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Abstract We consider a new model for shunting inhibi-
tory cellular neural networks, retarded functional differ-
ential equations with piecewise constant argument. The
existence and exponential stability of almost periodic
solutions are investigated. An illustrative example is
provided.
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1 Introduction

Cellular neural networks (CNNs) have been paid much
attention in the past two decades [1-10]. Exceptional role
in psychophysics, speech, perception, robotics, adaptive
pattern recognition, vision, and image processing is played
by shunting inhibitory cellular neural networks (SICNNs),
which was introduced by Bouzerdoum and Pinter [11]. One
of the most attractive subjects for this type of neural net-
works is the existence of almost periodic solutions. This
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problem has been investigated for models with different
types of activation functions [12-20]. In the present study,
we investigate a new model of SICNNs by considering
deviated as well as piecewise constant time arguments and
prove the existence of exponentially stable almost periodic
solutions. All the results are discussed for the general type
of activation functions, but they can be easily specified for
applications.

Extended information about differential equations with
generalized piecewise constant argument [21] can be
found in the book [22]. As a subclass, they contain dif-
ferential equations with piecewise constant argument
(EPCA) [23-30], where the piecewise constant argument
is assumed to be a multiple of the greatest integer
function.

Differential equations with piecewise constant argument
are very useful as models for neural networks. This was
shown in the studies [31-33], where the authors utilized
EPCA. We propose to involve a new type of systems,
retarded functional differential equations with piecewise
constant argument of generalized type, in the modeling. It
will help to investigate a larger class of neural networks.

In paper [21], differential equations with piecewise
constant argument of generalized type (EPCAG) were
introduced. We not only maximally generalized the argu-
ment functions, but also proposed to reduce investigation
of EPCAG to integral equations. Due to that innovation, it
is now possible to analyze essentially nonlinear systems,
that is, systems nonlinear with respect to values of solu-
tions at discrete moments of time, where the argument
changes its constancy. Previously, the main and unique
method for EPCA was reduction to discrete equations and,
hence, only equations in which values of solutions at the
discrete moments appear linearly [23-30] have been
considered.
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The crucial novelty of the present paper is that the
piecewise constant argument in the functional differential
equations is of alternate (advanced-delayed) type. In the
literature, biological reasons for the argument to be delayed
were discussed [34, 35]. However, the role of advanced
arguments has not been analyzed properly yet. Nevertheless,
the importance of anticipation for biology was mentioned by
some authors. For example, in the paper [36], it is supposed
that synchronization of biological oscillators may request
anticipation of counterparts behavior. Consequently, one can
assume that equations for neural networks may also need
anticipation, which is usually reflected in models by
advanced argument. Therefore, the systems taken into
account in the present study can be useful in future analyses
of SICNNs. Furthermore, the idea of involving both
advanced and delayed arguments in neural networks can be
explained by the existence of retarded and advanced actions
in a model of classical electrodynamics [37]. Moreover,
mixed-type deviation of the argument may depend on trav-
eling waves emergence in CNNs [7]. Understanding the
structure of such traveling waves is important due to their
potential applications including image processing (see, e.g.,
[1-7]). More detailed analysis of deviated arguments in
neural networks can be found in [38—40].

Shunting inhibition is a phenomenon in which the cell is
“clamped” to its resting potential when the reversal potential
of CI~ channels is close to the membrane resting potential of
the cell [11, 41]. It occurs through the opposition of an
inward current, which would otherwise depolarize the
membrane potential to threshold, by an inward flow of CI~
ions [41]. From the biological point of view, shunting inhi-
bition has an important role in the dynamics of neurons [42—
44]. According to the results of Vida et al. [42], networks
with shunting inhibition are advantageous compared to the
networks with hyperpolarizing inhibition such that in the
former-type networks, oscillations are generated with
smaller tonic excitatory drive, network frequencies are tuned
to the y band, and robustness against heterogeneity in the
excitatory drive is markedly improved. It was demonstrated
by Mitchell and Silver [43] that shunting inhibition can
modulate the gain and offset of the relationship between
output firing rate and input frequency in granule cells when
excitation and/or inhibition is mediated by time-dependent
synaptic input. Besides, Borg-Graham et al. [44] proposed
that nonlinear shunting inhibition may act during the initial
stage of visual cortical processing, setting the balance
between opponent ‘on’ and ‘off’ responses in different
locations of the visual receptive field [44]. On the other hand,
shunting neural networks are important for various engi-
neering applications [11, 45-53]. For example, in vision,
shunting lateral inhibition enhances edges and contrast,
mediates directional selectivity, and causes adaptation of the
organization of the spatial receptive field and of the contrast
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sensitivity function [11, 45-50]. Moreover, such networks
are appropriate to be used in medical diagnosis [53].
Therefore, the investigation of the dynamics of SICNNs,
which are biologically inspired networks designed upon the
shunting inhibition concept [11], is important for the
improvement in the techniques used in medical diagnosis,
adaptive pattern recognition, image processing, etc. [45-53]
and may shed light on neuronal activities concerning
shunting inhibition [42—44].

