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1. Introduction

The theory of impulsive di'erential equations is emerging as an important area of
investigation since it is richer in problems in comparison with the corresponding theory
of di'erential equations and many of the mathematical problems encountered in study-
ing the impulsive di'erential equations cannot be treated with the usual techniques of
ordinary di'erential equations [7,9,11]. Moreover, impulsive di'erential systems repre-
sent a natural framework for mathematical modelling of several processes in natural
science. That is why in recent years the study of such systems has been very intensive.
However, the theory of integro-di'erential equations with impulse actions on surfaces
has not yet been su9ciently elaborated when compared to that of impulsive di'erential
equations and integro-di'erential equations. There are also several problems on the con-
trollability problem for impulsive systems which are connected with the results of the
theory of integral and integro-di'erential equations and have not been well investigated
yet [5,6,8,10].
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In this paper we are concerned with the controllability problem of solutions of
integro-di'erential equations of the form

dx=dt = A(t)x +
∫ t

�
K(t; s)x(s) ds+ C(t)u(t) + f(t) + �g(t; x; u; �); t �= �i + ��i(x; �);

Mx(�i) = Bix(�i)+
∑

�¡�j≤�i

Dijx(�j) + Qivi + Ji + �Wi(x(�i); vi; �); i = 1; 2; : : : ; p;

(1)

x(�) = a; x(�) = b; (2)

where �¿ 0 is a small parameter, �; �; �i; �i ∈ R such that �¡�1 ¡ · · ·¡�p ¡�,
and �i = �i + ��i(x(�i); �); A, K , Dij and Bi are n × n matrices; C and Qi are n × m
matrices; x, f, g, Ji, Wi, a, and b are n-vectors; u and v are m-vectors; Mx(t) denotes
x(t+)−x(t−), where x(t+)=limh→0+x(t+h) and x(t−)=limh→0−x(t+h). We assume
that solutions are left continuous and therefore write Mx(t) = x(t+)− x(t).
The objective of this paper is to ;nd su9cient conditions for controllability of

the boundary value problems for quasilinear impulsive system of integro-di'erential
equations of the form (1), (2). We obtain our results by comparing solutions of
integro-di'erential equations having impulse actions at variable moments with solu-
tions of integro-di'erential equations having impulse actions at ;xed moments. The
results of this paper may be considered as a continuation and a generalization of the
results obtained in [3], where the control of boundary value problems for quasilinear
impulsive di'erential systems was considered. Moreover, for our purpose we have also
proved theorems on existence and uniqueness of solutions of integro-di'erential equa-
tions with impulse actions at ;xed moments and obtained the integral representation
of solutions of such systems.

2. Preliminaries

In what follows we denote by PAC[�; �] the set of all functions x : [�; �] → Rn

piecewise absolutely continuous and continuous on the left with discontinuities of the
;rst kind at points �i, i=1; 2; : : : ; p, by Lr

2[�; �] the set of all square integrable functions
' : [�; �] → Rr and by Dr[1; p] the set of all ;nite sequences {(i}; (i ∈ Rr , i=1; : : : ; p,
where p and r are ;xed positive integers. Furthermore, we de;ne Nr[�; �]=Lr

2[�; �]×
Dr[1; p] and identify its elements as {'; (}, and let

〈{'; (}; {!; *}〉=
∫ �

�
(';!) dt +

p∑
i=1

((i; *i)

be an inner product in Nr[�; �], where (; ) is the Euclidean scalar product in Rr .
Throughout this paper we need the following conditions:

(c1) the functions g, Wi, �i, i=1; 2; : : : ; p, are continuous with respect to their variables
and continuously di'erentiable with respect to x, u, and v;
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(c2) the elements of matrix K(t; s) : [�; �]× [�; �] → Rn×Rn are square integrable with
respect to s;

(c3) the columns of matrix A(t) and the function f(t) : [�; �] → Rn are in Ln
2[�; �];

(c4) {f; J} ∈ Nn[�; �];
(c5) det (I + Bj + Djj) �= 0, det(I + Bj) �= 0 for j = 1; 2; : : : ; p.

The process de;ned by (1) for ;xed � and {u; v} operates as follows: the point
Pt (t; x(t)), starting at (�; a), moves along the curve de;ned by the solution x(t) =
x(t; �; a) of the equation

dx
dt

= A(t)x(t) +
∫ t

�
K(t; s)x(s) ds+ C(t)u+ f(t) + �g(t; x; u; �): (3)

The motion along this curve terminates at time t = �1 when the point Pt arrives at the
surfaces of discontinuity so that �1 = �1 + ��1(x(�1); �): At that moment the point Pt

performs a jump

Mx|t=�1 = B1x(�1) + D11x(�1) + Q1v1 + J1 + �W1(x(�1); v1; �)

and proceeds to move along the curve described by the solution x(t; �1; x(�1+)) of
system (3), until it meets the next surface of discontinuity, and so on. We should note
that each solution of (1) is a function from PAC[�; �] provided it is de;ned on [�; �].
If for any given bounded set G⊂Rn there exists a positive real number �0, �0 =

�0(G), such that for all arbitrary a; b ∈ G and �¡�0 there is a control {u; v} ∈ Nm

for which system (1) admits a solution x(t) satisfying (2), then the boundary value
problem (1), (2), which we shall denote by O�, is said to be solvable.

