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Abstract

In this paper we investigate &fential equations on certain ténscales with transition conditions
(DETC) on thebasis of reduction to the impulsive differential equations (IDE). DETC are in some sense
more general than dynamic equations on time scales [M. Bohner, A. Peterson, Dynamic equations on
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1. Introduction

The theory of dynamic equations on time scales (DETS) has been developed over the last
several decadesd,11,19]. After a literature survey about DETS, one can conclude that there
are not so many results of the theory on the existence of periodic solutions and almost periodic
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solutions. Up to this moment, the investigats concerning linear DETS, integral manifolds
and the stability of equains have not been fully developed.r@eénly, these results should

be obtained to be able to benefit from the applications of the theory. In our paper, we make
an attempt to expand our knowledge of these aspects of the theory. We also propose a way to
obtain these theoretical results okdover, we investigat differential equation®n certan time

scales with transition conditions (DETC), whicheain some sense more general than DETS. At
the same time, we should recognize that significaabtetical results concerning oscillations,
boundary value problems, positive solutions, hybrid systems etc., have been achj2d=d
17,19,20]. We assume that our proposals may stimulate new ideas by which the theory can also
be developed, adding to previous significant achievements in this direction. The main idea of
the paper is to apply the results of the theofyimpulsive differential equations (IDE), the
investigation of which started in the last century in the late 1968s7[16,1822]. We note

that certain classes of DETC, particular with time scales, can be reduced to IDE, if we apply
a special transformationd] of the independent argument (the time variable). This transformation
allows the reduced IDE to inherit all similar properties of the corresponding DETC. Then the
investigation of the IDE can proceed using the wnaesults. Finally, by taking the properties

of the independent argument transformation into account, we can make an interpretation of the
obtained results for DETC. The approach that we are using to connect the DETC with other types
of differential equations is close to that of pap2@]] where hybrid systems on time scales were
considered.

This paper is organized as follows. In the next section, the time scale with its specific
properties is considered. Moreover, the general form of DETC is described. The special
transformation is given irsection 3 The rauction of DETC (DETS) to IDE is performed in
Section 4 In Section 5 periodic solutions of linear equations and elements of Floquet's theory
are considered, and the Massera theorem is proMee last section is devoted to the problem of
the existence and stability of almost periodic solutions.

2. Description of theDETC

Throughout the paper, we consider a specific time scale of the following type. Fix a sequence
{ti} € Rsuchthatt; < tj;1 foralli € Z, and|tj| — oo as|i| — oco. Denotes; = tyj+1—1to, kj =
tyi — tyi—1 and assume that:
(CO) Zfoo Ki = OQ, Zoo Ki = 0Q.
The time scalély = | ;2 _ . [t2i—1, t2i ] is going to be considered throughout the paper.
Consider the following systn of differential equations:
dy
— = f(t,y), teTo,
a — Ty, tedo 2.1)
y(tai+1) = Ji(y(ta)) + y(t2i),

where the derivative is one sided at the boundary pointoff (t, y) : To x R" — R", Ji(y) :

R" — R" foralli € Z. We assume thafunctions f andJ are continuous on their domains.
More detailed characteristics of the functions will be given below when we consider specific
problems. Let us introduce the followitignsition operator[f; : {tz} x R" — {toi 1} xR", i €

Z, such hatI7; (tzi, y) = (t2i+1, Ji (¥) + ¥). Thus the evolution of the process is described by:

(1) the system of differential equations

d
d_i’ = f(t,y), teTo; (2.2)
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(2) thetransition operatof’;, i € Z,;
(3) the sefly x R".

We shall call (2.1)thedifferential equation on timecales with transition conditio(DETC).
Let us show how to construct a solution(@1). Denote, by (t, «, ), a soldion of systen(2.2)
with an initial conditiong (x, x,2) = z,« € Tp,z € R", and, by y(t), a soludion of system
(2.1) with an initial conditiony(t®) = yo. Fix t® € T suchthatty_1 < t° < ty for some
k e Z. 1ft% < t < ty, the soltion is equal tog(t, t9, yo), andy(tax) = ¢ (tk—, t9, yo),
where the left limit is assumed to exist. Now, applying the transition operator, we obtain that
Y(tok+1) = Jk(Y(tk)) + y(t2k). Thus the solution is not defined in the intervak, tox+1). Next,
on the intervalltok,1, tak+1)) the solutio is equal to ¢ (t, tokr1, Y(tok+1)), andy(tak+1) =
¢ (t2(k+1) —» tok+1, Y(tk+1)), and soon. If sdution y(t) is definedon a setl C To, then tie set
{t,y): y=y(),t € |}is called arintegral curveof the solution.

Let us start with general information about differential equations on time scales. We provide
only those facts of the theory that directly concern the needs of our paper. A more detailed
description can be found ir2[11,19].

