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Abstract

In this paper we investigate differential equations on certain time scales with transition conditions
(DETC) on thebasis of reduction to the impulsive differential equations (IDE). DETC are in some sense
more general than dynamic equations on time scales [M. Bohner, A. Peterson, Dynamic equations on
time scales, in: An Introduction With Applications, Birkh¨auser Boston, Inc., Boston, MA, 2001, p. x+358;
V. Laksmikantham, S. Sivasundaram, B. Kaymakcalan, Dynamical Systems on Measure Chains, in: Math.
and its Appl., vol. 370, Kluwer Academic, Dordrecht, 1996]. The basic properties of linear systems, the
existence and stability of periodic solutions, and almost periodic solutions are considered. Appropriate
examplesare givento illustrate the theory.
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1. Introduction

The theory of dynamic equations on time scales (DETS) has been developed over the last
several decades [2,11,19]. After a literature survey about DETS, one can conclude that there
are not so many results of the theory on the existence of periodic solutions and almost periodic
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solutions. Up to this moment, the investigations concerning linear DETS, integral manifolds
and the stability of equations have not been fully developed. Certainly, these results should
be obtained to be able to benefit from the applications of the theory. In our paper, we make
an attempt to expand our knowledge of these aspects of the theory. We also propose a way to
obtain these theoretical results. Moreover, we investigate differential equationson certain time
scales with transition conditions (DETC), which are in some sense more general than DETS. At
the same time, we should recognize that significant theoretical results concerning oscillations,
boundary value problems, positive solutions, hybrid systems etc., have been achieved [1,2,8–15,
17,19,20]. We assume that our proposals may stimulate new ideas by which the theory can also
be developed, adding to previous significant achievements in this direction. The main idea of
the paper is to apply the results of the theory of impulsive differential equations (IDE), the
investigation of which started in the last century in the late 1960s [3–7,16,18,22]. We note
that certain classes of DETC, particular with time scales, can be reduced to IDE, if we apply
a special transformation [3] of the independent argument (the time variable). This transformation
allows the reduced IDE to inherit all similar properties of the corresponding DETC. Then the
investigation of the IDE can proceed using the known results. Finally, by taking the properties
of the independent argument transformation into account, we can make an interpretation of the
obtained results for DETC. The approach that we are using to connect the DETC with other types
of differential equations is close to that of paper [20], where hybrid systems on time scales were
considered.

This paper is organized as follows. In the next section, the time scale with its specific
properties is considered. Moreover, the general form of DETC is described. The special
transformation is given inSection 3. The reduction of DETC (DETS) to IDE is performed in
Section 4. In Section 5, periodic solutions of linear equations and elements of Floquet’s theory
are considered, and the Massera theorem is proved. The last section is devoted to the problem of
the existence and stability of almost periodic solutions.

2. Description of the DETC

Throughout the paper, we consider a specific time scale of the following type. Fix a sequence
{ti } ∈ R suchthatti < ti+1 for all i ∈ Z, and|ti | → ∞ as|i | → ∞. Denoteδi = t2i+1−t2i , κi =
t2i − t2i−1 and assume that:

(C0)
∑

−∞ κi = ∞,
∑∞

κi = ∞.

The time scaleT0 = ⋃∞
i=−∞[t2i−1, t2i ] is going to be considered throughout the paper.

Consider the following system of differential equations:

dy

dt
= f (t, y), t ∈ T0,

y(t2i+1) = Ji (y(t2i ))+ y(t2i ),

(2.1)

where the derivative is one sided at the boundary points ofT0, f (t, y) : T0 × R
n → R

n, Ji (y) :
R

n → R
n, for all i ∈ Z. We assume thatfunctions f and J are continuous on their domains.

More detailed characteristics of the functions will be given below when we consider specific
problems. Let us introduce the followingtransition operator,Πi : {t2i }×R

n → {t2i+1}×R
n, i ∈

Z, such thatΠi (t2i , y) = (t2i+1, Ji (y)+ y). Thus the evolution of the process is described by:

(1) the system of differential equations

dy

dt
= f (t, y), t ∈ T0; (2.2)



ARTICLE  IN  PRESS
M.U. Akhmet, M. Turan / Nonlinear Analysis( ) – 3

(2) thetransition operatorΠi , i ∈ Z;
(3) the setT0 × R

n.

We shall call (2.1) thedifferential equation on time scales with transition condition(DETC).
Let us show how to construct a solution of(2.1). Denote, byφ(t, κ, z), a solution of system(2.2)
with an initial conditionφ(κ, κ, z) = z, κ ∈ T0, z ∈ R

n, and, by y(t), a solution of system
(2.1) with an initial conditiony(t0) = y0. Fix t0 ∈ T0 suchthat t2k−1 < t0 < t2k for some
k ∈ Z. If t0 ≤ t < t2k, the solution is equal toφ(t, t0, y0), and y(t2k) = φ(t2k−, t0, y0),
where the left limit is assumed to exist. Now, applying the transition operator, we obtain that
y(t2k+1) = Jk(y(t2k))+ y(t2k). Thus the solution is not defined in the interval(t2k, t2k+1). Next,
on the interval[t2k+1, t2(k+1)) the solution is equal toφ(t, t2k+1, y(t2k+1)), and y(t2(k+1)) =
φ(t2(k+1)−, t2k+1, y(t2k+1)), and soon. If solution y(t) is definedon a setI ⊂ T0, then the set
{(t, y) : y = y(t), t ∈ I } is called anintegral curveof the solution.

Let us start with general information about differential equations on time scales. We provide
only those facts of the theory that directly concern the needs of our paper. A more detailed
description can be found in [2,11,19].

