (z, y, t), �y|t=ξ j = J (z, y) (6b)

where functions F, f, I and J are m-dimensional
vector valued functions, z, y ∈ R

m, t ∈ [0, T ],

θ1(μ) = d1(μ), θi+1(μ) = θi (μ) + di+1(μ), i ≥
1,

∑∞
i=1

di (μ) is uniformly convergent anddi (0) = 0,
0 < ξ1 < ξ2 < · · · < ξk < T, and ξi , 1 ≤ j ≤ k,
is fixed. Consequently, limit limi→∞ θi (μ) = θ∞(μ)

exists and model (6) has infinitely many discontinuity
moments in finite time.

Let us take μ = 0 in (6). Then we obtain

dz̄

dt
= F(z̄, ȳ, t), (7a)

d ȳ

dt
= f (z̄, ȳ, t), �ȳ|t=ξ j = J (z̄, ȳ). (7b)

We will call system (7) as a degenerate equation for
system (6).

Define the initial conditions (for simplicity, we set
t0 = 0 and it is not a jump moment.)

z(0, μ) = z0, y(0, μ) = y0, (8)

where z0 and y0 are assumed to be independent of μ.

Let us investigate the solution z(t, μ), y(t, μ) of (6)
and (8) on segment 0 ≤ t ≤ T .

Define the domain H = {0 ≤ t ≤ T, |y| < a, |z| <

b}. Let J̃ (z, y) = z + I (z, y), z, y ∈ H. Assume that
J̃ (z, y) satisfies the Lipschitz condition:

(C1) ‖ J̃ (z1, y)− J̃ (z2, y)‖ < L‖z1−z2‖, 0 < L < 1,
z1, z2, y ∈ H.

We write x = J̃∞(z, y), z, y ∈ H, if the limit

lim
n→∞ J̃ ( J̃ (. . . J̃ (z, y) . . . , y), y)︸ ︷︷ ︸

n-times

= x

exists.
Fix z0, y0 ∈ H such that

(C2) J̃∞(z0, y0) = ϕ.

Consider the following initial conditions for (7)

z̄(0) = ϕ, ȳ(0) = y0. (9)

We need the following conditions:

(C3) Functions F(z, y, t), f (z, y, t), I (z, y) and
J (z, y) are continuous in each argument, and
F(z, y, t), f (y, z, t) are continuously differen-
tiable with respect to z and y in the domain H.

(C4) Functions F(z, y, t), f (z, y, t) are bounded on
H , i.e., ‖F(z, y, t)‖ ≤ M < ∞ and ‖ f (z, y, t)‖
≤ m < ∞ for (z, y, t) ∈ H.
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Theorem 1 If conditions (C1)–(C4) are true, then
solutions z(t, μ) and y(t, μ) of problem (6)with initial
conditions (8) exist on 0 ≤ t ≤ T , are unique, and
satisfy

lim
μ→0

y(t, μ) = ȳ(t) for 0 ≤ t ≤ T (10)

and

lim
μ→0

z(t, μ) = z̄(t) for 0 < t ≤ T, (11)

where z̄(t), ȳ(t) are solutions of (7) and (9).

In general, the initial condition z0 is not equal to ϕ.

This is why, the solution of (6) does not converge to the
solution of (7) uniformly and the problem is singularly
perturbed.

Proof Let z0, y0 ∈ H. Then the existence and unique-
ness of solutions z(t, μ) and y(t, μ) of (6) with (8)
follow from [25, Theorems 2.3.2 and 2.3.4] since con-
dition (C3) holds.

Now, consider the following system

dz̃

dt
= 0, �z̃|t=θi (μ) = I (z̃, y0) (12a)

d ȳ

dt
= f (z̄, ȳ, t), �ȳ|t=ξ j = J (z̄, ȳ). (12b)

Solution z̃(t) of (12a) with initial value z̃(0) = z0, for
each μ > 0 is equal to ϕ if t ≥ θ∞(μ).

θ∞(μ) → 0 asμ → 0.Therefore, there existsμ0 >

0 such that θ∞(μ) < ξ1 for 0 ≤ μ < μ0. Define the
recursive formula

Tn(μ) = LTn−1(μ) + dn(μ), n ≥ 2,

where T1(μ) = Md1(μ).

Then, for 0 ≤ t ≤ θ∞(μ) compare (6a) and (12a).
If t ∈ [0, θ1(μ)], we obtain

‖z(t, μ) − z̃(t)‖ =
∥∥∥∥z0 +

∫ t

0
F(z, y, s)ds − z0

∥∥∥∥
≤

∫ t

0
Mds ≤ Mt ≤ Md1(μ),

and for t ∈ (θ1(μ), θ2(μ)] :

‖z(t, μ) − z̃(t)‖ =
∥∥∥∥z0 +

∫ θ1

0
F(z, y, s)ds + I (z0

+
∫ θ1

0
F(z, y, s)ds, y0)

+
∫ t

θ1

F(z, y, s)ds

− (z0 + I (z0, y0))

∥∥∥∥
≤ LMd1(μ) + Md2(μ).

