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Abstract

By employing a numerical-analytic method, we establish sufficient conditions for the

controllability of systems
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dy
dt

¼ AðtÞy þ BðtÞuþ gðtÞ þ f ðt; y; z; uÞ

dz
dt

¼ F ðt; y; z; uÞ;
with boundary conditions of the form
yð0Þ ¼ a; yðT Þ ¼ c; zð0Þ ¼ b; zðT Þ ¼ d
or
yð0Þ ¼ a; yðT Þ ¼ c; Q0zð0Þ þ Q1zðT Þ ¼ b;
where all functions involved are continuous in their domain of definition, T is a fixed

real number, Qj, j ¼ 0; 1, are constant matrices, y 2 Rn, z 2 Rk , and u 2 Rm.

� 2003 Elsevier Inc. All rights reserved.

Keywords: Two point boundary-value problem; Numerical-analytic method; Nonlinear control-

lability solvability
rresponding author.

ail addresses: marat@math.metu.edu.tr (M. Akhmet), zafer@metu.edu.tr (A. Zafer).

. Akhmet was previously known as M.U. Akhmetov.

003/$ - see front matter � 2003 Elsevier Inc. All rights reserved.

1016/S0096-3003(03)00524-1

mail to: marat@math.metu.edu.tr


730 M. Akhmet, A. Zafer / Appl. Math. Comput. 151 (2004) 729–744
1. Introduction

In this paper we are concerned with the controllability of nonlinear differ-

ential equations of the form
dy
dt

¼ AðtÞy þ BðtÞuþ gðtÞ þ f ðt; y; z; uÞ

dz
dt

¼ F ðt; y; z; uÞ;
ð1:1Þ
subject to boundary conditions
yð0Þ ¼ a; yðT Þ ¼ c; zð0Þ ¼ b; zðT Þ ¼ d ð1:2Þ
or
yð0Þ ¼ a; yðT Þ ¼ c; Q0zð0Þ þ Q1zðT Þ ¼ b; ð1:3Þ
where T is a fixed real number, Qj, j ¼ 0; 1, are constant matrices, y 2 Rn,

z 2 Rk, and u 2 Rm. It is assumed that all functions involved are continuous in

their domain of definition.

The problems (1.1) and (1.2) is to be referred to as problem c1, and (1.1) and

(1.3) as problem c2. As usual, we say that ci is solvable if there is a control
function u for which the problem admits a solution.

The controllability of boundary-value problems were investigated by many

authors, see for instance [1–8] and the references cited therein. A summary and

discussion of the methods employed for studying the controllability of non-

linear systems can be found in [1].

To the best of our knowledge the controllability of systems of the form (1.1)

have been rarely considered in the literature due to a difficulty caused by the

nonlinearity of the function F . In fact, even if F can be linearized, the com-
bined system might only be investigated under some conditions not generally

fulfilled. For instance, condition (2.1) may not be satisfied for the whole sys-

tem. The advantage of our method lies in the fact that we need only one of the

equations to be quasilinear, which surely suffices to construct a control func-

tion u necessary to deal with the problem. Our technique is based on a nu-

merical-analytic method introduced in [9] and on their derivatives used in

[10–13]. It is worth mentioning that the numerical-analytic method have certain

similarities with many of the other methods available for investigating
boundary-value problems, see for example [14–18]. It is therefore natural ex-

pect that the method can be employed to investigate a wide range of boundary-

value problems of different nature such as the one in this work.
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2. Preliminaries

Let G be a set defined by
G ¼ fðt; y; z; uÞj06 t6 T ; ðy; z; uÞ 2 Gy � Gz � Gug;
where Gy � Gz� Gu is a compact subset of Rn � Rk � Rm. If f is a function

defined on G, then by kf k0 we shall mean kf k0 ¼ maxG kf k, where kf k denotes

the Euclidean norm of f .
Let Y ðtÞ, Y ð0Þ ¼ I , be the matrix solution of ðdy=dtÞ ¼ AðtÞy, and SðtÞ and