Any nonempty closed subset,T, of R is called a time scale. On a time scale, the functions
σ(t) := inf{s ∈ T : s > t} andρ(t) := sup{s ∈ T : s < t} are called the forward and
backward jump operators, respectively. The pointt ∈ T is called right-scattered ifσ(t) > t ,
and right-dense ifσ(t) = t . Similarly, it is called left-scattered ifρ(t) < t , and left-dense if
ρ(t) = t . Note that, ontime scaleT0, thepointst2i−1, i ∈ Z, are left-scattered and right-dense,
and the pointst2i , i ∈ Z, areright-scattered and left-dense. Moreover, it is worth mentioning that
σ(t2i ) = t2i+1, ρ(t2i+1) = t2i , i ∈ Z, andσ(t) = ρ(t) = t for any othert ∈ T0.

The∆-derivative of a continuous functionf at a right-scattered point is defined as

f ∆(t) := f (σ (t))− f (t)

σ (t)− t
,

and at a right-dense point it is defined as

f ∆(t) := lim
s→t

f (t)− f (s)

t − s
,

if the limit exists.
Let T be an arbitrary time scale. A functionϕ : T → R is called rd-continuous if:

(i) it is continuous at each right-dense or maximalt ∈ T;
(ii) the left-sided limitϕ(t−) = limξ→t− ϕ(ξ) exists at each left-denset .

Similarly, a functionϕ : T → R is called ld-continuous if:

(i) it is continuous at each left-dense or minimalt ∈ T;
(ii) the right-sided limitϕ(t+) = limξ→t+ ϕ(ξ) exists at each right-denset .

A differential equation

y∆(t) = f (t, y), t ∈ T (2.3)

is said to be a differential equation on time scale [19], where functionf (t, y) : T × R
n → R

n in
(2.3)is assumed to be rd-continuous onT × R

n.
In our specific case we denote, byT0, the set of all functions which are rd-continuous onT0.

Moreover, we define a set of functionsT 1
0 ⊂ T which are continuously differentiable onT0,

assuming that the functions have a one-sided derivative at the boundary points ofT0, that is, if
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φ ∈ T 1
0, thenφ′ ∈ T 0. In general, by the derivative at the boundary point, we mean a one-sided

derivative.

3. ψ-substitution

It is common to simplify a given equation by a proper transformation in every theory of
differential equations. Likewise, in this section, we introduce a transformation which plays the
role of a bridge in the passage from DETC, as in(2.1), to an IDE.

Without loss of generality, we assume thatt−1 < 0 < t0. Theψ-substitution, on the set
T

′
0 = T0 \⋃∞

i=−∞{t2i−1}, is defined as

ψ(t) =




t −
∑

0<t2k<t

δk, t ≥ 0

t +
∑

t≤t2k<0

δk, t < 0
(3.4)

whereδk = t2k+1 − t2k. Notice that theψ-substitution is a one-to-one map,ψ(0) = 0, and
condition (C0) implies thatψ(T′

0) = R. The inverse transformation is

ψ−1(s) =




s +
∑

0<sk<s

δk, s ≥ 0

s −
∑

s≤sk<0

δk, s< 0.
(3.5)

Note that the inverse transformation is a piecewise continuous function with discontinuity of the
first kind at the pointss = si , i ∈ Z, andψ−1(si +)− ψ−1(si ) = δi .

Lemma 1. ψ ′(t) = 1 if t ∈ T
′
0.

Proof. Assume thatt ≥ 0. Then,

ψ ′(t) = lim
h→0

ψ(t + h)− ψ(t)

h

= lim
h→0

1

h

[(
t + h −

∑
0<t2k<t+h

δk

)
−
(

t −
∑

0<t2k<t

δk

)]

= 1.

The assertion fort < 0 can be proved in the same way.
Denotesi = ψ(t2i ), i ∈ Z. To make thereduction of DETC to IDE, we also need the following

sets of functions. A functionϕ(s) : R → R
n is said to be inPC0 if:

(i) ϕ(s) is left continuous onR and continuous onR \⋃∞
i=−∞{si };

(ii) ϕ(s) has discontinuities of the first kind at the pointssi .

Similarly, a functionϕ(s) is said to be inPC1
0 if ϕ ∈ PC0 andϕ′ is inPC0, where

ϕ′(si ) = lim
s→s−

i

ϕ(s)− ϕ(si )

s − si
.

One can easily check thatψ−1(s) ∈ PC1
0, and d

ds(ψ
−1(s)) = 1 if s 
= si , i ∈ Z. �
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In the next lemma, we show that the spaces of functionsT0 andPC0 are closely related. This
relation is set up byψ-substitution. In the same manner, the relations betweenT 1

0 andPC1
0 are

going to be constructed. In what follows, assume thats = ψ(t).

Lemma 2. If ϕ(t) ∈ T0, thenϕ(ψ−1(s)) ∈ PC0, andϕ(ψ(t)) ∈ T0 if ϕ(s) ∈ PC0.

Proof. Sinceψ(t) is aone-to-one transformation, we see that, ift is not one of the pointstk, then
ψ(t) is not one of the pointssi . Now, the continuity ofψ-substitution gives us the remaining part
of the proof. �

Corollary 3. If ϕ(t) ∈ T 1
0 , thenϕ(ψ−1(s)) ∈ PC1

0, andϕ(ψ(t)) ∈ T 1
0 if ϕ(s) ∈ PC1

0.