For t ∈ (θ2(μ), θ3(μ)] :

‖z(t, μ) − z̃(t)‖ =
∥∥∥∥z0 +

∫ θ1

0
F(z, y, s)ds

+I (z0 +
∫ θ1

0
F(z, y, s)ds, y0)

+
∫ θ2

θ1

F(z, y, s)ds

+I

(
z0 +

∫ θ1

0
F(z, y, s)ds + I (z0 +

+
∫ θ1

0
F(z, y, s)ds, y0)

+
∫ θ2

θ1

F(z, y, s)ds, y0
)

+
∫ t

θ2

F(z, y, s)ds

−(z0 + I (z0, y0) + I (z0 + I (z0, y0), y0))

∥∥∥∥
≤ L2Md1(μ) + LMd2(μ) + Md3(μ).

...

By induction, one can show that for t ∈ (θn−1(μ),

θn(μ)], ‖z(t, μ) − z̃(t)‖ ≤ Tn(μ),

Tn(μ) =
n∑

i=1

Ln−i Mdi (μ) < M
n∑

i=1

di (μ)

= Mθn(μ).

Tn(μ) → 0 as μ → 0. Therefore, for t ∈
(θn−1(μ), θn(μ)], z(t, μ) is in the neighborhood of
z̃(t). Moreover, as n → ∞, we have z(θ∞(μ), μ) →
z̃(θ∞(μ)) = ϕ. At time t = θ∞(μ),

z̄(θ∞(μ)) = ϕ +
∫ θ∞(μ)

0
F(z̄, ȳ, s)ds and

z̃(θ∞(μ)) = ϕ,

where z̄(t) is the solution of (7) and (9). Hence,

‖z̄(θ∞(μ)) − z̃(θ∞(μ))‖ ≤ Mθ∞(μ).

Since θ∞(μ) → 0 asμ → 0, z̃(θ∞(μ)) → z̄(θ∞(μ)),

and so z(μ, θ∞(μ)) → z̄(θ∞(μ)).
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Now, if θ∞(μ) < t ≤ T, consider the systems
(6a) and (7a). By continuous dependence z(t, μ) is the
neighborhood of z̄(t).

Similarly, if t ∈ [0, θ1(μ)], we get

‖y(t, μ) − ȳ(t)‖ =
∥∥∥∥y0 +

∫ t

0
f (z, y, s)ds − y0

−
∫ t

0
f (z̄, ȳ, s)ds

∥∥∥∥
≤ 2mt ≤ 2md1(μ).

For t ∈ (θ1(μ), θ2(μ)] :

‖y(t, μ) − ȳ(t)‖ =
∥∥∥∥y(θ1(μ), μ)

+
∫ t

θ1(μ)

f (z, y, s)ds − ȳ(θ1(μ))

−
∫ t

θ1(μ)

f (z̄, ȳ, s)ds

∥∥∥∥
≤ 2md1(μ) + 2m(t − θ1(μ))

≤ 2md1(μ) + 2md2(μ).

...

By induction, for t ∈ (θn−1(μ), θn(μ)], we have
‖y(t, μ)− ȳ(t)‖ ≤ ∑n

i=1 2mdi (μ) = 2mθn(μ). Since
θn(μ) → 0 as μ → 0, y(t, μ) → ȳ(t). Thus,
y(θ∞(μ), μ) → ȳ(θ∞(μ)) as μ → 0, n → ∞. Now,
we examine the solution for t > θ∞(μ). It is read-
ily seen that by continuous dependence y(t, μ) is in
the neighborhood of ȳ(t) on (θ∞(μ), T ]. Theorem is
proved.

This is the time to explain, on the basis of the above
theorem and proof, why the problem investigated in
our paper is a singular perturbation problem. Indeed, a
perturbation is singular if the convergence is not uni-
form [33,34]. In our case, solution (z(t, μ), y(t, μ))

converges to (z̄(t), ȳ(t)) uniformly on each interval
[ε, T ], ε > 0, but there is no convergence at the point
t = 0 since z0 	= ϕ. This is why, the convergence
is not uniform and it is the sufficient argument to say
that in Theorem 1 a singular problem is considered.
Another remarkable fact in our research is that the
region in which the impact moments are placed shrinks
to a single point when the parameter diminishes, i.e.,
[0, θ∞(μ)] → 0 as μ → 0. From the above research,
one can make a conclusion that [0, θ∞(μ)] is a bound-

ary layer. Finally, it should be emphasized that the sin-
gularity in our paper is not a consequence of the small
parameter multiplied by the derivative, but it is caused
by singularity in impact moments.