V ðtÞ be matrices defined by
SðtÞ ¼ Y �1ðtÞBðtÞ
and
V ðtÞ ¼
Z t

0

SðsÞSTðsÞds:
Assuming that
det V ðT Þ 6¼ 0 ð2:1Þ
we set
M1 ¼ kf k0;
M2 ¼ kF k0;
M3 ¼ maxfM31;M32;M33g;
where
M31 ¼ max
t;s

kSTðtÞV �1ðT ÞY �1ðsÞk;

M32 ¼ max
t;s

kY ðtÞY �1ðsÞk;

M33 ¼ max
t;s

kY ðtÞV ðtÞV �1ðT ÞY �1ðsÞk:
We also assume that there exist positive real numbers ‘1 and ‘2 such that for

all ðt; y1; z1; u1Þ and ðt; y2; z2; u2Þ 2 G,
kf ðt; y1; z1; u1Þ � f ðt; y2; z2; u2Þk6 ‘1ðky1 � y0k þ kz1 � z2k þ ku1 � u2kÞ
and
kF ðt; y1; z1; u1Þ � F ðt; y2; z2; u2Þk6 ‘2ðky1 � y2k þ kz1 � z2k þ ku1 � u2kÞ:
Moreover, we require that
3‘1M3 þ ‘2
3‘1M3T

2

�
þ ‘2T

3

�
< 1: ð2:2Þ
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Finally, we give the following two lemmas which we rely on. Although these

lemmas can be found in [9] we give their proofs here for convenience. The
lemmas are concerned with the function aðtÞ defined by
aðtÞ ¼ 2t 1
�

� t
T

�
; t 2 ½0; T �:
Lemma 2.1. If uðtÞ is a continuous function defined on ½0; T �, then
Z t

0

uðsÞ
����� � 1

T

Z T

0

uðnÞdn
�
ds

����6 aðtÞkuk0
for all t 2 ½0; T �.
Proof. Since
Z t

0

uðsÞ
�

� 1

T

Z T

0

uðnÞdn
�
ds ¼ 1

�
� t
T

�Z t

0

uðsÞds� t
T

Z T

t
uðsÞds;
we see that
Z t

0

uðsÞ
����� � 1

T

Z T

0

uðnÞdn
�
ds

����
6 1� t

T

� �Z t

0

kuk0 dsþ
t
T

Z T

t
kuk0 ds: �
Lemma 2.2. It is true that
1
�

� t
T

�Z t

0

aðsÞdsþ t
T

Z T

t
aðsÞds6 T

3
aðtÞ
for all t 2 ½0; T �.
Proof. Evaluating the integrals, we have
1
�

� t
T

�Z t

0

aðsÞdsþ t
T

Z T

t
aðsÞds ¼ aðtÞ T

6

�
þ aðtÞ

3

�
:

Since aðtÞ6 T
2
for all t 2 ½0; T �, the proof is complete. h

In what follows, we fix u0 2 L2ð0; T Þ such that
Z T

0

SðtÞu0ðtÞdt ¼ 0: ð2:3Þ
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3. Solvability of problem c1

In this section we investigate the solvability problem of solutions of (1.1)

satisfying (1.2).

For our purpose we let
u0ðtÞ ¼ STðtÞV �1ðT Þ Y �1ðT Þc
�

� a�
Z T

0

Y �1ðtÞgðtÞdt
�
þ u0ðtÞ;

y0ðtÞ ¼ Y ðtÞ a
�

þ
Z t

0

SðsÞu0ðsÞdsþ
Z t

0

Y �1ðsÞgðsÞds
�
;

z0ðtÞ ¼ bþ t
T
ðd � bÞ
and denote by GðbÞ the set of points ðt; y; z; uÞ such that t 2 ½0; T � and
ky � y0ðtÞk < 2M3M1T ;

kz� z0ðtÞk <
M2T
2

;

ku� u0ðtÞk < M3M1T :
Our first theorem asserts that if c1 is solvable, then under some reasonable

conditions its solution can be written as a uniform limit of a certain sequence.