4. Reduction of the DETC (DETS) to impulsive differential equations

Using condition [19],

y∆(t2i ) = y(t2i+1)− y(t2i )

t2i+1 − t2i
, i ∈ Z,

Eq.(2.3)can be written as

y′(t) = f (t, y), t ∈ T0,

y(t2i+1) = f (t2i , y(t2i ))δi + y(t2i ),
(4.6)

whereδi = t2i+1 − t2i .
We generalize the last equation if the specific termf (t2i , y(t2i ))δi in (4.6) is replaced by an

expressionJi (y(t2i )), whereJi can be an arbitrary function.
Thus the following equation is considered:

y′(t) = f (t, y), t ∈ T0,

y(t2i+1) = Ji (y(t2i ))+ y(t2i ).
(4.7)

We name(4.7) as adynamic equation on time scale with transition condition, and we
abbreviate its name as DETC. Clearly,(4.6)is a specification of(4.7)with Ji (y) = f (t, y)δi .

A functionϕ ∈ T 1
0 is a solution of(4.7) if ϕ′(t) = f (t, ϕ(t)) for t ∈ T0, andϕ(t2i+1) =

Ji (ϕ(t2i ))+ ϕ(t2i ) for t = t2i+1, i ∈ Z.
Let us now apply the transformation of the independent arguments = ψ(t) to (4.7). If y(t) is

a solution of (4.7), thenx(s) = y(ψ−1(s)) is a solution of the equationx′ = f (ψ−1(s), x) for
s 
= si , that is,t ∈ T̃0. If t = t2i+1, thens = ψ(t) = s+

i , and therefore the second equation in
(4.7)leads to

x(s+
i ) = Ji (x(si ))+ x(si ),

which can be written as

∆x|s=si = Ji (x(si )),

where∆x|s=si = x(s+
i )− x(si ). Thus,x(s) is a solution of the following IDE:

x′ = f (ψ−1(s), x), s 
= si ,

∆x|s=si = Ji (x(si )).
(4.8)
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The connection between DETC(4.7) and IDE(4.8) is established. The solutionx(s), x(s0) =
x0, (s0, x0) ∈ (R × R

n), of (4.8)satisfies the following integral equation:

x(s) = x0 +
∫ s

s0
f (ψ−1(ξ), x(ξ)) dξ +

∑
s0≤si<s

Ji (x(s
+
i )), (4.9)

if s ≥ s0, and

x(s) = x0 +
∫ s

s0
f (ψ−1(ξ), x(ξ)) dξ −

∑
s≤si<s0

Ji (x(s
+
i )), (4.10)

if s< s0.
Let a,b be members ofT0 such that a ≤ b. We denote T0(a,b) = [a, t2m] ∪∑p−1
k=m+1[t2k−1, t2k] ∪ [t2p−1,b], wherem and p are integers which satisfyt2m−1 ≤ a ≤ t2m

< · · · < t2p−1 ≤ t ≤ t2p, and for f (τ ) ∈ T0 we set∫
T0(a,b)

f (τ ) dτ :=
∫ t2m

a
f (τ ) dτ +

∫ t2m+2

t2m+1

f (τ ) dτ + · · · +
∫ b

t2p−1

f (τ ) dτ.

Now, the solution, y(t), y(t0) = y0, of (4.7), wheret0 = ψ−1(s0), satisfies

y(t) = y0 +
∫
T0(t0,t)

f (τ, y(τ )) dτ +
∑

t0≤t2i<t

Ji (y(t2i+1)), (4.11)

if t ≥ t0, and

y(t) = y0 −
∫
T0(t,t0)

f (τ, y(τ )) dτ −
∑

t≤t2i<t0

Ji (y(t2i+1)) (4.12)

if t < t0.

5. Linear systems

5.1. Homogeneous linear systems

Let f (t, y) = A(t)y and Ji (y) = Bi y in (4.7), whereA(t) ∈ C(R,Rn×n) andBi ∈ R
n×n.

Consider the linear time scale differential equation

y′(t) = A(t)y, t ∈ T0,

y(t2i+1) = Bi y(t2i )+ y(t2i ).
(5.13)

By means ofψ-substitution, system(5.13)turns out to be the IDE

x′ = Ã(s)x, s 
= si ,

∆x|s=si = Bi x,
(5.14)

whereÃ(s) = A(ψ−1(s)). Sincethe solutions of system(5.14)form a linear space of dimension
n [18,22], andψ-substitution transforms only the time variable, the solutions of(5.13)also form
a linear space of the same dimension,n.



ARTICLE  IN  PRESS
M.U. Akhmet, M. Turan / Nonlinear Analysis( ) – 7

Let ej = (0, . . . ,0,1,0, . . . ,0)T be then-tuple whosej -th component is 1 and all others are
0, and assume thatx j (s), x j (0) = ej , is a solution of (5.14)for j = 1, . . . ,n. Then [22], for any
other solutionx(s), x(0) = x0, of (5.14), we have

x(s) =
n∑

j =1

cj x j (s), (5.15)

where the coefficientscj are uniquely determined fromx0 = ∑n
j =1 cj ej .

Now, forming the matriciantX(s) = [
x1(s) x2(s) · · · xn(s)

]
of system(5.14), equality

(5.15)can be written as

x(s) = X(s)x0.

If X (s, r ) = X (s)X−1(r ) is a transition matrix ofx′ = Ã(s)x, then

X(s) =




I , s = 0

X (s, sp)(I + Bp)

1∏
k=p

X (sk, sk−1)(I + Bk−1)X (s0,0), s > 0

X (s, sl )(I + Bl )
−1

−1∏
k=l+1

X (sk−1, sk)(I + Bk)
−1X (s−1,0), s < 0

where, fors > 0, we have assumed that 0< s0 < · · · < sp < s < sp+1 and, fors < 0, we have
assumed thatsl−1 < s< sl < · · · < s−1 < 0.

On the other hand,ψ-substitution yields that a solutionyj (t), yj (0) = ej , is determined by

yj (t) = x j (ψ(t)).