Any nonempty closed subsét, of R is called a time scale. On a time scale, the functions
o) = inf{se T :s > t}andp(t) = sups € T : s < t} are called the forward and
backward jump operators, respectively. The poird T is called right-scattered & (t) > t,
and right-dense it (t) = t. Similarly, it is called left-scattered ip(t) < t, and leftdense if
p(t) = t. Note hat, ontime scal€ly, thepointstyi_1,i € Z, are ldt-scattered and right-dense,
and the point&yi, i € Z, areright-scattered and left-dense. Mawer, it is worth mentioning that
o(ty) = toiy1, p(oit1) =toi,1 € Z, ando (t) = p(t) =t for any othett € To.

The A-derivative of a continuous functiofi at a right-scattered point is defined as

f _
FAxt) = (o(1)) f(t)7
o) —t
and at a right-dense point it is defined as
fA(t) -— lim M
s—t t—s

if the limit exists.
Let T be an arbitrary time scale. A functien: T — R is called rd-continuous if:

(i) itis continuous at eachght-dense or maximale T;
(ii) the left-sided limitp(t—) = lim;_,;- ¢ (&) exists at each left-denge

Similarly, a functionp : T — R is called |d-continuous if:

(i) itis continuous at each fedense or minimat € T;
(i) the right-sided limitp(t+) = lims_,++ (&) exists at each right-dense

A differertial equation
yAm = fty), teT (2.3)

is said to be a differential equation on time scdl€][where functionf (t, y) : T x R" — R"in
(2.3)is assumed to be rd-continuous @n< R".

In our specific case we denote, By, the set of all functions which are rd-continuousTn
Moreover, we define a set of functioﬂg1 C 7 which are continuously differentiable offig,
assuming that the functions have a one-sided derivative at the boundary pdihtstiot is, if
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RS T(lj, theng’ € T,. In general, by the derivative at the boundary point, we mean a one-sided
derivative.

3. Y-substitution

It is common to snplify a given equation ¥ a proper transformation in every theory of
differential equations. Likewise, in this section, we introduce a transformation which plays the
role of a bridge in the passage from DETC, a¢drl), to an IDE.

Without loss of generality, we assume thai < O < tg. The y-subditution, on the set
Ty = To \ U2 _ o {t2i—1}, is defined as

t— Z S, t>0

O<toy <t

t+ > & t<O

t<tk<O0

Yt = (3.4)

wheredx = toki1 — tok. Notice tha the y-subditution is a one-to-one mapy(0) = 0, and
condition (CO) implies tha¥ (Tj,) = R. The invers trangormation is

S+ Z S, s>0
O<x<s

S— Z Sk, S<0O.

s<gs<0

v s) = (3.5

Note that the inverse transformation is a piecewise continuous function with discontinuity of the
first kind at the points = 5,1 € Z, andy (s +) — v ~1(5) = §i.

Lemmal. ¢'(t) =1if t € Ty,

Proof. Assume that > 0. Then,
h) —
lim Yt +h) -y

/
t) =
v h—0 h
1
= lim = |:<t+h— > 5k> - (t— > 5k>]
O<tyk<t+h O<toy <t
=1

The asertion fot < 0 can be proved in the same way.
Denotes = ¥ (ty), i € Z. To make theeduction of IETC to IDE, we also need the following
sets of finctions. A functionp(s) : R — R" is said to be inPCy if:

(i) @(s) is left continuous orR and continuous of® \ | J2_ . {s};
(ii) ¢(s) has dscontinuities of the first kind at the poirgs

Similarly, a functiong(s) is said to be inDCé if ¢ € PCpandg’ is in PCo, where
/ . S) — S
J(s) = lim @(s) — o( ).
s—>s~ S—S§

One can easily check that1(s) € PC}, anddﬂs(t/fl(s)) =1lifs#s,ieZ O
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In the next lemma, we show that the spaces of functiyrend?Cg are closely related. This
relaion is st up byy-subditution. In the same manner, the relations betWé@r&ndPCé are
going to be constructed. In what follows, assume thaty ().

Lemma 2. If ¢(t) € To, thenp(y—1(s)) € PCo, andg(¥ (1)) € Toif ¢(s) € PCo.

Proof. Sincey (1) is aone-to-one transformation, we see that,ig not one of the pointt, then
¥ (t) is not one of the points . Now, the ontinuity of y-subditution gives us the remaining part
of the proof. O

Corollary 3. If ¢(t) € 73, thenp(y~1(s)) € PCY, andp(y (1)) € T3 if ¢(s) € PCY.