We should note that system (1) considered in this paper belongs to a class of systems
with impulses at non-;xed moments. It is possible for the integral curve of such system
to meet more than one time and even in;nitely many times one and the same surface
of discontinuity. This phenomenon is called beating [9,11]. Therefore, the investigation
of such a system needs conditions for the absence of beating.
Let s be a positive real number, and let Ns be the subspace of elements (x; u; v)

satisfying the inequality |x|+ |u|+ |v| ≤ s, where | · | is the Euclidean norm in Rn.
For ;xed positive real numbers H and �1, de;ne

GH = {(x; u; v; t; i; �) : (x; u; v) ∈ NH ; � ≤ t ≤ �; i = 1; 2; : : : ; p; � ≤ �1}:
If we let

m1 =max
{
sup
t
|A(t)|; sup

t
|C(t)|; sup

t; s
|K(t; s)|;max

i
|Bi|;max

ij
|Dij|

}
;

m2 =max
{
sup
t
|f(t)|;max

i
|Ji|

}
;

m3 =max
{
max
GH

|g|;max
GH

|W |;max
GH

|�|
}

then it is not di9cult to prove that the following lemma holds.
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Lemma 1. If �1m3 ¡min{�1−�; �−�p}; and if for any x; �; i ∈ GH ; �i+1+��i+1(x; �)
¡�i + ��i(x; �); then every solution of (1) which is in GH and de4ned on [�; �]
intersects each surface t = �i + ��i(x; �); i = 1; 2; : : : ; p; at least once.

To obtain conditions for the absence of beating we ;rst observe in view of (c1) that
there is a positive real number L such that uniformly in GH ,

|g(t; x1; u1; v1; �)− g(t; x2; u2; v2; �)| ≤ L
{|x1 − x2|+ |u1 − u2|+ |v1 − v2|} ;

|Wi(x1; v1; �)−Wi(x2; v2; �)| ≤ L
{|x1 − x2|+ |v1 − v2|} ;

|�i(x1; �)− �i(x2; �)| ≤ L |x1 − x2|:
If we now de;ne

.(�) = m1H (2 + (� − �)) + m2 + �m3

we easily obtain the following result, the proof of which is similar to that of Lemma 5
on p. 22 in [11] and hence is omitted.

Lemma 2. Let system (1) be considered in GH ; and let �¡�2; where �2 ≤ �1 is a
positive real number such that �2L.(�2)¡ 1. If

�i(x; �) ≥ �i


(I + Bi + Dii)x +

i−1∑
j=1

Dijx(j) + Qivi + Ji + �Wi(x; v; �); �




for |x|¡H; |x(j)|¡H; j = 1; 2; : : : ; i − 1; and |v|¡H; then every solution x(t) of (1)
meets any given surface t = �i + ��i(x; �) at most once.

We will also need the following lemmas in the proof of our results. These two
lemmas are analogous to the Fubini’s theorem on changing the order of integration
and may therefore ;nd further applications in other branches of mathematics as well.

Lemma 3. Let Dij; i; j = 1; 2; : : : ; p; be constant matrices of size n × n and {(i} ∈
Dn[1; p]. Then∑

�¡�i¡t

∑
�¡�j≤�i

Dij(j =
∑

�¡�i¡t

∑
�i≤�j¡t

Dji(i for each t ∈ [�; �]:

Proof. The lemma can be proved simply by grouping the terms.

Lemma 4. Let K(t; s) be a matrix of size n × n. If K(t; s) is square integrable with
respect to s on [�; �] for each 4xed t ∈ [�; �]; and 'i(t) ∈ Ln

2[�; �] for i = 1; 2; : : : ; n;
then ∫ t

�
K(t; s)

∑
�¡�i¡s

'i(s) ds=
∑

�¡�i¡t

∫ t

�i
K(t; s)'i(s) ds for each t ∈ [�; �]: (4)
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Proof. De;ne Qi(t) for i=1; 2; : : : ; p as follows: Qi(t)= 0 if t ≤ �i, and Qi(t)='i(t)
if t ¿�i. Then it follows that∫ t

�
K(t; s)

∑
�¡�i¡t

Qi(s) ds=
∑

�¡�i¡t

∫ t

�i
K(t; s)Qi(s) ds=

∑
�¡�i¡t

∫ t

�
K(t; s)'i(s) ds

which clearly proves (4).