Exponential stability of neural networks has been widely
studied in the literature (see, e.g., [15-18, 54-60]).
According to Liao et al. [54], the exponential stability has
importance in neural networks when the exponentially
convergence rate is used to determine the speed of neural
computations. The studies [54, 55] were concerned with the
exponential stability and estimation of exponential conver-
gence rates in neural networks. In the paper [54], Lyapunov—
Krasovskii functionals and the linear matrix inequality
(LMI) approaches were combined to investigate the prob-
lem, whereas the boundedness of the Dini derivative of the
neuron input—output activations was required in [55]. The
exponential stabilization problem of memristive neural
networks was considered in [56] by means of the Lyapunov—
Krasovskii functional and free-weighting matrix techniques.
Additionally, the Lyapunov—Krasovskii functional method
was considered by Wen et al. [61] to analyze the passivity of
stochastic impulsive memristor-based piecewise linear sys-
tems, and the free-weighting matrix approach was utilized in
[57] to derive an LMI-based delay-dependent exponential
stability criterion for neural networks with a time-varying
delay. On the other hand, exponential stability criteria were
derived by Dan et al. [58] for an error system in order to
achieve lag synchronization of coupled delayed chaotic
neural networks. The concept of lag synchronization was
taken into account also within the scope of the papers [62]
and [63] for memristive neural networks and for a class of
switched neural networks with time-varying delays,
respectively. Furthermore, the Banach fixed point theorem
and the variant of a certain integral inequality with explicit
estimate were used to investigate the global exponential
stability of pseudo-almost periodic solutions of SICNNs with
mixed delays in the study [16].

Almost periodic and in particular quasi-periodic motions
are important for the theory of neural networks. According
to Pasemann et al. [64], periodic and quasi-periodic solu-
tions have many fundamental importances in biological
and artificial systems, as they are associated with central
pattern generators, establishing stability properties and
bifurcations (leading to the discovery of periodic solu-
tions). Besides, the sinusoidal shape of neural output sig-
nals is, in general, associated with appropriate quasi-
periodic attractors for discrete-time dynamical systems. In
the book [65], the dynamics of the brain activity is
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considered as a system of many coupled oscillators with
different incommensurable periods. Signals from the neu-
rons have a phase shift of 7/2 and may be useful for
various kinds of applications, for instance controlling the
gait of legged robots [66]. Furthermore, an alternative
discrete-time model of coupled quasi-periodic and chaotic
neural network oscillators was considered by Wang [67].

Let us describe the model of SICNNs in its most original
form [11]. Consider a two-dimensional grid of processing
cells arranged into m rows and n columns, and let
Cji=1,2,...,m, j=1,2,...,n, denote the cell at the
(i, j) position of the lattice. In SICNNs, neighboring cells
exert mutual inhibitory interactions of the shunting type.
The dynamics of a cell C;; are described by the following
nonlinear ordinary differential equation,

dx;
dtj = —agxy— Y CHf(xa(t)x + Ly(b),
Ck[EN,-<[J)

(1.1)

where x;; is the activity of the cell Cjj; L;(1) is the external
input to the cell Cj; the constant a; > 0 represents the
passive decay rate of the cell activity; Cg.’ >0 is the cou-
pling strength of postsynaptic activity of the cell Cy
transmitted to the cell Cj; the activation function f(xy) is a
positive continuous function representing the output or
firing rate of the cell Cy; and the r-neighborhood of the cell
Cjj is defined as

Nr(lv.]) = {Ckl : max(|k - l|a |l _.]D <r,
1<k<m,1<I<n}.

It is worth noting that even if the activation function is
supposed to be globally bounded and Lipschitzian, these
properties are not valid for the nonlinear terms in the right-
hand sides of the differential equations describing the
dynamics of SICNNs, and this is one of the reasons why a
sophisticated mathematical analysis is required for SICNNs
in general. Another reason is that the connections between
neurons in SICNNs act locally only in r-neighborhoods.
This causes special ways of evaluations different than those
customized for earlier developed neural networks in the
mathematical analyses of the models.

It is reasonable to say that the usage of deviated argu-
ments in neural networks makes the models much closer to
applications. For example, in [13], the model was consid-
ered with variable delays,

dx;
dr

= —agxy— Y Cif(xu(t —1(1))xg + Li(2).
CkIENr<i,j)

(1.2)
In the present study, we introduce and investigate more

general neural networks. The model will be described in
the next section.

2 Preliminaries

Let Z and R denote the sets of all integers and real num-
bers, respectively. Throughout the paper, the norm ||u|| =
max ;) |u;|, where u= {uz} = (upi,...uin,. .t
Umn) € R™" will be used.

Suppose that 0= {0,} and (={(,}, peZ, are
sequences of real numbers such that the first one is strictly
ordered, |0,] — oo as |p| — oo, and the second one satis-
fies 0, <{, <0, for all p € Z. The sequence { is not
necessarily strictly ordered. We say that a function is of y-
type and denote it by y(z), if y(¢) =, for 0, <t<0,1,
p € Z. One can affirm, for example, that 2[!] is a y-type
function with 0, =2p — 1, {, = 2p.

Fix a nonnegative number 7 € R and let C° be the set of
all continuous functions mapping the interval [—z,0] into
R, with the uniform norm ||}, = max,c[_ )|} ()]
Moreover, we denote by C the set consisting of continuous
functions mapping the interval [—t, 0] into R"™*"| with the
uniform norm |||y = maxye|—«l|p(1)]]-

In the present study, we propose to investigate retarded
SICNNs with functional response on piecewise constant
argument of the following form,

dx;;
! = Z C,]'cjlf(xklraxkly(t))xij + Ly(1),

= —a;x; —
dt Y y
CuEN, (i)

(2.1)

where f : C° x C° — R is a continuous function.