4. Reduction of the DETC (DETY) to impulsive differential equations

Using condition [L9],
to —y(tai .
A () = y(t2i+1) — Y( 2|)’ i 7.
it — to

Eqg.(2.3)can be written as

y® = f(ty), teTo,
y(taiv1) = f(ta, y(t2)di + y(tai),
wheres; = tyj+1 — ty.
We geeralize the last eqtian if the specific termf (ty;, y(t2i))d; in (4.6)is replaced by an

expressionJ; (y(tzi)), whereJ; can be an arbitrary function.
Thus the following equation is considered:

y(@® = fty), teTo,
y(tai+1) = Ji(y(t2) + y(t2i).
We name(4.7) as adynamic equation on time seawith transition condition and we
abbreviate its name as DETC. Cleafly,6)is a specification of4.7)with Ji (y) = f(t, y)§;.
A functiong € 73 is a solution of(4.7)if ¢'(t) = f(t, (1)) fort € To, ande(tzi11) =
Ji(pt2) + @(tzi) fort =tyi41,i € Z.
Let us now apply the transformation of the independent argument/ (t) to (4.7). If y(t) is
a solition of (4.7), thenx(s) = y(¥~1(s)) is a solution dthe equationx’ = f (v ~1(s), x) for
s # 5, thatis,t To. If t = toi+1, thens = ¢ (t) = q*, and theefore the second equation in
(4.7)leads to

X(s") = J(X(s)) + X(S),
which can be written as
AX|s=g = Ji (X(5)),

whereAx|s—g = x(sﬁ) — X(s). Thus,x(s) is a solution of the following IDE:

(4.6)

4.7)

X' = f(Hs),%), s#s,

(4.8)
AX|s=g = Ji (X(5)).
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The connection between DET@.7) and IDE (4.8) is established. The solution(s), x(s%) =
X0, (8%, x0) € (R x R™), of (4.8)satisfies the following integral equation:

X(s) = Xo + /S: F), x©) dé + SO§<S J (xsH), (4.9)
if s> <9, and
X(s) = Xo + /s: frtE). x()) dg - s<52:so J(x(gM), (4.10)
if s <0, _
Let a,b be members oflg suchthata < b. We dewote To(a,b) = [a, tom] U

Zlfz_r:'rlwl[tz‘(—l’ tok] U [t2p—1, b], wherem and p are integers which satisfigm_1 < a < tom
<--- <typ_1 <t <tpp, andforf(r) € To we set

tom tom+2 b
/ f(r)dt::/ f(r)dt—i—/ f(r)dt—l—'o'—i-/ f(7)dr.
To(a,b) a toms1 top-1

Now, the ®lution, y(t), y(t% = yo, of (4.7), wheret® = y~1(s?), sdisfies

y() = yo+ / fey@ndr+ Y J(y(tas), (4.11)
To(t.t) 10<ty <t
if t > t°, and
YO =y~ [ feymdr- 3 ) (4.12)
TO(txtO) t<ty; <t0
if t < tO.

5. Linear systems
5.1. Homogeneous linear systems

Let f(t,y) = A(t)y andJi(y) = Bjyin (4.7), whereA(t) ¢ C(R,R™") andB; € R™".
Consider the linear time scale differential equation

y'(t) = At)y, te Ty,

(5.13)
y(tai+1) = Biy(tai) + y(tai).
By means ofy/-subditution, system(5.13)turns out to be the IDE
/ — A
X ()X, s#s, (5.14)

AX|SZ$ = B|X,

whereA(s) = A(y~1(s)). Sincethe solutbns of systenf5.14)form a linear space of dimension
n [1822], andvy -subditution transforms only the time variable, the solutiong®fl3)also form
alinear space of the same dimensian,
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Letej =(0,...,0,1,0,..., 0)" be then-tuple whosej-th component is 1 and all others are
0, and assume thaj (s), xj (0) = ej, is a soldion of (5.14)for j =1, ..., n. Then RZ], for any
other solutiorx(s), x(0) = xg, of (5.14) we have

n
X(s) = chxj (s), (5.15)
=1

where the coefficients; are uniquely determined fromy = Z?zl cjgj.

Now, forming the matricianX(s) = [x1(S) X2(S) -+ Xn(s)] of system(5.14) equdity
(5.15)can be written as

X(S) = X(S)Xo.

If X(s,r) = X(s)X~1(r) is a transition matrix ok’ = A(s)X, then

l, s=0
1
X(s, sp)(1 +Bp) [ [ ¥(sc. %10 + Be-1)X (50,0, s>0
X(s) = =r,
X D0 +B)™ [ X1 500 + B0 X (5-1,0), s<0
k=I+1

where, fors > 0, we have assumed thatdsy < --- < sp < s < sp11 and, fors < 0, we have
assumedthaf_1 <s<g <---<s.1 <0.