Theorem 3.1. Suppose that (2.1)–(2.3) hold that
G0
z ¼ fz0 2 GzjGðz0Þ � Gg is not empty: ð3:1Þ
If c1 is solvable and wðtÞ ¼ ðuðtÞ;wðtÞ; vðtÞÞ denotes its solution, then wðtÞ is the
uniform limit of the sequence fwnðtÞg ¼ fðynðtÞ; znðtÞ; unðtÞÞg, where
ynþ1ðtÞ ¼ y0ðtÞ þ Y ðtÞ
Z t

0

Y �1ðsÞf ðs;wnðsÞÞds
�

� V ðtÞV �1ðT Þ
Z T

0

Y �1ðsÞf ðs;wnðsÞÞds
�
;

znþ1ðtÞ ¼ z0ðtÞ þ
Z t

0

F ðs;wnðsÞÞ
�

� 1

T

Z T

0

F ðs;wnðsÞÞds
�
ds;

unþ1ðtÞ ¼ u0ðtÞ � STðtÞV �1ðT Þ
Z T

0

Y �1ðsÞf ðs;wnðsÞÞds:

ð3:2Þ
Proof. We shall first show that the sequence fwnðtÞg converges uniformly for

t 2 ½0; T �. It is easy to see directly that
kunðtÞ � u0ðtÞk6M3M1T
and
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kynðtÞ � y0ðtÞk6 2M3M1T :
By using Lemma 2.1 we also have
kznþ1ðtÞ � z0ðtÞk6M2T=2:
Therefore the sequence fwnðtÞg belongs to Gy � Gz � Gu for t in ½0; T �.
Define
kwnðtÞk1 ¼ kynðtÞk þ kznðtÞk þ kunðtÞk:
In view of (3.2) and the definition of aðtÞ, it follows that
kw1 � w0k1 6 3M3M1T þM2aðtÞ ¼ p1aðtÞ þ q1 6 p1T =2þ q1;
where p1 ¼ M2 and q1 ¼ 3M1M3T . Similarly,
kw2ðtÞ � w1ðtÞk1 6 3‘1M3ðp1T =2þ q1Þ þ ‘2q1aðtÞ þ ‘2p1T =3 ¼ p2aðtÞ þ q2;
where p2 ¼ ‘2q1 and q2 ¼ ð3‘1M3T=2þ ‘2T=3Þp1 þ 3‘1M3q1. In fact, by using

mathematical induction we obtain that for nP 1,
kwnþ1ðtÞ � wnðtÞk6 pnþ1aðtÞ þ qnþ1 6 pnþ1T =2þ qnþ1; ð3:3Þ
where pn and qn satisfy the following equation
pnþ1

qnþ1

� �
¼ H

pn
qn

� �
for nP 1
with
H ¼
0 ‘2

3‘1M3T
2

þ ‘2T
3

3‘1M3

" #
ð3:4Þ
In view of (2.2), we see that the eigenvalues k1 and k2 of the matrix H are inside

the unit circle, and moreover, �1 < k2 < 0 < k1 < 1, and jk2j < k1. If we

denote k ¼ k1, then it follows from (3.4) that
kðpn; qnÞk6 d0k
n�1 ð3:5Þ
for some positive d0. We should note that d0 can be computed explicitly if

desired.

In view of (3.5) we easily obtain from (3.3) that
kwjþiðtÞ � wjk6
Xi�1

k¼0

kwjþkþ1 � wjþkk6
Xi�1

k¼0

ðpjþkþ1T=2þ qjþkþ1Þ

6 d0ð1þ T 2=4Þ1=2
Xi�1

k¼0

kjþk; ð3:6Þ
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which surely implies that fwng converges uniformly for t 2 ½0; T � to w1 ¼ ðy1;
z1; u1Þ, say. By using (3.2) it is not difficult to verify that w1 satisfies the
following system:
yðtÞ ¼ y0ðtÞ þ Y ðtÞ
Z t