In network (2.1), the terms x; and Xy, must be
understood in the way used for functional differential
equations [68-70]. That is, x(s)=xy(t+s) and
Xuiy(r) (8) = xu(y(t) +5) for s € [—7,0]. Let us clarify that
the argument function y(¢) is of the alternate type. Fix an
integer p and consider the function on the interval
[0,0,51). Then, the function y(r) is equal to (,. If the
argument ¢ satisfies 0, <t<{(,, then y(¢) > ¢, and it is of
advanced type. Similarly, if {, <7<0,1, then y(¢) <t and,
hence, it is of delayed type. Consequently, it is worth
noting that the SICNN (2.1) is with alternate constancy of
argument. It is known that y(¢) is the most general among
piecewise constant argument functions [22]. Our model is
much more general than the equations investigated in [71—
74], where the delay is constant T = 1, and it is equal to the
step of the greatest integer function [¢]. Differential equa-
tions with functional response on the piecewise constant
argument were first introduced in the paper [75]. In the
present study, we apply the theory to the analysis of neural
networks. All previous authors were at most busy with
terms of the form x(y(¢)). Thus, one can say that retarded
functional differential equations with piecewise constant
argument in the most general form are investigated in this

paper.
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Since the model (2.1) is a new one, we have to inves-
tigate not only the existence of almost periodic solutions
and their stability, but also common problems of the
existence and uniqueness of solutions, their continuation to
infinity and boundedness.

One can easily see that system (1.2) is a particular case
of (2.1). Additionally, results of the present paper are true
or can be easily adapted to the following systems,

dx;;

S gy = Y OO+ L), (2.2)
CueN, (iy)

that is, differential equations with piecewise constant

argument, EPCAG,

dy;
dr

Z (o f X (t—t(0), xu(y(2)

CrEN, (i)

—1(1)))xy + Li(1),

differential equations with variable delay and piecewise
constant argument,

—a;xij —

(2.3)

du;;
T = —ayx;j — Z Ckl (eua(t = z(2)))x;
dr c ..
WEN; (i)
— > Delvu(r()))xy + Ly (1) (24)
CuEN, (i)

In other words, what we have suggested are sufficiently
general models, which can be easily specified for concrete
applications.

Let us introduce the initial condition for SICNN (2.1).
Fix a number ¢ € R and functions ¢ = {¢; }, ¥ = {y;} €
C,i=1,2,....m,j=1,2,...,n. In the case y(c) <a, we
say that a solution x(r) = {x;(z)} of (2.1) satisfies the
initial condition and write x(¢) =x(z,0,¢,¥), t>0a, if
X5(8) = P(s), xyq)(s) = Y(s) for s € [-7,0]. In what fol-
lows, we assume that if the set [y(o) — 1,7(0)] U [0 — 1, ]
is connected, then the equation ¢(s) = ¥(s + g — y(a)) is
true for all s € [—7, (o) — ag]. If y(g) > o, then we look for
a solution x(¢) =x(t,0,¢), t>a, such that x,(s) =
¢(s),s € [-7,0]. Thus, if 0,<¢<0,4; for some p € Z,
then there are two cases of the initial condition:

(IC)) x4(s) = ¢(s), p €C, s € [-7,0] if
0, <0 <(,<0p1;
(ICZ) XJ(S) = (f)(S), x“/(a)(s) = l//(S), p,yeC se

[—7,0],if 0, <, <0 <0p41.

Considering SICNN (2.1) with these conditions, we shall
say about the initial value problem (/VP) for (2.1). To be
short, we shall say only about IVP in the form x(z, g, ¢, ),
specifying x(¢,0,¢) for (ICy), if needed. Thus, we can
provide the following definitions now.

@ Springer

Definition 2.1 A function x(¢) = {x;(¢)},i=1,2,....,m
j=1,2,...,n,is a solution of (2.1) with (IC;) or (IC;) on
an interval [0, 0 + a) if:

(i) it satisfies the initial condition;

(ii)  x(¢) is continuous on [0, 0 + a);

(iii) the derivative x'(¢) exists for r>¢ with the
possible exception of the points 0,, where one-
sided derivatives exist;

(iv) equation (2.1) is satisfied by x(r) for all t > ¢
except possibly at the points of 0, and it holds for
the right derivative of x(7) at the points 0,.

Definition 2.2 A function x(¢) = {x;(z
=12,

)}, i=1,2,...m
n, is a solution of (2.1) on R if:

(i)  x(¢) is continuous;

(ii))  the derivative x'(r) exists for all r € R with the
possible exception of the points 0,, p € Z, where
one-sided derivatives exist;

(iv) equation (2.1) is satisfied by x(¢) for all t € R
except at the points of 6, and it holds for the right
derivative of x(f) at the points 0,, p € Z.

The existence and uniqueness of solutions of (2.1) will
be investigated in the next section.

3 Existence and uniqueness

Throughout the paper, we suppose in SICNN (2.1) that
7o = min; a; > 0 and C} are nonnegative numbers.
The following assumptions are required.