On the otler hand yr-subditution yields that a solutiory; (t), yj(0) = &, is detrmined by
yi () =X (¥ (1)).

Hence, any solutioy(t), y(0) = yo, of (5.13)is given byy(t) = Y (t)yo, where the mtriciant
Y (t) is defined and determined by

l, t=0
1
Y(t, tops) (I + Bp) [ [ Vtak, ta-) (I + Bi-)V(t1,0), >0
Y(t) = vl
Yt )+ By ] Yitx-1, ta) (I + B V(t1,0), t<0
k=I+1

in which Y(t, r) = Y(®)Y~1(r) is a transition matrix of/ = A(t)y and, fort > 0, we have
assumed that & topy1 < t < tr(py1) and, fort < 0, we have assumed thiat_1 <t <ty <0.

5.2. Nonhomogeneous linear systems

Consider the system

y'® =AMLy +9gt), teTo,

(5.16)
y(tai+1) = Biy(ta) + Wi + y(t2i),
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wherey € R", A(t), B; are as described for systefs.13) g(t) € 7o and{W;},i € Z, is a
sejuence oh-vectors.
Applying the transformatiomg(t) = Y (t)u(t) ands = v (t), one can obtain
7 =X"1908(5). s#s.

5.17
Azls—g = X HsHW (-47)

wherez(s) = u(y~1(s)), §(s) = g(¥~1(s)). The soltion of (5.17)satisfyingz(s®) = zg is

S
2(5) = 20+ / X eg@de+ Y XHEHW, (5.18)
S s0<s <s
if s> s% and
S
29 =2+ [ X 0@ % - Y X gHw, (5.19)
S s<s <s0

if s < s. Consequently, the general solution(6f16)is

yt =Yt Oy + f Yt ogmdr+ Y Y(t tar)W, (5.20)
TO(to,t) toftzi <t
if t >t9 and
y(t) =Yt %y - f Y(t, g dr — Y Yt i)W, (5.21)
To(t.t% t<ty <t

if t <tO.
5.3. Linear systems with constant coefficients
Let A(t) = AandB; = B be constant matrices (5.13)and consider the linear system with
constant coefficients
y = Ay, teTy,
y(tai+1) = By(tai) + y(t2i),
whereA, B € R™", The fdlowing assumptins for systenf5.22)are needed:

(C1) the matriceA andB commute AB = BA;
(C2) detl + B) # 0;

(5.22)

(C3) thelimits
40 -0
i POV iy
t—o00 t —10 t>oo t — tO

exig, wherei (t°, t) is thenumber of gaps(tox, tak+1), in To betweert® andt.
DenoteAg = ¢A+ pIn(l + B).

Theorem 4. Let conditions(C0)—(C3) hold. Then the zero solution ¢5.22)is
(a) asymptotically stable if the real parts of all eigenvalues of the matgiare negative;
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(b) unstable if the real part of at least one eigenvalue of the matgixs positive.
Proof. It is easily seen thap(t, ) = eAt= and hence, itom—1 < t° < tom < -+ < top-1
<t < to, we get

m+1
Y(t,10) = eAt-ta- (| 4 B l—[ I:eA(tZk*tZkfl)“ + B)] eAltom—t0)
k=n-1

Condition (C1) implies thay (t, %) = eAv®O-v)l(| 4 B)it%D, pueto condition (C3), we
can write
Yy -yt = +a®lt—t%, and %) =[p+et)lt—1t°

whereej(t) — O ast — oo, | = 1, 2. In general, the functions (t), j = 1, 2, are piecewise
continuous functions.

Now, the solutiony(t), y(t%) = yo, of (5.22)can be written ag(t) = e?Ot)yy where
At) = Ao+ ex() A+ e2(t) In(1 + B) fort > tO.

Assume that mgxReArj(4do) = y < 0. The properties of functionsj, j = 1, 2, imply
that, for a fked positivee, there exits a sufficiently largeT > 0 such bhat,if t > T, then
lejM)] <€, j =12

Therefore,

Iy < K @) ©@t-t)gr+ae—td),

wherex(e) = |le1(t) A + e2(t) In(l 4+ B)]|. Sincey < 0 ande, € can be chosen so small that
y + € + x(¢) < 0, the first part of theheorem $ proved.