In the next section, we will combine the singular
perturbation through the small parameter multiplying
the highest derivative and singularity in discontinuity
moments.

3.2 Singularity in impact moments and small
parameter multiplying the derivative

In the previous subsection, we show the singularity
emerging from impact moments. Now, in addition to
this, we will demonstrate the singularity in both from
impact moments and from the small parameter in front
of the derivative which can be described as follows

μ
dz

dt
= F(z, y, t), �z|t=θi (μ) = I (z, y), (13a)

dy

dt
= f (z, y, t), �y|t=ξ j = J (z, y), (13b)

where all functions, discontinuity moments, domain,
initial conditions are defined in Sect. 3.1. This sys-
tem is different from system (6) as follows: we have a
small parameter multiplying the derivative and singu-
larity in impact moments. Hence, additional condition
is needed.

(C5) Suppose that lim
μ→0+

θi (μ)

μ
= 0, i = 1, 2, . . . .

Let us investigate the solution z(t, μ), y(t, μ) of (13)
and (8) on segment 0 ≤ t ≤ T .

Take μ = 0 in (13). Then we obtain

0 = F(z̄, ȳ, t),

d ȳ

dt
= f (z̄, ȳ, t), �ȳ|t=ξ j = J (z̄, ȳ).

(14)

Assume that 0 = F(z̄, ȳ, t) has a root z̄ = ϕ such that
condition (C2) is true. Hence, we can write

d ȳ

dt
= f (ϕ, ȳ, t), �ȳ|t=ξ j = J (ϕ, ȳ),

ȳ(0) = y0.
(15)

Introduce the adjoint system

dz̃

dτ
= F(z̃, y, t), (16)

where y and t are considered as parameters, z̃ = ϕ is
an isolated stationary point of (16) for y, t ∈ H . We
need the following condition, also,
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(C6) the stationary point z̃ = ϕ of (16) is uniformly
asymptotically stable.

Theorem 2 If conditions (C1)–(C6) are true, then
solutions z(t, μ) and y(t, μ) of problem (13) with ini-
tial conditions (8) exist on 0 ≤ t ≤ T , are unique, and
satisfy

lim
μ→0

y(t, μ) = ȳ(t) for 0 ≤ t ≤ T (17)

and

lim
μ→0

z(t, μ) = ϕ for 0 < t ≤ T, (18)

where ȳ(t) is the solution of (15).

Proof Let z0, y0 ∈ H. Similarly, the existence and
uniqueness of solutions z(t, μ) and y(t, μ) of (13)with
(8) follow from [25, Theorems 2.3.2 and 2.3.4] since
condition (C3) holds.

Now, consider the following system

dẑ

dt
= 0, �ẑ|t=θi (μ) = I (ẑ, y0) (19a)

d ȳ

dt
= f (ϕ, ȳ, t), �ȳ|t=ξ j = J (ϕ, ȳ) (19b)

which has the same discontinuity moments, impulse
function and initial condition as Eq. (13). Solution ẑ(t)
of (19) with initial value ẑ(0) = z0, for each μ > 0 is
equal to ϕ if t ≥ θ∞(μ). Consequently, one can say

lim
μ→0

ẑ(t) = ϕ, 0 < t ≤ T .

θ∞(μ) → 0 as μ → 0. Therefore, there exists μ0 > 0
such that θ∞(μ) < ξ1 for 0 ≤ μ < μ0. Define the
recursive formula

Hn(μ) = LHn−1(μ) + dn(μ)

μ
, n ≥ 2,

where H1(μ) = M d1(μ)
μ

.

Similar to proof of Theorem 1, for t ∈ (θn−1(μ),

θn(μ)], one has ‖z(t, μ) − ẑ(t)‖ ≤ Hn(μ), and

Hn(μ) =
n∑

i=1

Ln−i M
di (μ)

μ
< M

n∑
i=1

di (μ)

μ

= M
θn(μ)

μ
.

It follows from condition (C5) that Hn(μ) → 0 as
μ → 0. Therefore, for t ∈ (θn−1(μ), θn(μ)], z(t, μ)

is in the neighborhood of ẑ(t). Moreover, as n → ∞,

we have z(θ∞(μ), μ) → ẑ(θ∞(μ)) = ϕ.

Now, if θ∞(μ) < t ≤ T, consider the systems (13a)
and (19a). By condition (C6), z(t, μ) is the neighbor-
hood of z̃(t).

Limit (17) is follows from the proof of Theorem 1.
Theorem is proved. 
�

4 Examples

The first example is a scalar one.