(C1) The functional f satisfies the Lipschitz condition
F(P1,1) = f (D2, Yl S L1 = dallo + [y = Wallo),
for some positive constant L, where (¢,,¥;) and
(¢, 1) are from C° x C°;

(C2) There exists a positive number M such that
Sup(¢7xﬁ)eC°xC°|f(¢a Y| <M;

(C3) There exists a positive number 6 such that 0, —
ngéforallpe Z;

(C4) |Lj(r)| <Ly forall i, jand t € R, where L; are

nonnegative real constants.

In the remaining parts of the paper, the notations

Al
_ maX . Z Ck[ ch,eN, (i) lj C?
H= (i) CUEN (i) ~i aij

ZCHEN,(I J)

2(1,, Yo

c = max(i_j)

max ;) , L = max;;) L; and [ = max; % will
ij
be used. We assume that u0M <1 and Mc<1.
Let us denote Cy, = {¢p € C: ||¢||, <Ho}, where Hy is

a positive number.
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Lemma 3.1 Suppose that the conditions (C1)-(C4) hold
and fix an integer p. If Hy is a positive number such that

—_ 077
uo|M + AL <1, (0,,9) €

[0,,0,4+1] X Cy, x Cp,, there exists a unique solution x(r) =
x(t,0,¢,¥) of (2.1) on [, 0,:1].

Proof We assume without the loss of generality that
0, <0<{,<0,.. That is, we consider (IC;) and the

solution x(7, g, ¢).
Fix an arbitrary function ¢ € Cy,. Let us denote by A

then for every

the set of continuous functions u(r) = {u;(r)}, i=
1,2,...,m, j=1,2,...,n, defined on [¢ —17,0,.] such
that us (1) = ¢(¢), t € [—7,0], and ||u||, < Ko, where ||u||,=
maxe(s,.,/lu(?)|| and Ko = lH_f’:gAf]

Define on A an operator @ such that
¢y(t—0),t €0 —1,0],
((pu(t))ij _ e*dij(f*ﬂ')q&lj(o) _ f; e aii(1=9) [ZCkIEN,-(i.j) Cl{cjl
X f (unis sty (s) )i (5) — Lig(5) | ds, 1 € [0, 0p]-

One can confirm that ‘(¢u(t))ij’ <Hy+

t € [o,0,11].

(MKO > cuen iy Cl+ E) 0,
the inequality ||®ul|, < Ho + (uMKy + L)0 = Ky is valid.
Therefore, ®(A) C A.

On the other hand, if u(t) = {u;(¢)} and v(z) = {v;(1)}
belong to A, then we have for 7 € [, 0,,] that

|(@u(0)), — (@v(1),
S/efa”uﬂ) Z C,{cjl|f(uklsvukly(s))||uij(s)_Vij(s)‘ds

Accordingly,

CueN; (i)
t
+ [ el Z Ci | f (s tins)) — f (Vaas Viay() | [vis (5) | s
7 ClEN,(iy)
<OM +2KoL)[lu —v]), > k.
CuEN, (i)

Hence, the inequality | @u— ®v|, <ud(M +
2KoL)|lu—v||, holds. Because  uO(M + 2KoL) =
0| M +2L1(f123—ﬁ£) <1, the operator @ is a contraction.
Consequently, there exists a unique solution of (2.1) on
[O’, 9p+1]. O

The next assertion can be proved exactly in the way that
is used to verify Lemma 2.2 from [22], if we use Lemma
3.1.

Lemma 3.2 Suppose that the conditions (C1)—(C4) hold
and fix an integer p. If Hy is a positive number such that

ol 2L(Ho+0L
uo|M 2D <, (0,,9) €

[0, 0,41] % Chy % Cp,, there exists a unique solution x(f) =

then for every

x(t,0,¢,%), t>a, of (2.1), and it satisfies the integral
equation

xi(1) = e ,(0)

t
_ / e—a[j(t—x)

4 Bounded solutions

S CHf (e, xuy(5)) g (5) — Li(s) | ds.
CuEN,O,]')

(3.1)

In this section, we will investigate the existence of a unique
bounded solution of SICNN (2.1). Moreover, the expo-
nential stability of the bounded solution will be considered.
An auxiliary result is presented in the following lemma.

Lemma 4.1 Assume that the conditions (C1)—(C4) are
fulfilled. If Hy is a positive number such that

uo [M +2L1(f+g}3£)} <1, then a function x(r) = {x;(r)},

i=1,2,..,mj=1,2,... n,satisfying sup,cg||x(r)|| < Ho
is a solution of (2.1) if and only if it satisfies the following
integral equation

t
x;i(t) = _/ e N CMF (s, X)) () — Lig(s) | ds.
—o© CrEN, (i)
(4.1)

Proof We consider only sufficiency. The necessity can be
proved by using (3.1) in a very similar way to the ordinary
differential equations case. One can obtain that

t
/ e_a'j(t_s)

1
<—(MH, > i+

ij
a:
Yy CrEN, (i)

D Cf s )% (5) — L(s) | ds
CkIENr(i.j)

Therefore, the integral in (4.1) is convergent. Differentiate
(4.1) to verify that it is a solution of (2.1).

The following conditions are needed.

