
On Asymptotic Equivalence of Impulsive Linear

Homogeneous Differential Systems

M. U. Akhmet,∗M.A. Tleubergenova

Department of Mathematics, Middle East Technical University, 06531 Ankara, Turkey, marat@metu.edu.tr ;

Branch of K. Satpaev Kazakh National Technical University, 463000 Aktobe, Mares’eva str., 10

Abstract

Sufficient conditions of asymptotic equivalence of impulsive linear homogeneous differential
equations are obtained. A partial result is also proved when one of the equations is of delay type.
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1 Introduction

The problem of asymptotic equivalence for linear and non-linear ordinary differential equations have

been considered by many authors [1]- [8] (see also bibliography of [1, 3]). And recently, there has been

a lot of activity with solutions which undertake discontinuities or jumps at some definite instants [9].

It generates needes 0f investigation the asymptotic behavior of impulsive systems [10]. Interesting

article which motivate our study here in this article were written by M. Ráb [7]. Following the results

of M. Ráb without requiring any special form and any boundedness condition for the solutions new

results for asymptotic equivalence of impulsive systems are obtained. We should also note that Ráb

did not consider asymptotic equivalance but rather gave aymptotic representation of solutions.

Let Z,R be sets of all integers and real numbers respectively, R+ = [t0,∞) for some t0 ∈ R, || · ||

be the euclidean norm in Rn, n ∈ N.
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We consider the following systems of impulsive differential equations

dx/dt = A(t)x, t 6= θi,

∆x(θi) = Bix(θi) (1)

and

dy/dt = [A(t) + C(t)]y, t 6= θi,

∆y(θi) = [Bi + Di]y(θi) (2)

where x, y ∈ Rn,

(C1) A(t), C(t), t ∈ Bi, Di, i ∈ Z, are real valued n× n− matrices, A(t), C(t) ∈ C(R+);

(C2) {θi} ⊂ R, t0 < θ1 < θ2 < . . . θi →∞ as i →∞;

(C3) matrices Bi, Di satisfy the inequalities

det(I + Bi) 6= 0,det(I + Bi + Di) 6= 0, for alli ∈ Z. (3)

Remark 1.1 The conditions (C1) − (C3) imply [9] (p.44 ) that solutions x(t, t0, x0) and y(t, t0, x0) of

Cauchy’s problem for systems (1) and (2) with any x0, y0 ∈ Rn, t0 ∈ R exist and unique on R+.

Definition 1 [3] A one-to-one correspondence between solutions x(t) of (1) and solutions y(t) of (2)

is called an asymptotic equivalence if x(t)− y(t) → 0 as t →∞.

The technique used in the present paper is also applied in a certain sense when (2) is replaced by a

impulsive delay differential equation of the form

dy/dt = A(t)y(t) + C(t)y(t− τ)], t 6= θi,

∆y(θi) = Biy(θi) + Diy(θi−p), (4)

where τ, p are positive real and integer numbers respectively.

2 Ordinary Differential Equations

Let X(t) be [9] (p.47) a fundamental matrix solutionof (1). We start with the change of dependent

variable

y(t) = X(t)u(t) (5)
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which transforms (2) into the system

du/dt = P (t)u, t 6= θi,

∆u(ζi) = Qiu(ζi) (6)

where

P (t) = X−1(t)B(t)X(t), Qi = X−1(θi+)DiX(θi). (7)

The substitution appearing in (5), which was also employed in [7, 6], is very crucial in the proof

of our results. In fact, our method is based on a complete characterization of the function u(t) for t

sufficiently large.

Let us assume that ∫ ∞

t0

|| P (t) || dt +
∑

t0<θi<∞

|| Qi ||< ∞ (8)

and construct via successive approximations a sequence {Ψk(t)} of n×n matrices defined for t ∈ [t0,∞)

as follows:

Ψk(t) = −
∫ ∞

t

P (s)Ψk−1(s) ds−
∑

t≤θi<∞

QiΨk−1(θi) k = 1, 2, . . . ,

Ψ0(t) = I,

where I denotes the n× n identity matrix and t0 is a positive real number.

It is clear from (8) that for a given ε, 0 < ε < 1, there exists a t1(ε) ≥ t0 such that∫ ∞

t

|| P (s) || ds +
∑

t<θi<∞

|| Qi ||< ε for all t > t1.

It follows that if t ≥ t1 then || Ψk(t) ||< εk for k = 1, 2, . . . and hence, by using the Weierstrass M-test,

the series
∑∞

k=1 Ψk(t) converges uniformly for t ∈ [t1,+∞) to the piecewise-continuous function.

We define

Ψ(t) =
∞∑

k=1

Ψk(t), t ≥ t1, (9)

and note that Ψ(t) satisfies

Ψ(t) = −
∫ ∞

t

P (s)[I + Ψ(s)] ds−
∑

t<θi<∞

Qi[I + Ψ(θi)] . (10)

Theorem 1 Let X(t) be a fundamental matrix solution of (1) and let P (t) and Ψ(t) be the matrices

given by (7) and (9), respectively. If (8) is satisfied and

lim
t→∞

X(t)Ψ(t) = 0 (11)

then (1) and (2) are asymptotically equivalent.
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Proof. Let t be sufficiently large, t ≥ t1 say. Then in view of (10) we see that the function

u(t) = [I + Ψ(t)]c, c ∈ Rn, is a solution of (6) defined on [t1,∞) and hence y(t) = X(t)[I + Ψ(t)]c is

a solution of (2) .