Example 1 Consider the initial value problem

dz

dt
= z2,

�z|t=θi (μ) = −0.3z, z(0) = z0,
(20)

where θ1(μ) = hμ, θi+1(μ) = θi (μ) + hμi+1i ≥ 1,
and z ∈ R. Here, J (x) = x + I (x) = 0.7x . Let us
check the conditions of Theorem 1.

lim
n→∞ J (J (. . . J (z0)))︸ ︷︷ ︸

n−times

= lim
n→∞ (0.7)nz0 = 0 = ϕ.

Also, |J (x) − J (y)| ≤ 0.7|x − y|. The system corre-
sponding (7) and (9) is

dz̄

dt
= z̄2, z̄(0) = 0. (21)

Therefore, for any z0 ∈ R, solution z(t, μ) of (20)
approaches to solution z̄ = ϕ = 0 of (21) as μ → 0.
It can be seen in Fig. 10 that solution z(t, μ) of (20)
approaches z̄ = 0 asμ → 0 for the initial value z0 = 1.

Example 2 Let us consider the second example as fol-
lows.

dz

dt
= z2 − 5z + y, �z|t=θi (μ) = −0.8z + y2,

dy

dt
= yz, �y|t=ξ j = z,

(22)

where 0 < μ < 1 , θ1(μ) = sinμ2, θi+1(μ) =
θi (μ) + (sinμ)i+2, i > 1, ξ j = 0.3 + j/24, j =
12, 13, 14, 15, 16, with initial conditions z(0, μ) =
1, y(0, μ) = 1, on the domain H = {0 ≤ t ≤
1.5, ‖z‖ < 2, ‖y‖ < 10}. It is easily seen that the con-
ditions of Theorem 1 are satisfied. That is, J (z, y) =
z + I (z, y) = 0.2z + y2 satisfies
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Fig. 10 Black, blue, magenta and red represent the solution
z(t, μ) of (20) for values of μ = 0.5, 0.3, 0.2, 0, respectively,
with initial value z0 = 1. (Color figure online)

‖J (z1, y) − J (z2, y)‖ ≤ 0.2‖z1 − z2‖,

J∞(1, 1) = lim
n→∞

(
(0.2)n +

n−1∑
i=1

(0.2)i
)

= 5/4.

Now, consider the following systemwhich is obtain-
ed by taking μ = 0 in (22) with new initial conditions:

dz̄

dt
= z̄2 − 5z̄ + ȳ,

d ȳ

dt
= ȳ z̄, �ȳ|t=ξ j = z̄,

(23)

with z̄(0) = 5/4, ȳ(0) = 1. By Theorem 1, solutions
z(t, μ), y(t, μ) of (22) with z(0, μ) = 1, y(0, μ) = 1,
tend to solutions z̄(t), ȳ(t) of (23) as μ → 0, respec-
tively, which are illustrated in Fig. 11.

5 Asymptotic approximations

Solutions of the systems defined in this paper admit
infinitely many jumps, and this makes, in general,
impossible to find an exact solution or adequately to
simulate it. So, in this section, we suggest a model
with finitely many impacts to find the solution of the
perturbed system approximately. In order to increase
the precision of approximation, we follow the idea of
asymptotic approximations. In systems, we will take
finitely many discontinuity moments to find an asymp-
totic approximation. That is, the discussed systems
are equipped with the same properties except infinite
impact moments.

0 0.5 1 1.5
0

0.5

1

1.5

2

t

z

0 0.5 1 1.5
0

2

4

6

8

10

t

y

Fig. 11 Magenta and blue represent the coordinates
z(t, μ), y(t, μ) of (22) with initial conditions z(0, μ) =
1, y(0, μ) = 1, for μ = 0.1, μ = 0.3, respectively,
and black represents the coordinates z̄(t), ȳ(t) of (23) with
z̄(0) = 5/4, ȳ(0) = 1. (Color figure online)

Let us discuss the asymptotic approximation for
each proposed system. Through this section, [.] denotes
the greatest integer function.

The solution of system (6) with (8) has the following
asymptotic representation

z(t, μ)

=

⎧⎪⎨
⎪⎩
zm(t) if 0 ≤ t ≤ θm+1(μ),

zm(t) + z̄(t)

− J̃m(z0, y0) + ε1(t, μ) if θm+1(μ) < t ≤ T,

y(t, μ) =
{
ym(t) if 0 ≤ t ≤ θm+1(μ),

ȳ(t) + ε̃1(t, μ) if θm+1(μ) < t ≤ T,

where J̃m(z, y) is defined in Sect. 3.1, ε1(t, μ) → 0
and ε̃1(t, μ) → 0 asμ → 0, z̄(t), ȳ(t) are the solutions
of (7) and (9), zm(t), ym(t) are the solution of

dzm
dt

= F(zm, ym, t), �zm |t=θi (μ) = I (zm, ym),

(24a)
dym
dt

= f (zm, ym, t), �ym |t=ξ j = J (zm, ym)