Let Ao be the @envalue ofdg, whose real part is positive, and lg§ be a corresponding
eigenvector in a small neighborhood of the origin. We can obtain that

Iy = et Re =)y
Since Reyg > 0, we can choose > 0 so smé that —x(¢) + Reig > 0, and the last inequality
completes the proof. O
Example5.1. Letti =i + (-1, 0 < « < 3, and onsiderthe system
Y1 = ay1 — By,
Yo = By1+ay2, teTo,
yi(tai+1) = (L + K)ya(ta),
Yo(tair1) = (L+K)ya(t2),
whereg is a positive eal number anf > —1 is a onstant. One can easily see that the matrices

A= [Z *g] andB = ['g ﬁ] commute with each other arfd= 3 + «, p = 3. Therdore, we

have
(Boerdmare  —(3e)s
Ao = 2 2 2
(3 ) (1 ) Lna+n
2+/< B 2+/< Ol+2

which has eigenvalues » = (3 + «)a + 3 In(1 + k) + (3 + «)Bi. Herce, the zero solution of
(5.23)is asymptotically stable if +«)a+ 3 In(1+k) < 0; unstable i 3 +c)a+3 In(1+k) > 0.

(5.23)
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6. Periodic solutions

6.1. Description of periodical DETC

Definition 5. The time scal€lg is said to have amw-property if there exists a numbere R+
suchthatt + w € To whenevet € Tg.

From this definition, by simply using mathematical induction, we get the following lemma.
Lemma 6. If T has anw-property, then & nw € T forallt € To, n € Z.

Definition 7. A sequence{a;} C R is said to satisfy afiw, p)-property if there exist numbers
o € Rt andp € N suchthataj+p, = a +  foralli € Z.

Lemma 8. If t is a right(left)-dense point offp whichhas anw-property, then t nw is also a
right(left)-dense pait, respectivelyyn € Z.

Proof. We will prove the statement just fon = 1, since the remaining part is an obvious
application of mathematical induction. Liebe a right-dense point. Then,

ct+w)=inf{s>t4+w:seTo}=inf{s>t:seTo}+w
=oct)tw=t+ o,
thatis,t + w is a right-denseoint. Similarly, one can prove the lemma for left-dense pointsl

Corallary 9. If Tg has anw-property, then there exists ¢ N such hat the sequencds; } and
{toi+1} satisfy an(w, p)-property.

Coroallary 10. If T has anw-property, the sequendéy} is p-perodic, that is,5k4+p = 6k for
allk € Z.
Let po be the minimal of these numbepswhich satisfyCorollary 10.
Lemma 11. If Tg has anw-property, then the sequenég}, s = v (ta), is (@, po)-periodic
with
O=w— Z Sk = Y (w).

O<tok<w
Proof. In order to prove tfs lemma, we only need to verify that, p,, = § + o for alli. Assume
thati > 0,i =npp+ j forsomene Z,0 < j < ppandO< tp < - -+ < typy—1) < w. Then

S+py = ¥ Qi +po) = 2i+po) — Z Sk
O<tox<t2(i+pg)

i+po—1
=tito— Y k- Y =yl te— Y &
O<to <ty toi <tok <t2(i+pg) k=i
j+po—1 j4po—1 po—1
=s+tw-— Z Sk4npp =S + o — Z 5k=$+w—z5k
k=] k=] k=0

=S +w-— Z k=5 +o,

O<tok<w



M.U. Akhmet, M. Turan / Nonlinear AnalySiginnn) a1 11

where we have used the fact that

j+po—1 Po—1 j+po—1
Z Z5k+ Z 5k—25k+25k+p0
k=j
pofl J'*l Po—1
= Z5k+28k= Z(Sk.
k=] k=0 k=0

All other cases can be verified similarly. O

Corollary 12. If Tg has anw-property, theny (t + w) = ¥ (t) + ¥ (w).
Denote the set of all' -periodic functions, defined on the sétc R, by P71 (A).
Lemmal3. If ¢(t) € P,(To), and To has anw-property, theng (v 1(s)) € Pz (R) with
o =Y().
Proof. By Corollary 12, s+ @ = ¥ (t + w). Then theequality
P THE+ @) =pt+ ) =dt) = ()
completes the proof. O

Similarly, to the last lemma, the following assertion can be verified.
Lemma 14. If ¢(s) € P;(R), theng (¥ (1)) € Py (To).
6.2. Floguettheory

Consider
yt) =AMy + ), teTo,
y(toit1) = Biy(ta) + Ji + y(t2),

where A, f € P,(To), sequencesB; and J are p-periodic, Tp has anw-property, and let
Y (), Y(0) = I, be the fundamental matrix solution of the corresponding homogeneous system

y(t) =AMy, teTo,

(6.24)

(6.25)
y(ti+1) = Biy(ta) + y(tai).
A solution y(t), y(t% = yo, of (6.24)is given by
YO =Yy + [ Yeofmds Y Ytad.
To(0,t) O<tyj <t
Now, for this ®lution to bew-periodic, we need(w) = y(0) = Yo, that s,
[ —Y()lyo=Db (6.26)
where
b= Y of(@d+ Y Y ti)d. (6.27)

To(0,w)

O<tyj <w
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Definition 15. The eigenvaluesj, of thematix Y (w) are called Floquet multipliers (or simply
multipliers) of systen(6.24)

The following Theorems 16—18an be proved as similar assertions for ordinary differential
equations.