Cs ol 2L(H~0L) I
(C3) MQ[M+W}<1,WhereH—17ME,
(C6) (M+2LH)c<];

(€7 9q [M + LHeN®/? (1 + eyoﬁ/z)} <L

The main result concerning the existence and expo-
nential stability of bounded solutions of (2.1) is mentioned
in the next theorem.

Theorem 4.1 Suppose that the conditions (C1)-(C6)
hold. Then, (2.1) admits a unique bounded on R solution,
which satisfies (4.1). If, additionally, the condition (C7) is

@ Springer
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valid, then the solution is exponentially stable with expo-
nential convergence rate 7, /2.

Proof Let Co(R) be the set of uniformly continuous
functions defined on R such that if u(r) € Co(R), then
llull . <H, where ||ul|,, = sup,cg ||u(?)]]. Define on Cy(R)
the operator II as

t
()=~ [ & [ 2 Cf st s
- CueN, (i)

— L,-j(s)] ds. (4.2)

If u(t) = {uy()}, i=1,2,...m, j=1,2,..

to CO(IR), then we have that

t
< / e_aij(t_s>
1

=—| > CimMH+ Ly
4\ cueny(is)

., i, belongs

|(mu(n),

> CUMH+ Ly |ds
CkIENr(i,j)

Utilizing the last inequality, one can show that
|(Mu)|| ., <eMH + [ = H. Therefore, u(t) € Co(R).
Let us verify that this operator is contractive. Indeed, if
1) = {u;(t)} and v(r) = {v;(r)} belong to Co(R), then

*(lj[ Y

|(r1u(n); — (11

CuEN, (i)

—a,t s)

IN

Cu€EN; (’J)

/ —al, (1—s)
CkIEN (i)

CuEN; (i)

NG
< (M +2LH) Leuenin = V]|
i

C,,|f ks Uty s)) || 4 (5)

Ck1M|u,J —vi(s)

CZZHL(HMMX — Viis H0+ Hukl},

Suppose that V,(s) =#5(s), s € [-1,0]. Let u(t) =
{u;(1)} be a solution of the network (2.1) with u,(s) =
¢(s), s € [-7,0], where the function ¢ satisfies the inequal-
ity ||¢ —nllp<o. Without the loss of generality, we
assume that y(g) > ¢. Using Lemma 3.2, one can verify for
t > o that

- ’1ij(0)>

aslt) — 1) = &) (6, (0)
t

_ / e~ 4ii(t=s) Z Cf;-l [f(uklﬁ ukly(s))”ij(‘g)

g CkIGN (lj)

— Vit Viay(s) ) Vij (5)]ds.
Denote by w(r) = {w;(r)}, the difference u(r) — (7).
Then, w(¢) satisfies the relation
wi(t) = e (o) (¢1j(0) - Wij(o))

t
_ / =) 3 £

CueN, (ij)
+ Whis, Viay(s) + Waiy(s)) (Vi (s) + wii(s))
— f (Vkiss Viay(s)) Vis(s)]ds.
We will consider equation (4.3) with ¢ = 0. Let ¥; be the

set of all continuous functions w(z) = {w;(t
defined on [—7, 00) such that:

)} which are

—vii(s) ‘ds

Cil | f (ttrts, tans)) = f (Vi Viay(s)) || vis(s) |dds

st ) s

Hence, the inequality ||ITu — IIv|| < (M + 2LH)c¢||u — v||
is valid. In accordance with condition (C6), the operator I1 is
contractive Consequently, SICNN (2.1) admits a unique
)} that belongs to Co(R).

We W111 contlnue with the investigation of the exponential
stability. Fix an arbitrary number ¢ > 0 and let 0 be a
sufficiently small positive number such that o) <1, oy <1,

a3 <1 and KC(0) <e, where K(5) =
o1 = [ M 4+ 2] gy — (M + 2LH)G + 4LAK(9)

and o3 = u0(M + 2LH) + 2u0LK ().

solution v(r) = {v;(r

é
1-2d[M+LHE""/2(14€700/2))?

@ Springer

@) w(t)=¢(1) —n(), 1 € [-7,0;
(ii))  w(?) is uniformly continuous on [0, +00);
Gil)  |jw(r)]| < K(8)e /2 for t > 0.
Define on ¥ an operator II such that
by(r) — (1), t € [0,
(v (1), = { e (B30 = y(0)) = Jy &) Vo cen ) CH L (i
Wiis Vin(s) + Wiy(s)) (Vi (8) + wii(8)) = f (Fuas, Viay(s) ) Vi (5) ] ds, £ > 0.

We shall show that IT : Ys — Ws. Indeed, it is true for
t >0 that
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|(Tw(r),| <e “uf5+/ el Nl

CuEN, (i)
|f Vids + Witss Vay(s) T Wity(s))
—f (Viiss Viiy(s)) ‘v,j ‘ds
t
+/0 g ailr=s) Z C,] | f (Vs + Wt Viay(s)
CuEN, (i)
+ Wiy(s) ||w,j )|ds§e’“"ft5

t
n /0 o ai(1=9) Z Cl/fleL<||Wkls||0—|—Hwk1y(s)||0>ds

CuEN, (i)

t
+ /0 e (™) " CHMK(0)e 7 ds

Ck]EN,-(i.j)

t
<euls 4 /O e =9 3" CYHLK(5)

CrEN, (l.J)
(e"/of/z + e‘/o(éJFT)/z) e*“/os/zds

t
+ /0 e (™) N CHMK(0)e 7 ds

Ck]GNr(i.j)

2 . CH
— ematy 4 2 cuemin) G K(8)[M + LHe™/?
2a;; — 7o

(] + 6706/2)]6_70l/2.
Thus, the inequality

|[TIw(1)|| < e 6+ 2dKC(8)[M + LHe /(1
+ eM0/2)|e /2 < |C(5)e 0!/

is valid for ¢t > 0.