(24b)

with initial conditions zm(0) = z0, ym(0) = y0, 1 ≤
i ≤ m. Here, assume that (24) has the same properties
as (6) except infinite impact moments θi (μ)s. There-
fore, solutions z(t, μ), y(t, μ) of (6) and zm(t), ym(t)
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of (24) with the same initial values are equal on the
interval [0, θm+1(μ)]. If t ∈ (θm+1(μ), T ],
‖ε1(t, μ)‖ = ‖z(t, μ) − zm(t) − z̄(t) + J̃m(z0, y0)‖

≤ ‖z(t, μ) − z̄(t)‖ + ‖zm(t)− J̃m(z0, y0)‖

Hence, by Theorem 1, ‖z(t, μ)− z̄(t)‖ < ε
2 asμ → 0.

Moreover, ‖zm(t) − J̃m(z0, y0)‖ < ε
2 as μ → 0

since θm(μ) → 0 as μ → 0. Therefore, we have
‖ε1(t, μ)‖ < ε.

Consider, again, t ∈ (θm+1(μ), T ]. In (6b), let
us substitute the asymptotic approximation of z(t, μ).
Then,
dy

dt
= f (zm + z̄ − J̃m(z0, y0) + ε1(t, μ), y, t),

�y|t=ξ j = J (zm + z̄ − J̃m(z0, y0) + ε1(t, μ), y),

(25)

where y(0, μ) = y0. System (7b) with ȳ(0) = y0

is the degenerated problem of (25). Thus, by reg-
ular perturbation theory for impulsive systems [25],
‖y(t, μ) − ȳ(t)‖ = ‖ε̃1(t, μ)‖ < ε for sufficiently
small μ if t ∈ (θm+1(μ), T ]. Consequently, we have
proven the asymptotic representation for the solution
of problem (6) with (8). Note that if we increase the
impact moments, we obtain a better approximation.

The following is the final asymptotic approximation
which is for solution of (13) and (8).

z(t, μ)

=

⎧⎪⎨
⎪⎩
zm(t) if 0 ≤ t ≤ θm+1(μ),

zm(t) + J̃[ 1
μ

](z0, y0)
− J̃m(z0, y0) + ε2(t, μ) if θm+1(μ) < t ≤ T,

y(t, μ) =
{
ym(t) if 0 ≤ t ≤ θm+1(μ),

ȳ(t) + ε̃2(t, μ) if θm+1(μ) < t ≤ T,

where ε2(t, μ) → 0 and ε̃2(t, μ) → 0 as μ → 0, ȳ(t)
is the solution of (15), zm(t), ym(t) are the solution of

μ
dzm
dt

= F(zm, ym, t),

�zm |t=θi (μ) = I (zm, ym), (26a)
dym
dt

= f (zm, ym, t),

�ym |t=ξ j = J (zm, ym) (26b)

with initial conditions zm(0) = z0, ym(0) = y0,
1 ≤ i ≤ m. Suppose that (26) has the same properties
as (13) except infinite impact moments θi (μ)s. There-
fore, solutions z(t, μ), y(t, μ) of (13) and zm(t), ym(t)

of (26) with the same initial conditions are equal
on the interval [0, θm+1]. Now, we need to show for
θm+1(μ) < t ≤ T the asymptotic representation is
true. If t ∈ (θm+1(μ), T ],

‖ε2(t, μ)‖ =
∥∥∥∥z(t, μ) − zm(t)

− J̃[ 1
μ

](z0, y0) + J̃m(z0, y0)

∥∥∥∥
≤

∥∥∥∥z(t, μ) − J̃[ 1
μ

](z0, y0)
∥∥∥∥

+ ‖zm(t) − J̃m(z0, y0)‖

Here, since J̃[ 1
μ

](z0, y0) → ϕ as μ → 0, by Theo-

rem 2, ‖z(t, μ) − J̃[ 1
μ

](z0, y0)‖ < ε
2 as μ → 0. Also,

‖zm(t)− J̃m(z0, y0)‖ < ε
2 asμ → 0 since θm(μ) → 0

as μ → 0. Thus, we have ‖ε2(t, μ)‖ < ε.

Consider θm+1(μ) < t ≤ T and substitute the
asymptotic value of z(t, μ) into (13b) to obtain

dy

dt
= f

(
zm + J̃[ 1

μ

](z0, y0)
− J̃m(z0, y0) + ε2(t, μ), y, t

)
,

�y|t=ξ j = J

(
zm + J̃[ 1

μ

](z0, y0)
− J̃m(z0, y0) + ε2(t, μ), y

)
,

(27)

where y(0, μ) = y0. System (27) with y(0, μ) = y0 is
the regularly perturbed problem of (15). As a result, by
regular perturbation theory for impulsive systems [25],
‖y(t, μ) − ȳ(t)‖ = ‖ε̃2(t, μ)‖ < ε for sufficiently
small μ if t ∈ (θm+1(μ), T ]. Finally, the asymptotic
representation of the solution of problem (13) with (8)
has been proven.