Theorem 16. If p is a multiplier, then there exists a nontrivial solution(t), of (6.25)such
that y(t + w) = py(t). Conversely, if there exists a nontrivial solution(t); of (6.25)suchthat
y(t + w) = py(t), thenp is a multiplier.

Theorem 17. Systen{6.25)has a ko-periodic solution if and only if there exists a multiplier,
suchthat p* = 1.
Now, if we havep # 1 for all multipliers, then the system if6.26) has a unique solution
which implies the following theorem.
Theorem 18. If unity is not one of the multipliers, thg.24)has a uniquev-periodic solution,
y(t), such hat y(0) = yo = [I — Y(w)]"1b.
Now, we can write the matriciany,(t), in the Floquet form
Y(t) = &t)ePv®
whered(t) = Y(t)e P®, P = 2InY(w), @ = ¥(w). Then
Pt + o) = Y(t +o)e PV — Y)Y (0)e PV @e PYO
=Yt)e PYO = ¢t)

and henced(t) is w-periodic. From the definition ofp(t), we seethat &(t) is continuously
differentiable, bounded for atl € Tg because of its periodicity, and is nonsingular. One can
easily verify that the transformation = &(t)u transforms systert6.25)into the system with
constant coefficients

U=Pu teTg

u(tzi+1) = u(ta), (6.28)
where we have used the fact that

e PV (i) — g=PV(t2)
Definition 19. The eigenvaluesyj, of the matix P = %In Y (w) are called the Floquet

exponents (or simply exponents).

Similarly to ODE and applying the Floquet theory for IDE, one can prove that the following
assertions are valid.

Theorem 20. Let{Aj} be the exponents. Then the solutiong@p5)are

(a) asymptotically stable if and only Re(xj) < Oforall j;
(b) stable if Re(xj) < Oforall j and %; is simple wherReA| = 0;
(c) unstable if there exists an exponentsuchthatRe(xj) > 0.

Theorem 21. Let{pj} bethe multipliers. Then the solutions ¢8.25)are
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(a) ayymptotically stable if and only if all multipliers lie inside the unit circle;
(b) stable if |pj| < 1forall j and pj is simple whenp;| = 1,
(c) undable if there exists a multiplies; which lies outside the unit circle.

Example6.1. Lettj =im + (-1 7 and consider the system

Y1 = —y2+ fi(t),

Yo =y1+ fat). teTo,

yi(tai+1) = (L + K)ya(ta),

Yo(tair1) = (L+K)ya(t2),
wherefi(t) = -1 and fo(t) = sin(t —tyi_1) fortyi_1 < t <ty andk € R is a constat. It is

easy to see that this system ig-periodic and the matriciant of the corresponding homogeneous
system is

(6.29)

Vit 1) = [cos(t —1) —sint — r)i|

sint —7) cogt — 1)
and hence the matrix of monodromy is

3 b4 1+k O
Y(2n) = y(Zn, T) (I +B)Y <Z’0) = [ 0 1+ k]'

Therefore, the multipliers are12 = 1 + k. Now, if k # 0 then, by Theorem 18the sytem
in (6.29) has a unique 2-periodic solution and, byrheorem 21 this perodic solution is
asymptotically stable for-2 < k < 0, unstable fok < —2 ork > 0, and stable fok = —2.

6.3. The Massera theorem
Let us consider the following analogue of the famous theorem f@&iin [
Theorem 22. If system(6.24) has a bounded solution*yt) on the sefft € Tp : t > 0}, then
there exists geriodic solution of systet(6.24)
Proof. Assume on the contrary that thendss no periodic solution. Let*(t), y(0) = yo, be a
bounded solution of6.24) then
Y () = Y(t)yo+ / YOY o f@dr+ >0 YOY a1
To(0,t) O<tyj <t
andy*(w) = Y(w)Yo + b, whereb is as in(6.27) Now, x*(s) = y*(v¥ ~1(s)) is a solution of

X' = AW o)X+ f( ), s#s

(6.30)
AX|s=s = Bix + J.

Sincex*(s + @) = Y* (W s+ @)),® = ¥(w), is also a stution of (6.30) it implies that
y*(t + w) is also a solution of6.24) Thus, we have

Vit +w) = Y(t—i—a))yo—i—/ Yt + )Y () f(r)dr
To(0,t+w)

+ > Yt+o)Y Haind
O<tyj <t+w
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=Yt)y*(w) +f Y)Y L(0)f(r)dr
To(O,t)
+ Y YOY Mt

O<tyj <t

and
Y*(2w) = Y(w)y* (@) + b = Y2(w)yo + Y(w)b + b.