Hence, any solutiony(t), y(0) = y0, of (5.13)is given byy(t) = Y(t)y0, where the matriciant
Y(t) is defined and determined by

Y(t) =




I , t = 0

Y(t, t2p+1)(I + Bp)

1∏
k=p

Y(t2k, t2k−1)(I + Bk−1)Y(t1,0), t > 0

Y(t, t2l )(I + Bl )
−1

−1∏
k=l+1

Y(t2k−1, t2k)(I + Bk)
−1Y(t−1,0), t < 0

in whichY(t, τ ) = Y(t)Y−1(τ ) is a transition matrix ofy′ = A(t)y and, fort > 0, we have
assumed that 0≤ t2p+1 < t < t2(p+1) and, fort < 0, we have assumed thatt2l−1 < t < t2l ≤ 0.

5.2. Nonhomogeneous linear systems

Consider the system

y′(t) = A(t)y + g(t), t ∈ T0,

y(t2i+1) = Bi y(t2i )+ Wi + y(t2i ),
(5.16)
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wherey ∈ R
n, A(t), Bi are as described for system(5.13), g(t) ∈ T0 and {Wi }, i ∈ Z, is a

sequence ofn-vectors.
Applying the transformationsy(t) = Y(t)u(t) ands = ψ(t), one can obtain

z′ = X−1(s)g̃(s), s 
= si ,

∆z|s=si = X−1(s+
i )Wi

(5.17)

wherez(s) = u(ψ−1(s)), g̃(s) = g(ψ−1(s)). The solution of (5.17)satisfyingz(s0) = z0 is

z(s) = z0 +
∫ s

s0
X−1(ξ)g̃(ξ) dξ +

∑
s0≤si<s

X−1(s+
i )Wi , (5.18)

if s ≥ s0, and

z(s) = z0 +
∫ s

s0
X−1(ξ)g̃(ξ) dξ −

∑
s≤si<s0

X−1(s+
i )Wi , (5.19)

if s< s0. Consequently, the general solution of(5.16)is

y(t) = Y(t, t0)y0 +
∫
T0(t0,t)

Y(t, τ )g(τ ) dτ +
∑

t0≤t2i<t

Y(t, t2i+1)Wi , (5.20)

if t ≥ t0, and

y(t) = Y(t, t0)y0 −
∫
T0(t,t0)

Y(t, τ )g(τ ) dτ −
∑

t<t2i ≤t0

Y(t, t2i+1)Wi , (5.21)

if t < t0.

5.3. Linear systems with constant coefficients

Let A(t) ≡ A andBi ≡ B be constant matrices in(5.13)and consider the linear system with
constant coefficients

y′ = Ay, t ∈ T0,

y(t2i+1) = By(t2i )+ y(t2i ),
(5.22)

whereA, B ∈ R
n×n. The following assumptions for system(5.22)are needed:

(C1) the matricesA andB commute,AB = B A;
(C2) det(I + B) 
= 0;
(C3) the limits

lim
t→∞

ψ(t) − ψ(t0)

t − t0 = 
, lim
t→∞

i (t0, t)

t − t0 = p

exist, wherei (t0, t) is thenumber of gaps,(t2k, t2k+1), in T0 betweent0 andt .

DenoteΛ0 = 
A + p ln(I + B).

Theorem 4. Let conditions(C0)–(C3) hold. Then the zero solution of(5.22)is

(a) asymptotically stable if the real parts of all eigenvalues of the matrixΛ0 are negative;
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(b) unstable if the real part of at least one eigenvalue of the matrixΛ0 is positive.

Proof. It is easily seen thatY(t, τ ) = eA(t−τ ) and hence, ift2m−1 ≤ t0 ≤ t2m < · · · < t2p−1
≤ t ≤ t2n, we get

Y(t, t0) = eA(t−t2n−1)(I + B)
m+1∏

k=n−1

[
eA(t2k−t2k−1)(I + B)

]
eA(t2m−t0).

Condition (C1) implies thatY(t, t0) = eA[ψ(t)−ψ(t0)](I + B)i (t
0,t). Due to condition (C3), we

can write

ψ(t) − ψ(t0) = [
+ ε1(t)](t − t0), and, i (t0, t) = [p + ε2(t)](t − t0)

whereε j (t) → 0 ast → ∞, j = 1,2. In general, the functionsε j (t), j = 1,2, are piecewise
continuous functions.

Now, the solutiony(t), y(t0) = y0, of (5.22)can be written asy(t) = eΛ(t)(t−t0)y0, where
Λ(t) = Λ0 + ε1(t)A + ε2(t) ln(I + B) for t ≥ t0.

Assume that maxj Reλ j (Λ0) = γ < 0. The properties of functionsε j , j = 1,2, imply
that, for a fixed positiveε, there exists a sufficiently largeT > 0 such that, if t ≥ T , then
|ε j (t)| < ε, j = 1,2.

Therefore,

‖y(t)‖ ≤ K (ε̄)e�(ε)(t−t0)e(γ+ε̄)(t−t0),

where�(ε) = ‖ε1(t)A + ε2(t) ln(I + B)‖. Sinceγ < 0 andε, ε̄ can be chosen so small that
γ + ε̄ + �(ε) < 0, the first part of thetheorem is proved.