0

Y �1ðsÞf ðs; qðsÞ Þds
�

� V ðtÞV �1ðT Þ
Z T

0

Y �1ðsÞf ðs; qðsÞÞds
�
;

zðtÞ ¼ z0ðtÞ þ
Z t

0

F ðs; qðsÞÞ
�

� 1

T

Z T

0

F ðs; qðsÞÞds
�
ds;

uðtÞ ¼ u0ðtÞ � STðtÞV �1ðT Þ
Z T

0

Y �1ðsÞf ðs; qðsÞÞds;

ð3:7Þ
where q ¼ ðy; z; uÞ.
We claim that w1 also solves the BVP
dy
dt

¼ AðtÞy þ BðtÞuþ gðtÞ þ f ðt; qðtÞÞ;

dz
dt

¼ F ðt; qÞ þ d � b
T

� 1

T

Z T

0

F ðt; qðtÞÞdt;
ð3:8Þ

yð0Þ ¼ a; yðT Þ ¼ c; zð0Þ ¼ b; zðT Þ ¼ d ð3:9Þ
Indeed, by the Cauchy�s formula
yðtÞ ¼ Y ðtÞaþ Y ðtÞ
Z t

0

Y �1ðsÞ½BðsÞuðsÞ þ gðsÞ þ f ðs; qðsÞÞ�ds: ð3:10Þ
If we use yðT Þ ¼ c then we obtain
Y �1ðT Þc� a ¼
Z T

0

SðtÞuðtÞdt þ
Z T

0

Y �1ðtÞ½gðtÞ þ f ðt; qðtÞÞ�dt: ð3:11Þ
We may express the control u as
uðtÞ ¼ SðtÞeþ u0ðtÞ; ð3:12Þ
where e 2 Rm is a constant vector. Substituting uðtÞ into (3.11) and solving for

e results in
e ¼ V �1ðT Þ Y �1ðT Þc
�

� a�
Z T

0

Y �1ðtÞgðtÞdt �
Z T

0

Y �1ðtÞf ðt; qðtÞÞdt
�
:

Therefore from (3.12) we obtain the last expression in (3.7). The first equation

in (3.7) now easily follows from (3.10) by inserting uðtÞ. It is not also difficult to

see that the second equation in (3.7) is satisfied.
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Consider the function wðtÞ ¼ ðuðtÞ;wðtÞ; vðtÞÞ which, in view of the condi-

tion of theorem, is the solution of BVP (1.1), (1.2). Since
wðT Þ ¼ wð0Þ þ
Z T

0

F ðs;wðsÞÞds;
we have
d � b ¼
Z T

0

F ðs;wðsÞÞds ð3:13Þ
and consequently wðtÞ is a solution of (3.8).

Finally, it is not difficult to see that
kwn � wk6 pnþ1aðtÞ þ qnþ1 6 pnþ1T=2þ qnþ1;
and hence limn!1 wn ¼ w. This completes the proof of the theorem. h

Now let us consider system (1.1) with boundary condition
yð0Þ ¼ a; yðT Þ ¼ c; zð0Þ ¼ z0; zðT Þ ¼ d: ð3:14Þ
In view of (3.2) one can easily construct a sequence
fwnðt; z0Þg ¼ fðynðt; z0Þ; znðt; z0Þ; unðt; z0ÞÞg
which converges a solution wðt; z0Þ of problem (3.8), (3.14).
This observation allows us to define an �-approximate solution of c1.

Definition 3.1. We shall say that wðt; z0Þ is an �-approximate solution of c1 if

for a given � > 0,
d � z0 ¼
Z T

0

F ðs;wðs; z0ÞÞds; ð3:15Þ
whenever
kz0 � bk < �: ð3:16Þ
In view of Theorem 3.1 we may easily formulate the following theorem

on the existence of an �-approximate solution of c1.