Remark 1 The precise asymptotic properties of ε1, ε̃1,

ε2 and ε̃2 cannot be described in the section, since one
needs concrete asymptotics for the sequence di (μ).

Nevertheless, in the bouncing ball model in the next
section the asymptotics for di (μ), ε1 and for ε̃1 will be
found.

6 Chattering in the view of singularity

In this section, we will discuss the models in Sect. 2 as
singular models defined in Sect. 3.
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6.1 A bouncing ball

Consider again bouncing ball system (2) on [θ0, T ]
since the parameter μ does not affect the solution on
[0, θ0].That is, we intend to apply Theorem 1 for a sin-
gular perturbation problem on the interval [θ0, T ], con-
sidering the moment t = θ0 instead of t = 0, discussed
in the theorem. One can find that in the notations of the
theorem J̃ (z, y) = z − (1+ μ)z = −μz, F(z, y, t) =
−g, f (z, y, t) = z, t0 = θ0 = √

2h0/g, and impact

moments θi+1 = θi + μi+1
√

8h0
g , i = 0, 1, 2, . . . ,

θ∞ = 1+μ
1−μ

√
2h0
g . Clearly, J̃ (z, y) has Lipschitz con-

stantμ < 1 and J̃∞(z, y) = 0 for any z, y ∈ R.That is,
ϕ = 0. Hence, conditions (C1) and (C2) are satisfied.
Also, the functions F(z, y, t) = −g, f (z, y, t) = z,
and I (z, y) = −(1 + μ)z are continuously differen-
tiable for any z ∈ R, F(z, y, t) and f (z, y, t) are
bounded in a finite domain H . It implies that condi-
tions (C3) and (C4) hold as well. Takeμ = 0 in (2) and
ȳ(θ0) = 0, Then

˙̄z = −g,
˙̄y = z̄,

ȳ(θ0) = 0, z̄(θ0) = 0.

(28)

which is the degenerate system of (2). One should
emphasize that the last system is considered as a model
of the ball over the table, which is placed on the level
y = 0. That is, the motion with zero initial values
is an equilibrium, since the table is an obstacle for
the ball to fall. As a result, the system has the solu-
tion z̄(t) = 0, ȳ(t) = 0. Conditions of Theorem 1
are satisfied. Therefore, solutions of (2) with initial
value (z(θ0, μ), y(θ0, μ)) tend to solutions of (28) as
μ → 0 on the interval [θ0, T ]. Moreover, the sequence

di (μ) = μi
√

8h0
g is described and the interval [θ0, θ∞]

shrinks to the single point θ0 as μ → 0. This interval
is the boundary layer.

Solution of (2) on the interval [0.4515, 4] has the ini-
tial value (z(0.4515, μ), y(0.4515, μ))=(−4.429, 0).
It is difficult to simulate the solution for small value
of μ. Hence, we demonstrate the singularity by hand-
made picture and the coordinate z(t, μ) on the interval
[0.4515, 2] look likes in Fig. 12 and the limit position
of the coordinate as μ → 0 is pictured in Fig. 13.

It is useful to consider degenerate model for small
value of μ according to Theorem 1. One can see from
Figs. 12 and 13 that the z(t, μ) coordinate of solution

0.5 1 1.5 2

t

-5

0

5

z

Fig. 12 A sketch of the coordinate z(t, μ) of the solution of (2)
on [θ0, 2], where z(θ0, μ) = −4.429 and θ0 = 0.4515 for a
small value of μ
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t
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z
Fig. 13 The limit of the coordinate z(t, μ) of the solution of
(2) on [θ0, 4], where z(θ0, μ) = −4.429 and θ0 = 0.4515. This
figure shows that the uniform convergence of the coordinate z
fails at θ0

of (2) converge to the function in Fig. 13. However, the
z̄(t) coordinate of the solution of (28) graphically is
represented just by a line. As a result, the convergence
is not uniform and it is a singular problem. However,
approximation opportunity is approved by Theorem 1.

The chattering problem is difficult to solve explic-
itly. Theorem 1 says that if the parameter μ is suffi-
ciently small, then we can accept the solution of non-
perturbed system (28) as an approximate solution of
system (2).