Let λ0 be the eigenvalue ofΛ0, whose real part is positive, and lety0 be a corresponding
eigenvector in a small neighborhood of the origin. We can obtain that

‖y(t)‖ ≥ e−�(ε)(t−t0)eReλ0(t−t0)‖y0‖.
Since Reλ0 > 0, we can chooseε > 0 so small that −�(ε)+ Reλ0 > 0, and the last inequality
completes the proof. �

Example 5.1. Let ti = i + (−1)i κ,0< κ ≤ 1
3, and considerthe system

y′
1 = αy1 − βy2,

y′
2 = βy1 + αy2, t ∈ T0,

y1(t2i+1) = (1 + k)y1(t2i ),

y2(t2i+1) = (1 + k)y2(t2i ),

(5.23)

whereβ is a positive real number andk > −1 is a constant. One can easily see that the matrices

A =
[
α −β
β α

]
andB =

[
k 0
0 k

]
commute with each other and
 = 1

2 + κ, p = 1
2. Therefore, we

have

Λ0 =



(

1

2
+ κ

)
α + 1

2
ln(1 + k) −

(
1

2
+ κ

)
β(

1

2
+ κ

)
β

(
1

2
+ κ

)
α + 1

2
ln(1 + k)




which has eigenvaluesλ1,2 = (1
2 + κ)α + 1

2 ln(1 + k)± (1
2 + κ)βi . Hence, the zero solution of

(5.23)is asymptotically stable if(1
2+κ)α+ 1

2 ln(1+k) < 0; unstable if(1
2+κ)α+ 1

2 ln(1+k) > 0.
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6. Periodic solutions

6.1. Description of periodical DETC

Definition 5. The time scaleT0 is said to have anω-property if there exists a numberω ∈ R
+

suchthatt + ω ∈ T0 whenevert ∈ T0.

From this definition, by simply using mathematical induction, we get the following lemma.

Lemma 6. If T0 has anω-property, then t+ nω ∈ T0 for all t ∈ T0,n ∈ Z.

Definition 7. A sequence{ai } ⊂ R is said to satisfy an(ω, p)-property if there exist numbers
ω ∈ R

+ and p ∈ N suchthatai+p = ai + ω for all i ∈ Z.

Lemma 8. If t is a right(left)-dense point ofT0 whichhas anω-property, then t+ nω is also a
right(left)-dense point, respectively,∀n ∈ Z.

Proof. We will prove the statement just forn = 1, since the remaining part is an obvious
application of mathematical induction. Lett be a right-dense point. Then,

σ(t + ω) = inf{s> t + ω : s ∈ T0} = inf{s> t : s ∈ T0} + ω

= σ(t)+ ω = t + ω,

that is,t + ω is a right-densepoint. Similarly, one can prove the lemma for left-dense points.�

Corollary 9. If T0 has anω-property, then there exists p∈ N such that the sequences{t2i } and
{t2i+1} satisfy an(ω, p)-property.

Corollary 10. If T0 has anω-property, the sequence{δk} is p-periodic, that is,δk+p = δk for
all k ∈ Z.

Let p0 be the minimal of these numbersp which satisfyCorollary 10.

Lemma 11. If T0 has anω-property, then the sequence{si }, si = ψ(t2i ), is (ω̃, p0)-periodic
with

ω̃ = ω −
∑

0<t2k<ω

δk = ψ(ω).

Proof. In order to prove this lemma, we only need to verify thatsi+p0 = si + ω̃ for all i . Assume
thati ≥ 0, i = np0 + j for somen ∈ Z,0 ≤ j < p0 and 0< t0 < · · · < t2(p0−1) < ω. Then

si+p0 = ψ(t2(i+p0)) = t2(i+p0) −
∑

0<t2k<t2(i+p0)

δk

= t2i + ω −
∑

0<t2k<t2i

δk −
∑

t2i ≤t2k<t2(i+p0)

δk = ψ(t2i )+ ω −
i+p0−1∑

k=i

δk

= si + ω −
j +p0−1∑

k= j

δk+np0 = si + ω −
j +p0−1∑

k= j

δk = si + ω −
p0−1∑
k=0

δk

= si + ω −
∑

0<t2k<ω

δk = si + ω̃,
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where we have used the fact that
j +p0−1∑

k= j

δk =
p0−1∑
k= j

δk +
j +p0−1∑
k=p0

δk =
p0−1∑
k= j

δk +
j −1∑
k=0

δk+p0

=
p0−1∑
k= j

δk +
j −1∑
k=0

δk =
p0−1∑
k=0

δk.

All other cases can be verified similarly. �

Corollary 12. If T0 has anω-property, thenψ(t + ω) = ψ(t) + ψ(ω).

Denote the set of allT-periodic functions, defined on the setA ⊂ R, byPT (A).

Lemma 13. If φ(t) ∈ Pω(T0), and T0 has anω-property, thenφ(ψ−1(s)) ∈ Pω̃(R) with
ω̃ = ψ(ω).

Proof. By Corollary 12, s + ω̃ = ψ(t + ω). Then theequality

φ(ψ−1(s + ω̃)) = φ(t + ω) = φ(t) = φ(ψ−1(s))

completes the proof. �

Similarly, to the last lemma, the following assertion can be verified.

Lemma 14. If φ(s) ∈ Pω̃(R), thenφ(ψ(t)) ∈ Pω(T0).

6.2. Floquet theory

Consider

y′(t) = A(t)y + f (t), t ∈ T0,

y(t2i+1) = Bi y(t2i )+ Ji + y(t2i ),
(6.24)

where A, f ∈ Pω(T0), sequencesBi and Ji are p-periodic,T0 has anω-property, and let
Y(t), Y(0) = I , be the fundamental matrix solution of the corresponding homogeneous system

y′(t) = A(t)y, t ∈ T0,

y(t2i+1) = Bi y(t2i )+ y(t2i ).
(6.25)

A solution y(t), y(t0) = y0, of (6.24)is given by

y(t) = Y(t)y0 +
∫
T0(0,t)

Y(t, τ ) f (τ ) dτ +
∑

0<t2i<t

Y(t, t2i+1)Ji .