Theorem 3.2. Suppose that the conditions of Theorem 3.1 are all satisfied. Then
there is an �-approximate solution of problem c1 if and only if for some
z0 2 Bðb; �Þ
Dðz0Þ � d � z0 �
Z T

0

F ðs;wðs; z0ÞÞds ¼ 0; ð3:17Þ
where wðs; z0Þ is the limit of approximations defined in (3.2) with b ¼ z0.
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The following lemma shows that the mapping D defined by (3.17) is con-

tinuous.

Lemma 3.1. Suppose that (2.1) and (2.3) hold. Then Dðz0Þ is continuous on G0
z as

long as it exists.

Proof. Let
M1 ¼ max
t

kSTðtÞV �1ðT ÞY �1ðT Þk
� 	

;

M2 ¼ max
t;s

kY ðtÞSðsÞSTðsÞV �1ðT ÞY �1ðT Þk
� 	

;

M ¼ max M1;M2

� 	
;

d0 ¼ Mð1þ T Þ þ 1:
In view of Lemmas 2.1 and 2.2 it follows that
w0ðt; z10Þ
�� � w0ðt; z20Þ

��6 d0 z10
�� � z20

�� for z10; z
2
0 2 G0

z :
It is not also difficult to show that for nP 1,
kwnðt; z10Þ � wnðt; z20Þk6 ðd0 þ �qn þ �pnT=2Þkz10 � z20k; ð3:18Þ
where
�pnþ1

�qnþ1

� �
¼ H

�pn
�qn

� �
þ �p1

�q1

� �
for nP 1
with �p1 ¼ d0‘2, �q1 ¼ 3MT ‘1d0, and H as in (3.4).
On the other hand, it follows as in (3.5) that
kð�pnþ1; �qnþ1Þk6 d0kð�p1; �q1Þk
Xn

i¼1

ki:
Using this inequality, we see from (3.18) that
wnðt; z10Þ
�� � wnðt; z20Þ

��6 d0

"
þ d0kð�p1; �q1Þkð1þ T 2=4Þ1=2

Xn

i¼1

ki
#
kz10 � z20k
and hence
w1ðt; z10Þ
�� � w1ðt; z20Þ

��6 d1kz10 � z20k; ð3:19Þ
where
d1 ¼ d0 þ
d0kð�p1; �q1Þk

1� k
ð1þ T 2=4Þ1=2:
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In view of (3.17) and (3.19) we observe that
kDðz10Þ � Dðz20Þk6 ð1þ ‘2Td1Þkz10 � z20k:
This means that D is continuous. h

Note that since the expression in (3.17) involves a limiting process it is

impossible to find a zero of Dðz0Þ. To overcome this difficulty we will make use

of a sequence of functions fDjðz0Þg, defined by
Djðz0Þ ¼
Z T

0

F ðt;wjðt; z0ÞÞdt þ d � z0: ð3:20Þ
The following definitions and lemmas, which are extracted from [19], are
necessary for our purpose.
Definition 3.2. Let X be a bounded domain in Rk with boundary oX. Let Px be a
continuous vector field defined on oX without zeros. The degree of the con-

tinuous mapping kPxk�1Px from oX onto the unit sphere kxk ¼ 1 in Rk, denoted

by cðP ; oXÞ, is the rotation of the field P on oX.

Lemma 3.2. Let the continuous vector field P be defined on a closed domain
X [ oX. If cðP ; oXÞ 6¼ 0, then the field P vanishes for at least one point in the
domain X.
Definition 3.3. Two vector fields P0 and P1 are said to be homotopic on oX if

there exists a continuous vector-function P ðt; xÞ defined for 06 t6 1 and x 2 oX
with values in Rk such that P ð0; xÞ � P0x, Pð1; xÞ � P1x, and that P ðt; xÞ 6¼ 0,

ðt; xÞ 2 ½0; 1� � oX.
Lemma 3.3. Homotopic vector fields have the same rotation.
Definition 3.4. A vector field P , Px ¼ x�Wx, defined on a Banach space E
is said to be compact if W is a compact operator in E.
Definition 3.5. Let X be a bounded domain in a Banach space E. A compact

vector field defined on oX is said to be nondegenerate if it has no zeros in oX.