Now, let w!'(r) = {wgi(t)},wz(t) = {wi(f)} be ele-

ments of ¥5. One can confirm for > 0 that

(1w 0)), — (w2 (e
t

< /0 e~ ai(1=9) Z CSI(WU(S” n

Ck/GNr(l',j)

w2 (s) D

X ’f(vle + Wllcls> ,{;kl}’(f) + Wllcly(x))
_f(/{;le + Wzl‘v’ T;kl”/(S) + Wl%ly(s))|ds

t
N /0 e —ai(i=9) Z C|f (Vs

CrEN, (i)
o Wi Tat) + Wk W) = wh(s)]ds
t
< / g (=) Z CSZL(H + /C(é)e_"’“‘/z)
0 CLEN, (i)

)ds

(HWlils - WI%ZSHO—’_ Wlily(s) Wldv(s

+/ —aij(1=) Z CklM U w2 s)‘ds
CrEN, (i)
< (M + 2LH) sup||w' (1) — w?(1)]|
1>0
kl
ZCMGN»-(iJ) Cij (1- e*ai/’l)
ajj
+ 4LK(8) sup||w' (1) — WZ(I)H
>0
ki
ch/ENr(iJ) Cij (6*7’01/2 _ e*“)jl) )
261,7' — %

Therefore, we  have  that sup; > g |[Tw' (1) —
Iw(1)|| < oz sup, > |[[w!(r) —w?(r)||. Since o<1, one
can conclude by using a contraction mapping argument that
there exists a unique fixed point w(r) = {w;(r)} of the
operator 1 : Y5 — Ws, which is a solutlon of (4.3).

To complete the proof, we need to show that there does
not exist a solution of (4.3) with ¢ = 0 different from w(z).
Suppose that 0, <0 <0,y for some p € Z. Assume that

there exists a solution w(r) = {w;(r)} of (4.3) different
from w(z). Denote by z(¢ {z,, )} the difference w(r) —
w(t), and let max,c(og,, | ||Z( )|| = m. It can be verified for

t € [0,0,4] that
t
OIS [ e 3l + o)
0 CuEN, (iy)
X {f (Viis + Wits, Viiy(s) + Whi(s))
—F(Viis + Wi, Vig(s) + Wia(s) ) ds
t
+/ e N CH (Vs + Wi, Vi)
0 CuEN,(iyj)
+ Wiy(s) HZIJ )‘ds

!
< /0 e*aij(ffs) Z Czl';'lL(H'i_’C(é))

CueN, (i)

<||Zk1s||0 o)ds
t
+ / efau t S Z CklM‘le }ds
0 CrEN, (l])

Om[M + 2L(H + K(5))] Y C}.
Ck[GN (l,})

The last inequality yields ||z(z)|| < ozm. Because a3z <1,
we obtain a contradiction. Therefore, w(r) = w(r) for 1 €
[0,0,4,]. Utilizing induction, one can easily prove the
uniqueness for all > 0. O

Remark 4.1 In the proof of Theorem 4.1, we make use of
the contraction mapping principle to prove the exponential
stability. In the literature, Lyapunov—Krasovskii function-
als, LMI technique, free-weighting matrix method, and

@ Springer
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differential inequality technique were used to investigate
the exponential stability in neural networks [12, 54, 57].
They may also be considered in the future to prove the
exponential stability in networks of the form (2.1).

The next section is devoted to the existence as well as
the exponential stability of almost periodic solutions of
(2.1).

5 Almost periodic solutions

Let us denote by By(R) the set of all bounded and con-
tinuous functions defined on R. For g € By(R) and « € R,
a translation of g by o is a function Q,g(f) = g(r + ),
t € R. A number o € R is called an e—translation number
of a function g € By(R) if ||Q,g(¢) — g(t)||<e for every
t € R. Besides, a set S C R is said to be relatively dense if
there exists a number z > 0 such that [J,9 + A] N S # () for
all ¥ € R. A function g € By(R) is said to be almost
periodic, if for every positive number e there exists a rel-
atively dense set of e—translation numbers of g [76].

On the other hand, an integer k¢ is called an e—almost
period of a sequence {a,}, p € Z, of real numbers if
’aHkO — ap| <eforany p € Z [77]. Let CZ =,y — (, and
HZ = 0,14 —0, for all p and g. We call the family of

sequences { Z}, q € Z, equipotentially almost periodic

[22, 77, 78] if for an arbitrary positive number ¢ there exists
a relatively dense set of e—almost periods, common for all

sequences {CZ}, qge’.
The following conditions are required.

(C8)  The sequences {52}7 q € Z, as well as the

sequences {HZ}, q € Z, are equipotentially almost

periodic;
There exist positive numbers 0 and { such that
Ops1 —0,>0and (, | —{, > forall p € Z.