Now, for this solution to beω-periodic, we needy(ω) = y(0) = y0, that is,

[I − Y(ω)]y0 = b (6.26)

where

b =
∫
T0(0,ω)

Y(ω, τ ) f (τ ) dτ +
∑

0<t2i<ω

Y(ω, t2i+1)Ji . (6.27)
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Definition 15. The eigenvalues,ρ j , of thematrix Y(ω) are called Floquet multipliers (or simply
multipliers) of system(6.24).

The following Theorems 16–18can be proved as similar assertions for ordinary differential
equations.

Theorem 16. If ρ is a multiplier, then there exists a nontrivial solution, y(t), of (6.25) such
that y(t + ω) = ρy(t). Conversely, if there exists a nontrivial solution, y(t), of (6.25)suchthat
y(t + ω) = ρy(t), thenρ is a multiplier.

Theorem 17. System(6.25)has a kω-periodic solution if and only if there exists a multiplier,ρ,
suchthatρk = 1.

Now, if we haveρ 
= 1 for all multipliers, then the system in(6.26)has a unique solution
which implies the following theorem.

Theorem 18. If unity is not one of the multipliers, then(6.24)has a uniqueω-periodic solution,
y(t), such that y(0) = y0 = [I − Y(ω)]−1b.

Now, we can write the matriciant,Y(t), in the Floquet form

Y(t) = Φ(t)ePψ(t)

whereΦ(t) = Y(t)e−Pψ(t), P = 1
ω̃

ln Y(ω), ω̃ = ψ(ω). Then

Φ(t + ω) = Y(t + ω)e−Pψ(t+ω) = Y(t)Y(ω)e−Pψ(ω)e−Pψ(t)

= Y(t)e−Pψ(t) = Φ(t)

and henceΦ(t) is ω-periodic. From the definition ofΦ(t), we seethat Φ(t) is continuously
differentiable, bounded for allt ∈ T0 because of its periodicity, and is nonsingular. One can
easily verify that the transformationy = Φ(t)u transforms system(6.25)into the system with
constant coefficients

u′ = Pu, t ∈ T0

u(t2i+1) = u(t2i ),
(6.28)

where we have used the fact that

e−Pψ(t2i+1) = e−Pψ(t2i ).

Definition 19. The eigenvalues,λ j , of the matrix P = 1
ω̃

ln Y(ω) are called the Floquet
exponents (or simply exponents).

Similarly to ODE and applying the Floquet theory for IDE [22], one can prove that the following
assertions are valid.

Theorem 20. Let {λ j } be the exponents. Then the solutions of(6.25)are

(a) asymptotically stable if and only ifRe(λ j ) < 0 for all j ;
(b) stable if Re(λ j ) ≤ 0 for all j and λ j is simple whenReλ j = 0;
(c) unstable if there exists an exponentλ j suchthat Re(λ j ) > 0.

Theorem 21. Let {ρ j } bethe multipliers. Then the solutions of(6.25)are
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(a) asymptotically stable if and only if all multipliers lie inside the unit circle;
(b) stable if |ρ j | ≤ 1 for all j and ρ j is simple when|ρ j | = 1;
(c) unstable if there exists a multiplierρ j which lies outside the unit circle.

Example 6.1. Let ti = iπ + (−1)i π4 and consider the system

y′
1 = −y2 + f1(t),

y′
2 = y1 + f2(t), t ∈ T0,

y1(t2i+1) = (1 + k)y1(t2i ),

y2(t2i+1) = (1 + k)y2(t2i ),

(6.29)

where f1(t) = et−t2i−1 and f2(t) = sin(t − t2i−1) for t2i−1 < t ≤ t2i andk ∈ R is a constant. It is
easy to see that this system is 2π-periodic and the matriciant of the corresponding homogeneous
system is

Y(t, τ ) =
[
cos(t − τ ) − sin(t − τ )

sin(t − τ ) cos(t − τ )

]
and hence the matrix of monodromy is

Y(2π) = Y
(

2π,
3π

4

)
(I + B)Y

(π
4
,0
)

=
[
1 + k 0

0 1+ k

]
.

Therefore, the multipliers areρ1,2 = 1 + k. Now, if k 
= 0 then, by Theorem 18, the system
in (6.29) has a unique 2π-periodic solution and, byTheorem 21, this periodic solution is
asymptotically stable for−2< k < 0, unstable fork < −2 ork > 0, and stable fork = −2.

6.3. The Massera theorem

Let us consider the following analogue of the famous theorem from [21].

Theorem 22. If system(6.24)has a bounded solution y∗(t) on the set{t ∈ T0 : t ≥ 0}, then
there exists aperiodic solution of system(6.24).

Proof. Assume on the contrary that there exists no periodic solution. Lety∗(t), y(0) = y0, be a
bounded solution of(6.24), then

y∗(t) = Y(t)y0 +
∫
T0(0,t)

Y(t)Y−1(τ ) f (τ ) dτ +
∑

0<t2i<t

Y(t)Y−1(t2i+1)Ji

andy∗(ω) = Y(ω)y0 + b, whereb is as in(6.27). Now, x∗(s) = y∗(ψ−1(s)) is a solution of

x′ = A(ψ−1(s))x + f (ψ−1(s)), s 
= si

∆x|s=si = Bi x + Ji .
(6.30)

Sincex∗(s + ω̃) = y∗(ψ−1(s + ω̃)), ω̃ = ψ(ω), is also a solution of (6.30), it implies that
y∗(t + ω) is also a solution of(6.24). Thus, we have

y∗(t + ω) = Y(t + ω)y0 +
∫
T0(0,t+ω)

Y(t + ω)Y−1(τ ) f (τ ) dτ

+
∑

0<t2i<t+ω
Y(t + ω)Y−1(t2i+1)Ji
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= Y(t)y∗(ω)+
∫
T0(0,t)

Y(t)Y−1(τ ) f (τ ) dτ

+
∑

0<t2i<t

Y(t)Y−1(t2i+1)Ji

and

y∗(2ω) = Y(ω)y∗(ω)+ b = Y2(ω)y0 + Y(ω)b + b.