If W is a compact operator defined in a neighborhood of an isolated fixed

point x0 2 E, then it follows that the associated vector field P is nondegenerate
on all spheres centered at x0 and having sufficiently small radius r. It turns out
that the field has the same rotation on all these spheres. This common rotation

is known as the index of the fixed point x0 and is denoted by cðx0;WÞ.
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Lemma 3.4. The index cðx0;WÞ is equal to the rotation of the field P on the
boundary of any bounded domain in which x0 is the only fixed point of W.

Theorem 3.3. In addition to the conditions of Theorem 3.1, suppose that for a given
� > 0 there is a convex closed set X� � Bðb; �Þ \ G0

z such that for some jP 1 the
map Dj : X� ! Rk has a unique singular point z ¼ z0j of nonzero index in X�, and
inf
z2oX�

kDjðzÞk > d0‘2ð1þ T 2=4Þ1=2kjð1� kÞ�1
: ð3:21Þ
Then problem c1 has an �-approximate solution.

Proof. Let us first show that the vector fields Dj and D are homotopic on oX�.
To see this we construct a vector function
V ðs; zÞ ¼ DjðzÞ þ sðDðzÞ � DjðzÞÞ
defined for ðs; zÞ 2 ½0; 1� � oX�. In view of Lemma 3.1 we see that V is con-

tinuous in s and z. On the other hand, we see from (3.6) that
kDðzÞ � DjðzÞk6
‘2
T

Z T

0

kw1 � wjkds6 d0‘2ð1þ T 2=4Þ1=2kjð1� kÞ�1

ð3:22Þ

and, hence, in view (3.21),
kV ðs; zÞkP kDjðzÞk � kDjðzÞ � DðzÞk > 0:
Thus V does not vanish for any value of the parameter s 2 ½0; 1�.
Since the point z0j 2 X� is the unique singular point of DjðzÞ, by Lemma 3.4

we may deduce that the rotation of the vector fields Dj on oX� is not zero. It

follows from Lemma 3.3 that the rotation of D on oX� is not zero as well, and

so by using Lemma 3.2 we see that the equation DðzÞ ¼ 0 has at least one

solution z ¼ z0 in X�. This, in view of Theorem 3.2, completes the proof. h

Remark 3.1. It should be noted that the verification of the assumption that for

a given � > 0 there is a convex closed set X� � Bðb; �Þ \ G0
z such that for some

jP 1 the map Dj : X� ! Rk has a unique singular point z ¼ z0j of nonzero index

in X� requires defining an index of an isolated singular point. In case k ¼ 2 this

is no problem at all, see [19]. The case k > 2 is not so easy to handle. However,

it is well known that if Dj is a topological map of a neighborhood of the sin-

gular point then the index is either )1 or +1, see [20], and if Dj is continuously

differentiable with a nonzero Jacobian at z0j then the index of z0j cannot be zero.

Theorem 3.4. In addition to the conditions of Theorem 3.1, suppose that for a given
sequence f�ng such that �n > 0 and limn!1 �n ¼ 0, there exists a sequence fXng of
closed and convex sets such that Xn � Bðb; �nÞ \ G0

z and for some jn P 1 the map
Djn : Xn ! Rk has a unique singular point z ¼ zn of nonzero index in Xn, and
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inf
z2oXn

kDjnðzÞk > d0‘2ð1þ T 2=4Þ1=2kjnð1� kÞ�1
:

Then, problem c1 is solvable.
Proof. By Theorem 3.3 there is a sequence fz0ng, nP 1, such that Dðz0nÞ ¼ 0.