Continuing in this way, by mathematical induction we see that

n—1

y'(nw) = Y @)yo + ) Y¥(@)b.
k=0

If there is now-periodic solution, then the systefh — Y (w)]yo = b has no solution, which
means that there is a solutian),of thesystem[| — Y (w)]"y = 0 such thatb, ¢) # 0. Thus,

n—-1
(y*(nw). ) = <Yn(w)y0 + > Yo @b, c>

k=0
_ n T © k Tay ©
= (yo. [Y"(@)1Te) + ) (b. [Y*@)]1Te) = (yo. ¢) + ) _(b.C)
k=0 k=0

= (Yo, ¢) +n{b, ¢)
which becomes unbounded as— oco. However sincey*(t) is bounded, we have
Ky*(nw), ¢)| < ly*(nw)|[c| < Mic]|
and this contradiction completes the proof.C]

Corollary 23. If system(6.24)does not have am-periodic solution, then all solutions of system
(6.24)are unbounded on botft € Tp: t > O} and{t € Tp : t < 0}.

7. Almost periodic solutions of quasi-linear systems

Let us consider the following quasilinear DETC:

y'=Aby+ f(t,y), teTo,
y(tai+1) = Biy(ta) + Ji(y(t2) + y(t2).

The definition of almost periodic funains on time scales will be introduced and the
conditions under which the system admits this type of almost periodic solutions will be obtained.
Fix anumberm > 0. Let©® be a set of sequencé} C R,i € Z, suchhat6;1—6; > 0,i €
Z. From thelast inequality, it implies thap;| — oo, asli| — oo. Let us introduce the following
definitions.
Anintegerpis called are-almost period of a sequence of vectfag, i € Z, if ||[ai;p—aill <
e for anyi € Z.

(7.31)

Definition 24. A sequences;, i € Z, is almost griodic if, for anye > 0, there exis a reldively
dense set of ite-almost periods.
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Denoteeij = 6i+j — 6; and define sequences = {eij li, ] €Z.
A setS ¢ R is said to be relatively dense if there exists a number 0 such bhat
[a,a+¢]NS#£@Pforallae R.

Definition 25. [16,22) We call {6;} a Wexler squence if sequencés, j € Z, are guipotentially
almost periodic, that is, for an arbitraey > 0 there exits a relatively dense set efalmost
periods that are common for &l , j € Z.

Itis obvious that everyw, p)-periodic sequence is also a Wexler sequence. Let us again use the
sagquences }, wheres = ¥ (t3), j € Z. Onecan easily check thds } € ©. In this fction, we
assume that

(C4) both{s } and{t;} are Wexler sequences.

Fix H > 0, and denoteGy = {x € R" : |X|| < HJ}. Let 7o9(GR) be a set of
functions f (t,x) : To x Gy — R" suchthat f(t,x) € 7p for every fixedx € Gy. For
f e 7o (respectively,f € 70(Gh)) andr € R, the trasslate of f by t is the function
Q. f = f(t+1), t € T (respectivelyQ; f(t,x) = f(t+1,2), (X,t) € To x Gy). Anumber
t € Ris called are-translation number of a functioh € 7g (f € 70(GR)) if t + 1 € To for all
[t —tj]| > eand|| Q. f — f| < e foreveryt € To((t, 2) € Top x Gn), suchhat|t —tj| > €. It
is obvious that the functiol, f is not defined ift 4+ 7 & To.

Definition 26. A functionf € 7o(f € 7o(Gp)) is called almost periodic ofip (almost periodic
in t uniformly with respect tax € Gy) if, for everye € R, € > 0, there exists a respectively
dense set of-translations off .

Denote by AP(To) (AP(To x Gp)) the set of all ach functions.

Let PCo(GR) be a set of functiond (s, x) : R x Gy — R" suchthat f(s, x) € PCq
for every fixedx € Gy. For f € PCq (respectively,f € PCo(Gn)) andz € R, the
translate off by t is the functionQ.f = f(s+ 7),s € R (respectively,Q, f(s,x) =
f(s+1,2), (s,X) € R x Gy). Anumberr € Ris called are-translation number of a function
f € PCo (f € PCo(GR)) if |Q:f — f| < e for everys € R((s, X) € R x Gp), such hat
|IS—S| > €.

Definition 27. [16,22] A function f € PCo(f € PCp(Gh)) is called almost periodic (almost
periodic ins uniformly with respect tox € Gy) if, for everye € R,e > 0, there exists a
respectively dense set eftranslations off .

Denote byBW AP (BW AP(GR)) the set of all ach functions.

Lemma28. [27] If {5} is a Wexler sguence and ity € BW AP, then, foarbitrary ¢ > 0, € >
v > 0, there eists | > 0 such hat, for an arbitrary interval J of length I, there existse J and
gr € Z, sud that

(@) I§" — 1| <e€,i €7
(0) |¢p(s+ 1) —p(S)|| <€,if |S—S|>€,i€Z, seR.