Continuing in this way, by mathematical induction we see that

y∗(nω) = Yn(ω)y0 +
n−1∑
k=0

Yk(ω)b.

If there is noω-periodic solution, then the system[I − Y(ω)]y0 = b has no solution, which
means that there is a solution,c, of thesystem[I − Y(ω)]Ty = 0 such that〈b, c〉 
= 0. Thus,

〈y∗(nω), c〉 =
〈
Yn(ω)y0 +

n−1∑
k=0

Yk(ω)b, c

〉

= 〈y0, [Yn(ω)]Tc〉 +
n−1∑
k=0

〈b, [Yk(ω)]Tc〉 = 〈y0, c〉 +
n−1∑
k=0

〈b, c〉

= 〈y0, c〉 + n〈b, c〉
which becomes unbounded asn → ∞. However, sincey∗(t) is bounded, we have

|〈y∗(nω), c〉| ≤ |y∗(nω)||c| ≤ M|c|
and this contradiction completes the proof.�

Corollary 23. If system(6.24)does not have anω-periodic solution, then all solutions of system
(6.24)are unbounded on both{t ∈ T0 : t ≥ 0} and{t ∈ T0 : t < 0}.

7. Almost periodic solutions of quasi-linear systems

Let us consider the following quasilinear DETC:

y′ = A(t)y + f (t, y), t ∈ T0,

y(t2i+1) = Bi y(t2i )+ Ji (y(t2i ))+ y(t2i ).
(7.31)

The definition of almost periodic functions on time scales will be introduced and the
conditions under which the system admits this type of almost periodic solutions will be obtained.

Fix anumberθ > 0. LetΘ be a set of sequences{θi } ⊂ R, i ∈ Z, such thatθi+1−θi ≥ θ, i ∈
Z. From thelast inequality, it implies that|θi | → ∞, as|i | → ∞. Let us introduce the following
definitions.

An integerp is called anε-almost period of a sequence of vectors{ai }, i ∈ Z, if ‖ai+p−ai ‖ <
ε for anyi ∈ Z.

Definition 24. A sequenceai , i ∈ Z, is almost periodic if, for anyε > 0, there exists a relatively
dense set of itsε-almost periods.
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Denoteθ j
i = θi+ j − θi and define sequencesθ j = {θ j

i }i , j ∈ Z.
A set S ⊂ R is said to be relatively dense if there exists a number
 > 0 such that

[a,a + 
] ∩ S 
= ∅ for all a ∈ R.

Definition 25. [16,22] We call {θi } a Wexler sequence if sequencesθ j , j ∈ Z, are equipotentially
almost periodic, that is, for an arbitraryε > 0 there exists a relatively dense set ofε-almost
periods that are common for allθ j , j ∈ Z.

It is obvious that every(ω, p)-periodic sequence is also a Wexler sequence. Let us again use the
sequence{si }, wheresi = ψ(t2i ), j ∈ Z. Onecan easily check that{si } ∈ Θ . In this section, we
assume that

(C4) both{si } and{ti } are Wexler sequences.

Fix H > 0, and denoteGH = {x ∈ R
n : ‖x‖ ≤ H }. Let T0(GH ) be a set of

functions f (t, x) : T0 × GH → R
n suchthat f (t, x) ∈ T0 for every fixedx ∈ GH . For

f ∈ T0 (respectively, f ∈ T0(GH )) and τ ∈ R, the translate of f by τ is the function
Qτ f = f (t + τ ), t ∈ T0 (respectively,Qτ f (t, x) = f (t + τ, z), (x, t) ∈ T0 × GH ). A number
τ ∈ R is called anε-translation number of a functionf ∈ T0 ( f ∈ T0(GH )) if t + τ ∈ T0 for all
|t − ti | > ε and‖Qτ f − f ‖ < ε for everyt ∈ T0((t, z) ∈ T0 × GH ), such that|t − ti | > ε. It
is obvious that the functionQτ f is not defined ift + τ 
∈ T0.

Definition 26. A function f ∈ T0( f ∈ T0(GH )) is called almost periodic onT0 (almost periodic
in t uniformly with respect tox ∈ GH ) if, for everyε ∈ R, ε > 0, there exists a respectively
dense set ofε-translations off .

Denote byAP(T0) (AP(T0 × GH )) the set of all such functions.
Let PC0(GH ) be a set of functionsf (s, x) : R × GH → R

n suchthat f (s, x) ∈ PC0
for every fixedx ∈ GH . For f ∈ PC0 (respectively, f ∈ PC0(GH )) and τ ∈ R, the
translate of f by τ is the functionQτ f = f (s + τ ), s ∈ R (respectively,Qτ f (s, x) =
f (s + τ, z), (s, x) ∈ R × GH ). A numberτ ∈ R is called anε-translation number of a function
f ∈ PC0 ( f ∈ PC0(GH )) if ‖Qτ f − f ‖ < ε for everys ∈ R((s, x) ∈ R × GH ), such that
|s − si | > ε.

Definition 27. [16,22] A f unction f ∈ PC0( f ∈ PC0(GH )) is called almost periodic (almost
periodic in s uniformly with respect tox ∈ GH ) if, for everyε ∈ R, ε > 0, there exists a
respectively dense set ofε-translations off .

Denote byBW AP (BW AP(GH )) the set of all such functions.