Now, we find an asymptotic approximation for the
bouncing ball. In the notation of Sect. 5, the solu-
tion of system (2) on [0.4515, 4] with (z(0.4515, μ),

y(0.4515, μ)) = (−4.429, 0)has the following asymp-
totic representation

z(t, μ)

=

⎧⎪⎨
⎪⎩
zm(t) if 0 ≤ t ≤ θm+1(μ),

− J̃m(−4.429, 0)+
+ε1(t, μ) if θm+1(μ) < t ≤ 4,

y(t, μ) =
{
ym(t) if 0 ≤ t ≤ θm+1(μ),

ε̃1(t, μ) if θm+1(μ) < t ≤ 4,
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where ε1(t, μ) → 0 and ε̃1(t, μ) → 0 as μ → 0,
since (z̄(t), ȳ(t)) = (0, 0) is the solution of degenerate
equation (28), (zm(t), ym(t)) is the solution of

dzm
dt

= −g, �zm |t=θi = −(1 + μ)zm,

dym
dt

= zm,

(29)

with initial condition (zm(0), ym(0)) = (−4.429, 0),
1 ≤ i ≤ m. We know from Sect. 5 that on the interval
[0, θm+1] the solution and the asymptotic approxima-
tion coincide. Moreover, (zm(t), ym(t)) = (0, 0) for
t ∈ (θm+1, 4] since there is no impact moments in this
interval, i.e., the ball stays on the surface. Therefore,
the errors on the interval (θm+1, 4] are
‖ε1(t, μ)‖ = ‖z(t, μ) + J̃m(−4.429, 0)‖

= ‖z(t, μ) + 4.429(−1)m+1μm‖
≤ ‖z(t, μ)‖ + 4.429μm

≤ 8.878μm

and

‖ε̃1(t, μ)‖ ≤ μ2m 4.4292

2g
.

6.2 An inverted pendulum

Now, let us discuss the inverted pendulummodel. Con-
sider again system (4) on [9.205, 15] since the fist
impact moment is 9.205 and the solution is not affected
by the parameter μ on [0, 9.205]. Let J̃ (z, y) =
z − (1 + μ)z = −μz. Obviously, J̃ (z, y) has Lip-
schitz constant μ < 1 and J̃∞(z, y) = 0 for any
z, y ∈ R, i.e., ϕ = 0. Let us consider the restitution
coefficient as μ = 0 in (4) with the initial condition
(z̄(9.205), ȳ(9.205)) = (0, 1).

˙̄z = 0.01z̄ + ȳ + 0.001 sin(5t),
˙̄y = z̄,

z̄(9.205) = 0, ȳ(9.205) = 1.

(30)

This system is the degenerate equations of (4). It
means that at the position y = 1 the pendulum has
zero velocity. Therefore, it admits the equilibrium
solution (z̄(t), ȳ(t)) = (0, 1). Obviously, conditions
(C1)–(C4) of Theorem 1 are satisfied. Therefore, solu-
tions z(t, μ), y(t, μ) of (4) with initial (z(9.205, μ),

y(9.205, μ)) = (1, 1) tend to solutions z̄(t), ȳ(t) of
(30) with initial (z̄(9.205), ȳ(9.205)) = (0, 1) as μ →

141210
t

0

z

Fig. 14 A sketch of the coordinate z(t, μ) of the solution of (4)
on [9.205, 15] for a small value of μ, where z(9.205, μ) = 1
and 9.205 is the first impact moment of system (4)
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Fig. 15 The limit of the coordinate z(t, μ) of the solution of
(4) with initial value (z(9.205, μ), y(9.205, μ)) = (1, 1) on
[9.205, 15] as μ → 0

0. Note that the convergence of z(t, μ) → z̄(t) is not
uniform on [9.205, 15].

The solution of (4) on the interval [9.205, 15] has
the initial value (z(9.205, μ), y(9.205, μ)) = (1, 1).
We represent the z(t, μ) coordinate of the solution for
small value of μ on the interval [9.205, 15] in Fig. 14.
Moreover, the limit position of the coordinate z(t, μ) as
μ → 0 is demonstrated in Fig. 15. It can be seen that the
convergence is not uniform on the interval [9.205, 15].
So, it is a singularly perturbed problem.

6.3 A hydraulic relief valve

Our third model is the hydraulic relief valve. Consider
the system (5) on the interval [1.038, 4] on which the
parameter μ has an effect on the solutions. Take μ = 0
in (5). Then, we obtain

˙̄y1 = ȳ2,
˙̄y2 = −κ ȳ2 − (ȳ1 + δ) + ȳ3,

˙̄y3 = β(q − ȳ1
√
ȳ3).