Let us prove the following important lemma.

Lemma29. If ¢ € BW AP, thenp(v(t)) € AP(To).
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Proof. Assume thatp(s) € BWAP. Fix e > 0. It is known [L6,22] that ¢ is uniformly
continuous on the union of intervals of continuily, S+1),i € Z. Denote§ > 0 apositive
number such thaff¢(s) — ¢(s)|| < € if |[s— 8| < § ands, s belong to one and the same
interval of continuity ofp. Without loss of generality, we assume that 0, s > 0, and denote
=1+ 20<s - 8i, 8=y (t). We have that

Y+t —s—t=t+r+ Y si—- >  Si-t+ > s-t

O<s <t O<tyj <t+1/ O<tyj <t
- Y- Y o
O<s <t t<ty <t+7

Denotev = maxg, §}. Using the meénhod of the proof ofLemma 28[16,22] (the method of
common almost periods), we can prove that there exist relatively dense sets of narabdcs
suchthat

Q) lp(s+71)—@ )| <€if [s—5]| >¢€,i €Z, seR;
) Is" — | <v,i € Z;
(3) |ZO<S <t i — Ztgtgi <t+t Sil <v.

Thenitimplies thats+ t — 5| > v ands + 7, ¥ (t + t’) are in one and the same interval of
continuity of¢. Now wecan conclude that

Wt + 1)) — W)l = gt +1)) —p+ Dl + llp(s+ 1) — p(W D)l
= oWt +) —d+)l+l¢s+1) -9 < 2
The density of numbers' follows the density of the sét}. The lanmais proved. O

Similarly, we can prove that the following lemma is valid.

Lemma30. If f(t) € AP(Tp), then f(y~1(s)) € BWAP.

The last lemma implies that every function frodP (To) is uniformly continuous ofTg. Let us
make the fdowing assumptins for systen{7.31)

(C5) elements of matriA(t) are fromAP(Tp), elements bfunction f (t, x) are from AP (Tg x
Gh);

(C6) sequencB;,i € Z, is almost riodic, and sequenck, i € Z, is almost griodic uniformly
with respect tox € Gy

(C7) functionsf andJ; satisfy the Lipschitz condition with constaht

(C8) There exist positive constarksanda suchthat

IY(t, &) < Ke®t)  t>¢t,&eTo, (7.32)
whereY (t, s) is the transition matrix of homogeneous syst&m. 3)
By usingyr-subgitution, we can write that

—a(s—n+ X &)
IX(s, Il < Ke =SS s> (7.33)

Hence,
IX(s, Ml < Kigm2E™m s> (7.34)
whereK; = Ke¥?.
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Now, consider the following impulsive system
X'(8) = AW DX+ F(1(s),x(5), s#s
AX|s=g = BiX(s) + Ji (X(5)), (7.35)
which corresponds tq7.31) by v-subditution. It implies fromLemma 30that A(y~1(s)) <

WBAP and f (y~1(s), x) € WBAP(GH). By Lemma 26 p2], there exists a numbeéd € N
such that every unit interval oR contains not more thaN elements of sequense Denote

1 e
a=—+—-,
2 + 1— eZa%
M= sup [f(t Y+ sup [[FWI.
ToxGH ZxGH

Now, usirg Theorem 82 from R2] (see, also, T]), we can conclude thahe following lemma is
valid.

Lemma 31. Assume that condition€4)—(C8) and(7.34)are fulfilled and, moreover:

(1) KiMa < H;
(2) KiLa < 1;
(3) 2« + KiL + N~1In(1+ K1L) < 0.

Then syster{i7.35)has a unique asymptotically stable solutigfii®) € WBAP.

Applying the properties off-subdgitution and Lemmas 29and 31, we can formulate the
following theorem.

Theorem 32. Assume that condition€4)—(C8) and(7.32)are fulfilled and, moreover:

(1) Ke*?Ma < H;
(2) Ke*fLa < 1;
(3) 2 + Ke®’L + N~tIn(1+ Ke*’L) < 0.

Then systertb.16)has a unique asymptotically stable solutigiity € AP (Tp).
8. Conclusion

In our paper, the connection between a specific type of differential equations on time scales
(DETC) with impulsive differential equations is established. Some benefits of the established
connectioninclude knowledge about propertielraar DETC, the investigation of the existence
of periodic and almosperiodic solutions, rad their stability. We gppose that the problems
of stability, oscillations, smoothness of solutions, integral manifolds, theory of functional
differential equations, etc. can be investigated by applying our results. Another interesting
opportunity is to analyze equations with more sophisticated time scales.
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