(C9)

It follows from condition (C8) that there exists a positive
number 0 such that condition (C3) is valid, and |0,, |{,| —
oo as |p| — oo [22, 77, 78].

The next assertion can be proved by the method of

common almost periods developed in [79] (see also [77,
78)).

Lemma 5.1 [78] Assume that L(r) = {L;(t)}, i=
1,2,...,m,j=1,2,...,n is almost periodic and the con-
ditions (C8), (C9) are valid. Then, for arbitrary

@ Springer

n > 0,0<v<y, there exist relatively dense sets of real
numbers Q and integers Q such that

W) Lt 4 o) = L) <n, 1 € R;
() | —of<v,pez;
(1ii) |BZ—oc|<v,pEZ, aeQ geQ.

The existence and exponential stability of the almost
periodic solution of the network (2.1) are mentioned in the
following theorem.

Theorem 5.1 Assume that the conditions (C1), (C2),
(C4)—(C6), (C8), and (C9) are fulfilled. Then, the SICNN
(2.1) admits a unique almost periodic solution. If, addi-
tionally, the condition (C7) is valid, then the solution is
exponentially stable with exponential convergence rate

"/0/2~

Proof Tt follows from Theorem 4.1 that (2.1) admits a
unique bounded on R solution
u(t) = {u;(n)},i=1,2,....,m, j=1,2,...,m, which is
exponentially stable provided that the condition (C7) is
valid. We will show that it is an almost periodic function.

Consider the operator I1 defined by equation (4.2) again.
It is sufficient to verify that ITu(¢) is almost periodic, if
u(t) is.

Let us denote B = max [al + (M +3LH)
u
c¥ ALH? cH
Lcyenion Lcyonn Fix an arbitrary positive
ajj 1—e il )

number ¢. Because IIu is uniformly continuous, there
exists a positive number # satisfying 1 < % and n < % such
that if |¢ — '] <4n, then

[ ITu(t) —Hu(t")||<§. (5.1)
Next, we take into account a number v with 0 <v<# such
that ||lu(z') — u(¢")|| <n whenever | — ¢"'| <v, and let o and
g be numbers as mentioned in Lemma 5.1 such that o is an
n—translation number for u(r).
Assume that 1€ (05 + 1, 054
Making use of the equation
t

(Iu(t + ) — (Mu(t)); = / el 3 ol

- CkIEN,(iJ)

—n) for some p € Z.

X [f(ukl(s-&-a)v ”ki'y(s+a<))uij(s + OC) 7f(”kl‘v7 ukl*,'(s))uij(s)}ds

t
+ / e—a,:,-(tfs) I:Ll](s —+ O() — L,«j(s)]ds,

o0

we obtain that
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(e + ), — (Tu(n),
t
S/ e~ ai(t=s) Z C"IM|M,, (s + o) — (s )}ds
—00 Ck[ENr(ixl>
t
+ / e D CYLH[uugsss) — s ods
—00 CueN, (i)
t
+/ e i(1=s) Z Ck’LHHukz (sto) = Ukiy(s Ho
—00 CkleNr(i )

e~ait=s) |Lij(s + o) — L(s) |ds.

t
g
-0

According to Lemma 5.1, (i), the inequality

' n
/ e—a[/-(tfs) }LU(S + a) ’ds < —

0 ajj

is valid. Moreover, since o is an y#—translation number for
u(t), one can confirm that

ot
/_ ‘e—a,,(t—s) Z C5[M|u,-j(s + 0() - uij(s) !dS < Mn Z Clkll

., ajj .,
CuEN, (i) Y CueN,(ij)

and

/‘t efa,,»(lfs) Z

LH
C{;-]LH”M]{[(SH) Mkk”()ds< Ll n E C{;I
CueN, (i)

i CueN, (i)
On the other hand, we have

t
/ e aii(1=9) Z C LHHMkl (s+2) — Ukdy( Y)Hods
—00 CueN, (i)

t
S/o e =) N CYLH [Juray(s0) — ooy s o
ol

CueN, (i)
o) 0;, —»7
+y / DY CYLH ks — gyl ods
7—0 05 4*’7 CreN, (i)
) 0,—, +1 "
+y / e N CYLH [Juiay(s0) — ooy o5
7=0 /05— CueN, (i)
t

+/ e )N CYLH [ty 100 — g [l ol
J—o0 CuEN, (i)

(5.3)

Forany p € Z,if s € (0, + 1,0,11 — 1), then one can show
by using Lemma 5.1, (iii) that the number s + o belongs to
the interval (0,44, 0,44+1) so that

u(k + G, + o) <,

#4529 = 00yl = Kg[lf"fo]’”(" +lprg) —

since

’(K+zp+q)*(’c+§p+0€)}: pffx’<v by

Lemma 5.1, (if). Besides, the inequality

2n
—a;j(t—s < a,,@i
/ - s <2 Z © 1 —e @l

pP—7

is valid. Therefore, (5.3) yields

t
/ e —ai(1=s) Z CleHHMkZ (s+o) = Ukly(s Ho

o CueN, (i)
Kl kil
<LHn 23 cuen, (i) Ci n 4H 3 en, i) Ci
aj 1 —e il '
It can be verified by means of (5.2) that
[(u(e + ), — (Tu(0),
1 i) Cy ALH? i CH
<n|—+ (M+3LH) ZC1J€N (i) + ZCkI€N 0J ij
ajj ajj 1 —e 4t
Hence,
|t + o) — Tu(0)| < fn < /3 (5.4)
for each ¢ that belongs to the intervals (0, +n, 0,11 — 1),
peLl.
The inequality #n<6/5 ensures that ¢+ 35¢€

0y +1,0,41 —n) if |t — 0p| <n. Now, by means of the
inequalities (5.1) and (5.4), we attain for }t — 9,,‘ <n,pcE
Z, that
1T (t+ o) — IHu(e) || < || Hu(t+ o) — Hu(t+ 0.+ 3n) ||
+ || Hu(t+o+3n) — Hu(r+3n) ||+ || Hu(t+3n) — Hu(t)||
<e€.