Let x0 = X(t2)c and y0 = X(t2)(I+Ψ(t2))c. Denote by x(t, c) = x(t, t2, x0) and y(t, c) = y(t, t2, y0)

the solutions of (1) and (2) satifying x(t2) = x0 and y(t2) = y0, respectively.

On the other hand, since Ψ(t) → 0 as t →∞, we note that there exists a t2 > t1 such that I+Ψ(t2)

is nonsingular.

Now, because of the existence and uniqueness of solutions of linear differential equations and the

fact that I + Ψ(t2) is nonsingular, the relation y0 = X(t2)[I + Ψ(t2)]X−1(t2)x0 defines a one-to-one

correspondence between solutions x(t) of (1) and y(t) of (2) such that y(t) = x(t) + X(t)Ψ(t)c for

t > t1. This, in view of (11), completes the proof.

One can see that if impulsive parts in (1) and (2) are cancelled then it is easy to obtain a corre-

sponding result for ordinary differential equations.

3 Delay Differential Equation

We use the substitution y(t) = X(t)u(t) to transform (4) into the system

u′(t) = Q(t)u(t− τ), t 6= θi,

∆u(θi) = Wiu(θi−p), (12)

where

Q(t) = X−1(t)B(t)X(t− τ),Wi = X−1(θi+)DiX(θi−p). (13)

We construct a sequence {Φk} of n× n matrices as follows:

Φk(t) = −
∫ ∞

t

Q(s)Φk−1(s− τ) ds−
∑

t≤θi<∞

WiΦk−1(θi−p) k = 1, 2, . . . ,

Φ0(t) = I,

It can be shown similarly as in the previous section that if∫ ∞

t0

|| Q(t) || dt +
∑

t0≤θi<∞

|| Wi ||< ∞ (14)

then
∑∞

k=1 Φk(t) converges uniformly for t ∈ [t1,∞), where t1 ≥ t0 is a sufficiently large real number.

As in the previous section, it follows that the matrix function

Φ(t) =
∞∑

k=1

Φk(t), t ≥ t1. (15)
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satisfies

Φ(t) = −
∫ ∞

t

Q(s)[I + Φ(s− τ)] ds +
∑

t≤θi<∞

Wi[I + Φ(θi−p)], t ≥ t1,

and therefore the fuction u(t) = [I + Φ(t)]c, c ∈ Rn, is a solution of (12).

Unfortunately, we cannot prove a one-to-one correspondence between solutions of (1) and (4).

However, it is possible to give a similar relation between the set of solutions of (1) and a subset of

solutions of (4).

We give without proof the following two theorems as they can be proved in a similar fashion.

Theorem 2 Let X(t) be a fundamental matrix solution of (1) and let Q(t),Wi and Φ(t) be the

matrices given by (13) and (15), respectively. If (14) holds, then y(t) = X(t)[I + Φ(t)]c is a solution

of (4) for t sufficienly large.

Theorem 3 Let X(t) be a fundamental matrix solution of (1) and let Q(t),Wi and Φ(t) be the

matrices given by (13) and (15), respectively. If (14) is satisfied and

lim
t→∞

X(t)Φ(t) = 0

then for a given solution x(t) of (1) there is a solution y(t) of (4) such that x(t)−y(t) → 0 as t →∞.

It is easy to observe that the above arguments applies if (4) is replaced by a more general linear

functional differential equation.

4 Example

We provide an example to illustrate a result of this paper. Consider the systems

x′(t) = ax, t 6= i, ∆x(i) = mx(i), (16)

and

y′(t) = [a + s(t)]y, t 6= i, ∆y(i) = [m + qi]y(i), (17)

where a,m ∈ R, i ∈ Z , s(t) ∈ C([t0,∞)) for some 1 > t0 > 0. We assume that there exist real

numbers K0 > 0 and b < 0 such that

| s(t) |< K0e
b t for all t ≥ t0, (18)

and q ∈ R, satisfies |q| < 1. And therefore∫ ∞

t0

|s(t)| dt +
∑

t0≤i<∞

|q|i < K0
1
|b|

ebt0 +
|q|

1− |q|
< ∞.
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Let i(t, t0) be a number of points i in the interval (t, t0). Then [9] X(t) = ea(t−t0)(1 + m)i(t,t0) is

a solution of (16) such that X(t0) = 1 and there exists K ∈ R,K > 0 such that

| X(t) |≤ Ke(a+ln(1+m))t for all t ≥ t0,

Denote α = max{b, ln q},Kn = 1
n|α| + 1

1−enα . One can show that | Ψn(t) |≤ K1 . . .Knenαt, and

| Ψ(t) |≤ Π∞n=1K1 . . .Knenαt ≤ Π∞n=1K
n
1 enαt ≤ e(ln K1+α)t 1

1− eαt
.

Hence, if a + ln(1 + m) + lnK1 + α < 0 then X(t)Ψ(t) → 0 as t →∞. Thus all conditions of Theorem

1 are fulfilled and we may conclude that systems (16) and (17) are asymptotically equivalent.
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