Lemma 28. [22] If {si } is a Wexler sequence and ifφ ∈ BW AP, then, forarbitrary ε > 0, ε >
ν > 0, there exists l > 0 such that, for an arbitrary interval J of length l, there existsτ ∈ J and
qτ ∈ Z, such that

(a) |sqτ
i − τ | < ε, i ∈ Z;

(b) ‖φ(s + τ )− φ(s)‖ < ε, if |s − si | > ε, i ∈ Z, s ∈ R.

Let us prove the following important lemma.

Lemma 29. If φ ∈ BW AP, thenφ(ψ(t)) ∈ AP(T0).
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Proof. Assume thatφ(s) ∈ BW AP. Fix ε > 0. It is known [16,22] that φ is uniformly
continuous on the union of intervals of continuity(si , si+1), i ∈ Z. Denoteδ > 0 a positive
number such that‖φ(s) − φ(s′)‖ < ε if |s − s′| < δ ands, s′ belong to one and the same
interval of continuity ofφ. Without loss of generality, we assume thatτ > 0, s > 0, and denote
τ ′ = τ +∑

0<si<τ
δi , s = ψ(t). We have that

ψ(t + τ ′)− s − τ = t + τ +
∑

0<si<τ

δi −
∑

0<t2i<t+τ ′
δi − t +

∑
0<t2i<t

δi − τ

=
∑

0<si<τ

δi −
∑

t≤t2i<t+τ
δi .

Denoteν = max{ ε4, δ}. Using the method of the proof ofLemma 28[16,22] (the method of
common almost periods), we can prove that there exist relatively dense sets of numbersτ andqτ
suchthat

(1) ‖φ(s + τ )− φ(s)‖ < ε if |s − si | > ε, i ∈ Z, s ∈ R;
(2) |sqτ

i − τ | < ν, i ∈ Z;
(3) |∑0<si<τ

δi −∑
t≤t2i<t+τ δi | < ν.

Then it implies that|s + τ − si | > ν ands + τ,ψ(t + τ ′) are in one and the same interval of
continuity ofφ. Now wecan conclude that

‖φ(ψ(t + τ ′))− φ(ψ(t))‖ = ‖φ(ψ(t + τ ′))− φ(s + τ )‖ + ‖φ(s + τ )− φ(ψ(t))‖
= ‖φ(ψ(t + τ ′))− φ(s + τ )‖ + ‖φ(s + τ )− φ(s)‖ < 2ε.

The density of numbersτ ′ follows the density of the set{τ }. The lemma is proved. �

Similarly, we can prove that the following lemma is valid.

Lemma 30. If f (t) ∈ AP(T0), then f(ψ−1(s)) ∈ BW AP.

The last lemma implies that every function fromAP(T0) is uniformly continuous onT0. Let us
make the following assumptions for system(7.31):

(C5) elements of matrixA(t) are fromAP(T0), elements of function f (t, x) are fromAP(T0×
GH );

(C6) sequenceBi , i ∈ Z, is almost periodic, and sequenceJi , i ∈ Z, is almost periodic uniformly
with respect tox ∈ GH ;

(C7) functionsf andJi satisfy the Lipschitz condition with constantL;
(C8) There exist positive constantsK andα suchthat

‖Y(t, ξ)‖ ≤ K e−α(t−ξ), t ≥ ξ, t, ξ ∈ T0, (7.32)

whereY(t, s) is the transition matrix of homogeneous system(5.13).

By usingψ-substitution, we can write that

‖X(s, η)‖ ≤ K e
−α(s−η+ ∑

η≤si<s
δi )

, s ≥ η. (7.33)

Hence,

‖X(s, η)‖ ≤ K1e−2α(s−η), s ≥ η (7.34)

whereK1 = K eαθ .
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Now, consider the following impulsive system

x′(s) = A(ψ−1(s))x + f (ψ−1(s), x(s)), s 
= si

∆x|s=si = Bi x(si )+ Ji (x(si )), (7.35)

which corresponds to(7.31)by ψ-substitution. It implies fromLemma 30that A(ψ−1(s)) ∈
WB AP and f (ψ−1(s), x) ∈ WB AP(GH ). By Lemma 26 [22], there exists a numberN ∈ N

such that every unit interval ofR contains not more thanN elements of sequencesi . Denote

a = 1

2α
+ e2( 1

N −1)α

1 − e2α 1
N

,

M = sup
T0×GH

‖ f (t, y)‖ + sup
Z×GH

‖Ji (y)‖.

Now, using Theorem 82 from [22] (see, also, [7]), we can conclude thatthe following lemma is
valid.

Lemma 31. Assume that conditions(C4)–(C8) and(7.34)are fulfilled and, moreover:

(1) K1Ma < H;
(2) K1La < 1;
(3) 2α + K1L + N−1 ln(1 + K1L) < 0.

Then system(7.35)has a unique asymptotically stable solution x0(s) ∈ WB AP.

Applying the properties ofψ-substitution andLemmas 29and 31, we can formulate the
following theorem.

Theorem 32. Assume that conditions(C4)–(C8) and(7.32)are fulfilled and, moreover:

(1) K eαθMa < H;
(2) K eαθ La < 1;
(3) 2α + K eαθ L + N−1 ln(1 + K eαθ L) < 0.

Then system(5.16)has a unique asymptotically stable solution y0(t) ∈ AP(T0).

8. Conclusion

In our paper, the connection between a specific type of differential equations on time scales
(DETC) with impulsive differential equations is established. Some benefits of the established
connection include knowledge about properties oflinear DETC, the investigation of the existence
of periodic and almostperiodic solutions, and their stability. We suppose that the problems
of stability, oscillations, smoothness of solutions, integral manifolds, theory of functional
differential equations, etc. can be investigated by applying our results. Another interesting
opportunity is to analyze equations with more sophisticated time scales.
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