Letting �n ! 0 we see that z0n ! b as n ! 1. In view of Lemma 3.1 we may
conclude that DðbÞ ¼ 0. h
Theorem 3.5. If problem c1 is solvable, then
kDjðzÞk6 d0‘2ð1þ T 2=4Þ1=2kjð1� kÞ�1 þ ð1þ ‘2d1Þkz� bk
for every jP 1 and z 2 G0
z .
Proof. By using (3.21), (3.22), and DðbÞ ¼ 0, we see that
kDjðzÞk ¼ kDðzÞ þ ðDjðzÞ � DðzÞÞk6 kDjðzÞ � DðzÞk þ kDðzÞ � DðbÞk
6 d0‘2ð1þ T 2=4Þ1=2kjð1� kÞ�1 þ ð1þ ‘2d1Þkz� bk
for every jP 1 and z 2 G0
z . This completes the proof of the theorem. h

The following contrapositive form of Theorem 3.5 is obvious.
Corollary 3.1. If there exist jP 1 and z 2 G0
z such that
kDjðzÞk > d0‘2ð1þ T 2=4Þ1=2kjð1� kÞ�1 þ ð1þ ‘2d1Þkz� bk
then problem c1 is not solvable.
Remark 3.2. It is possible to define an �-approximate solution of c1 with re-

spect to zðT Þ ¼ d as was done with respect to zð0Þ ¼ b. In that case, one can

easily prove theorems similar to Theorems 3.2–3.5.
4. Solvability of problem c2

In the previous section the boundary conditions (1.2) did not allow us to

obtain the exact solution of problem c1: To overcome this deficiency we con-

sider a mixed type boundary condition (1.3) with respect to the variable z. The
key is to introduce a parameterization with parameter z0 ¼ zð0Þ. In that case,

we are able prove that problem c2 is solvable and the solution can be repre-

sented as a limit of a uniformly convergent sequence of functions.
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We assume that
detðk0Q0 þ k1Q1Þ 6¼ 0 for some real numbers k0 and k1; ð4:1Þ
and let
u0ðtÞ ¼ STðtÞV �1ðT Þ Y �1ðT Þc
�

� a�
Z T

0

Y �1ðtÞgðtÞdt
�
þ u0ðtÞ;

y0ðtÞ ¼ Y ðtÞ a
�

þ
Z t

0

SðsÞu0ðsÞdsþ
Z t

0

Y �1ðsÞgðsÞds
�
;

z0ðtÞ ¼ z0 þ k0
h

þ t
T
ðk1 � k0Þ

i
½Q0k0 þ Q1k1��1½b� ðQ0 þ Q1Þz0�:
Now we define a sequence fwng ¼ fðyn; zn; unÞg as follows:
ynþ1ðtÞ ¼ y0ðtÞ þ Y ðtÞ
Z t

0

Y �1ðsÞf ðs;wnðsÞÞds
�

� V ðtÞV �1ðT Þ
Z T

0

Y �1ðsÞf ðs;wnðsÞÞds
�
;

znþ1ðtÞ ¼ z0ðtÞ þ
Z t

0

F ðs;wnðsÞÞ
�

� 1

T

Z T

0

F ðs;wnðsÞÞds
�
ds;

unþ1ðtÞ ¼ u0ðtÞ � STðtÞV �1ðT Þ
Z T

0

Y �1ðsÞf ðs;wnðsÞÞds:
It is easy to verify that the sequence fwng satisfies the boundary conditions

(1.3). We denote by Gða; z0Þ the set of points ðy; z; uÞ which satisfy for each fixed

t 2 ½0; T � the following inequalities:
ky � y0ðtÞk6 2M1M3;

kz� z0 � k0ðk0Q0 þ k1Q1Þ½b� ðQ0 þ Q1Þz0�k

6
M2T
2

þ kðk0 � k1Þðk0Q0 þ k1Q1Þ�1½b� ðQ0 þ Q1Þz0�k;

ku� u0ðtÞk6M1M3T :
Theorem 4.1. Suppose that (2.1)–(2.3), and (4.1) are satisfied, and that
G0
y � G0

z ¼ fða; z0Þ 2 Gy � GzjGða; z0Þ � Gg is not empty: ð4:2Þ
Then for any point ða; z0Þ 2 G0
y � G0

z the sequence fwng converges uniformly to
the function w1 satisfying
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yðtÞ ¼ y0ðtÞ þ Y ðtÞ
Z t