The last inequality implies that o is an e—translation
number of ITu(t). Consequently, the SICNN (2.1) admits a
unique almost periodic solution. O

Remark 5.1 The Bohr definition of almost periodicity is
also suitable for the application of Lyapunov functional
method and the technique of Young’s inequality [59] to
show the existence, uniqueness, and exponential stability
of almost periodic solutions in CNNs.

6 An example

Consider the sequence 0= {0,} defined as 0, =p+
1|sin(p) — cos(pv/2)|, p € Z. Utilizing the technique pro-
vided in [77, 80], one can verify that the sequences {HZ},

q € Z, are equipotentially almost periodic. We take the
function y(z) with {, = 0,. One can confirm that the con-
ditions (C3) and (C9) hold with 0 =3/2 and 0 = 1/2,
respectively.

Let us take into account the SICNN

@ Springer
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0 50 10

0.02 0.05 0.05
-~ N [52d
X 0 X 0 X 0
-0.02 -0.05
-0.04 -0.05
0 0 0 50
t

50 100 100
t

50 100 0 50 100

Fig. 1 The unique almost periodic solution of SICNN (6.1)

dx;
ar T

D> CHf(xu(p(e) = 0)xi + Ly(t),

CueN (i)

(6.1)

in which i,j = 1,2,3,f(s) = % if |s| <0.1,/(s) = 0.005 if
|s] >0.1,7 = 0.3,

a ap aps 9 3 5

ay an apn | =16 5 4],

azl azx; a4y 3 12 9

C,, Cp Ci3 0.08 0.01 0.02
Cy Cpn Cpn | = (0.05 0.03 0.06 |,
C31 Cxn Cs3 0.04 0.07 0.02
Li(t) Lio(t) Lis(1)

Loi(t) Lao(t) Ly(2)

Ly (1) Lxn(t) Ls(1)

0.1 cos(t) + 0.2 sin(v/21)
= | 0.15co0s(3¢) — 0.1sin(nt)
0.2 cos(v/2t) + 0.14 sin(nt)

0.2 cos(nt) + 0.1 sin(+/21)
0.2 cos(t) — 0.15 sin(v/2¢)
0.2 cos(v/2¢) + 0.15sin(t)

Consider the constant function ¢ (1) = {¢;(r)} such
that d)ll(t) == _0.025, ¢]2(t) = 0.036,¢13(I) = _0.0147

$a1(2) = 0.012, oy (2) = —0.021,P5(2) = 0.042, 3, (1) =
0.023, $y(t) = —0.015,¢55(r) = 0.012. We depict in

Figure 1 the solution x(r) = {x;(z)} of (6.1) with x(¢) =
¢(1), t<o =0y =1. Figure 1 supports the result of The-

0.15cos(2t) — 0.12 cos(mt)
0.1sin(¢) + 0.2 cos(v/31)
0.15 cos(v/2t) — 0.13 cos(4t)

One can calculate that ZCMGN](M) C’ldl =0.17, ZCUGNI(I,Z)
C’fé:O.ZS,ECkleNl(l_’nC’fé:0.12, ZCMGNI(LI)C]Z(IIZOQ&
ch,ezvl(z,z)c]i[z:o-%a ch,eN1(2,3)C§l3:O'217 ZCHGNI(S,])
C’;Z]:0.19,2%61\,1(372)C§12:0.27, ZCHENI(3,3)C§13:O‘18'
The conditions (C5)— (C7) are valid for (6.1) with y,=3,
u=0.38,c=d=0.25/3, M=0.005, L=0.1, L=0.35,
1=0.34/3. According to Theorem 5.1, the network (6.1)

has a unique almost periodic solution, which is exponen-
tially stable with the rate of convergence 3/2.

@ Springer

orem 5.1 such that the represented solution converges to
the unique almost periodic solution of SICNN (6.1).

7 Conclusion

In this paper, we investigate the existence as well as the
exponential stability of almost periodic solutions in a new
model of SICNNs. The usage of the functional response on
alternate (advanced-delayed) type of piecewise constant
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arguments is the main novelty of our study, and it is useful
for the investigation of a large class of neural networks. An
illustrative example is provided to show the effectiveness
of the theoretical results.

Our approach concerning exponential stability may be
used in the future to investigate synchronization of chaos in
coupled neural networks and control of chaos in large
communities of neural networks with piecewise constant
argument.

Differential equations with functional response on
piecewise constant argument can be applied for the
development of other kinds of recurrent networks such as
Hopfield and Cohen-Grossberg neural networks [81, 82]
and others. This will provide new opportunities for the
analysis and applications of neural networks.
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