(31)

Define y = (y1, y3) and J̃ (y2, y) = y2 + I (y2, y) =
−μy2, where I (y2, y) = −(1 + μ)y2. Clearly,
J̃∞(y2, y) = 0, for any y1, y2, y3 ∈ R, since 0 <

μ < 1. Also, J̃ (y2, y) has a Lipschitz constant μ <

1, i.e., ϕ = 0. For this model take the initial val-
ues ȳ1(1.038) = 0, ȳ2(1.038) = 0, ȳ3(1.038) = 0.
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1.5 2 2.5 3 3.5 4
t

0y 2

Fig. 16 A sketch of the coordinate y2(t, μ) of the solution of
(5) on [1.038, 4] for a small value of μ, where z(1.038, μ) =
−14.54, and 1.038 is the first impact moment of system (5)

1.5 2 2.5 3 3.5 4
t

-10

0

10

y 2

Fig. 17 The limit of the coordinate y2(t, μ) of the solution of (5)
with initial values (y1(1.038, μ), y2(1.038, μ), y3(1.038, μ))

= (0,−14.54, 0) on the interval [1.038, 4] as μ → 0

Hence, system (31) with these initials is the degener-
ate equations of (5) with initials y1(1.038, μ) = 0,
y2(1.038, μ) = −14.54, y3(1.038, μ) = 0. Condi-
tions of Theorem 1 are satisfied. Therefore, in (5), if we
choose β = 20, q = 0.3, κ = 1.25, δ = 20, then solu-
tions y1(t, μ), y2(t, μ), y3(t, μ) of (5) with the given
initial conditions tend to solutions ȳ1(t), ȳ2(t), ȳ3(t) of
(31) as μ → 0 on the interval [1.038, 4].

Similar to the previous mechanical models, we rep-
resent the z(t, μ) coordinate of the solution for a small
value of μ on the interval [1.038, 4] in Fig. 16. In addi-
tion, the limit position of the coordinate y2 as μ → 0
is shown in Fig. 17. One can figure out that the conver-
gence of the coordinate y2(t, μ) to ȳ2(t) is not uniform
on the interval [1.038, 4], which implies that this is a
singularly perturbed problem as well.

6.4 A spring-mass system with a small mass

Now,we study amodel for Theorem2.Consider a small
mass connected to a springwith a coefficient k. Assume
that the surface onwhichmass is placed has no friction.
It is released from a position x0 without initial velocity
and it moves onto a smooth vertical surface. During
the process, we assume that the mass is subjected only
to the spring’s coefficient. The mathematical model of
this problem is as follows (Fig. 18).

Fig. 18 A Spring-mass system with an obstacle

Fig. 19 The solution of (35) with 5 impacts and with the initial
(0.5, 0), where k = 2, μ = 0.6

μẍ + kx = 0, (32)

�ẋ |x=0 = −(1 + μ)ẋ, (33)

where k is the spring coefficient, μ is the mass as well
as the restitution coefficient. From the Eq. (33), one
obtains

ẋ+ = −μẋ− if x = 0. (34)

Fix a small μ > 0. One can find from the simple cal-
culation that any solution x(t, μ) of (32) and (34) with
initial value x(0, μ) = x0, ẋ(0, μ) = 0 is chattering
and the moments of impacts depend on μ. A simula-
tion of this solution with x(0, μ) = 0.5, ẋ(0, μ) = 0
is presented in Fig. 19. Consequently, one can obtain
that the solution satisfies the system

μż = −ky, �z|t=θi (μ) = −(1 + μ)z,

ẏ = z,
(35)

where y = x, z = ẋ . It is easy to verify that system (35)
satisfies the conditions of Theorem 2, and the degener-
ate system (14) admits the form
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Fig. 20 The coordinates of (32) and (34) with the initial value
(0.5, 0) where k = 2. Blue, red and magenta lines represent the
coordinates for μ = 0.5, μ = 0.3 and μ = 0.1, respectively.
(Color figure online)

0 = −k ȳ,
˙̄y = z̄,

(36)

such that (0, 0) is the solution of this problem. It is
asymptotically stable as the mass is pressed to the wall
motionless. Thus, one can observe the consequences of
the singular perturbation through the simulations. They
are presented in Fig. 20. It is important to say that, in
Fig. 20a, the limit process is very similar to the that
one can see in simulations of continuous dynamicswith
singular perturbation. This confirms onemore time that
the singular problem is under discussion.

7 Conclusion

This article has discussed the chattering through the
singularity point of view. The chattering property is
known as the appearance of an infinite number of
impact moments occurring in a finite time. The sin-
gularity of impact moments has been introduced. The
chattering problem has been discussed as a singu-
larly perturbed problem. Three important mechanical
models; a bouncing ball, an inverted pendulum and a
hydraulic relief valve models have been studied for
the chattering problem as a singular one. Addition-
ally, the spring-mass system with the small mass and
with the chattering solution has been discussed as a
singularly perturbed problem. Models with chatter-
ing are sophisticated for analysis because of infinitely

many impact moments accumulated in finite time.
The result of this article which formulates the chat-
tering as a singular problem will help researchers
to consider degenerate systems without chattering to
approximate initial models and reducing the complex-
ity. We consider the system with singularity in impact
moments as well as the system with both singularity in
impact moments and small parameter multiplying the
derivative.
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