0

Y �1ðsÞf ðs;wðsÞÞds
�

� V ðtÞV �1ðT Þ
Z T

0

Y �1ðsÞf ðs;wnðsÞÞds
�
;

zðtÞ ¼ z0ðtÞ þ
Z t

0

F ðs;wnðsÞÞ
�

� 1

T

Z T

0

F ðs;wnðsÞÞds
�
ds;

uðtÞ ¼ u0ðtÞ � STðtÞV �1ðT Þ
Z T

0

Y �1ðsÞf ðs;wnðsÞÞds:
and (1.3), where w ¼ ðy; z; uÞ.
Moreover, w1 is a solution of the system
dy
dt

¼ AðtÞy þ BðtÞuþ gðtÞ þ f ðt;wðtÞÞ;

dz
dt

¼ F ðt;wðtÞÞ þ ~Dðz0Þ
where
~Dðz0Þ ¼
1

T
ðk1 � k0Þðk0Q0 þ k1Q1Þ�1½b� ðQ0 þ Q1Þz0� �

1

T

Z T

0

F ðs;wðsÞÞds:
Proof. Using Lemma 2.1 we see that
kunðtÞ � u0ðtÞk6M1M3T ;

kynðtÞ � y0ðtÞk6 2M3M1T ðT þ 1Þ;
kznðtÞ � z0 � k0ðk0Q0 þ k1Q1Þ�1½b� ðQ0 þ Q1Þz0�k

6
M2T
2

þ kðk0 � k1Þðk0Q0 þ k1Q1Þ�1½b� ðQ0 þ Q1Þz0�k
and therefore wn, t 2 ½0; T �, is well defined.
It is also easy to see that
kw1 � w0k6 3M3M1T þM2aðtÞ6 p1aðtÞ þ q1 6 p1T=2þ q1;
where p1 ¼ M2, q1 ¼ 3M1M3T . In fact, by using mathematical induction one

can show that
kwnþ1 � wnk6 pnþ1aðtÞ þ qnþ1 6 pnþ1T=2þ qnþ1; nP 1;
where pnþ1 ¼ ‘2qn and qnþ1 ¼ ð3‘1M3T =2þ ‘2T=3Þpn þ 3‘1M3qn. The rest of the
proof is similar to that of Theorem 3.1, and hence it is omitted. h

Let k be the positive eigenvalue of the matrix H in (3.4) and
~DjðzÞ ¼
1

T
ðk1 � k0Þðk0Q0 þ k1Q1Þ�1½b� ðQ0 þQ1Þz0� �

1

T

Z T

0

F ðs;wjðsÞÞds:
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Theorem 4.2. In addition to the conditions of Theorem 3.1, suppose that there is a
convex closed domain Ĝz � G0

z such that for a fixed j 2 N the map ~Dj : Ĝz ! Rk

has a unique singular point z ¼ z0j in Ĝz with nonzero index, and that
inf
z2oĜz

k~DjðzÞk > k�jð1� kÞ�1
‘2ð1þ T 2=4Þ1=2:
Then problem c2 is solvable in G0
y � G0

z .

Proof. The proof is similar to that of Theorem 3.3 and hence is omitted. h

In this paper we have considered two nonlinear boundary-value problems,

namely problem c1 and problem c2. The first problem contains separated

boundary conditions and the second has a mixed type one. As we have indicted

in Section 1, the system under investigation is not easy to handle because of the

lack of a linear part. By using the numerical-analytic method we have been able

to overcome this difficulty in the case when one of the equations has a linear

part. In particular, we have proved that c1 has an �-approximate solution and
c2 is solvable. In both cases, the solutions are expressible as uniform limits of

certain sequences. It is worth mentioning that each sequence is defined by

successive approximations and therefore one can obtain approximate solutions

if desired. We note that this is not a trivial problem and therefore it should be

addressed under a separate work.
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