3. Existence of solutions of integro-di�erential equations

We ;rst consider the integral equation

x(t) =
∫ t

�
G(t; s)x(s) ds+

∑
�¡�i¡t

Mi(t)x(�i)

+
∑

�¡�i¡t

Ni(t)x(�i+) +
∑

�¡�i¡t

Ji + f(t); (5)

under the following conditions:

(a1) the columns of matrix G(t; s) : [�; �]× [�; �] → Rn×Rn are square integrable with
respect to s;

(a2) the columns of matrices Mi(t) and Ni(t) and the function f(t) belong to PAC[�; �];
(a3) det (I − Nj(�j+) + Nj(�j)) �= 0 for j = 1; 2; : : : ; p.

We shall employ a resolvent argument used by Anokhin et al. in [4] in order to write
(5) in a more useful form. So, let R(t; s) be the resolvent of the Volterra integral
equation with kernel G(t; s). In view of Lemma 4, it is easy to show that (5) is
equivalent to

x(t) =
∑

�¡�i¡t

[∫ t

�i
R(t; s)Mi(s) ds+Mi(t)

]
x(�i)

+
∑

�¡�i¡t

[∫ t

�i
R(t; s)Ni(s) ds+ Ni(t)

]
x(�i+)

+
∑

�¡�i¡t

[∫ t

�i
R(t; s) ds+ I

]
Ji +

∫ t

�
R(t; s)f(s) ds+ f(t); (6)

where I is the n× n identity matrix.
Introducing the notations

Mij =
∫ �j

�i
R(�j; s)Mi(s) ds+Mi(�j);

Nij =
∫ �j

�i
R(�j; s)Ni(s) ds+ Ni(�j);
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pij =
∫ �j

�i
R(�j; s) ds+ I;

we obtain from (6) that

x(�j) =
∑

�¡�i¡�j

[
Mijx(�i) + Nijx(�i+)

]
+

∑
�¡�i¡�j

pijJi +
∫ �j

�
R(�j; s)f(s) ds+ f(�j):

(7)

In view of (7) we also obtain from (6) that

x(�j+)= [I − Nj(�j+) + Nj(�j)]−1{(I +Mj(�j+)−Mj(�j))x(�j)

+
∑

�¡�i¡�j

[(Mi(�j+)−Mi(�j))x(�i)

+(Ni(�j+)− Ni(�j))x(�i+)] + f(�j+)− f(�j) + Ji}: (8)

Expressions (7) and (8) recursively determine x(�j) and x(�j+). Since the non-

homogeneous part of this system is a linear combination of
∫ �i
� R(t; s)f(s) ds, f(�i),

and Ji; for i = 1; 2; : : : ; p, it follows that x(�j) and x(�j+) can be written as linear
combinations of these vectors with certain matrix coe9cients. Thus we obtain that the
following theorem is true.

Theorem 1. Let conditions (a1)–(a3) hold. Then system (5) has a unique solution
x(t) ∈ PAC[�; �] which can be represented as

x(t) =
∫ t

�
P1(t; s)f(s) ds+

∑
�¡�i¡t

Qi(t)Ji +
∑

�¡�i¡t

Pi
2(t)f(�i) + f(t) +

∑
�¡�i¡t

Ji;

where Qi(t); Pi
2(t); i=1; 2; : : : ; p; and P1(t; s) are certain piecewise continuous function

matrices of size n× n.

We may now state and prove the theorem on existence and uniqueness of solutions
of the impulsive system of integro-di'erential equations of the form

dx=dt = A(t)x +
∫ t

�
K(t; s)x(s) ds+ f(t); t �= �i;

Mx(�i) = Bix(�i) +
∑

�¡�j≤�i

Dijx(�j) + Ji: (9)

For some related results we refer in particular to [1].

Theorem 2. Let conditions (c2)–(c4) be satis4ed. Then for a given x0 ∈ Rn there
exists a unique solution x(t) ∈ PAC[�; �] of (9) which satis4es x(�) = x0.



M.U. Akhmetov et al. / Nonlinear Analysis 48 (2002) 271–286 277

Proof. It is easy to verify that the integro-di'erential equation

x(t) = x0 +
∫ t

�
A(s)x(s) ds+

∫ t

�

∫ 3

�
K(3; s)x(s) ds d3 +

∑
�¡�i¡t

Bix(�i)

+
∫ t

�
f(s) ds+

∑
�¡�i¡t

∑
�¡�j≤�i

Dijx(�i) +
∑

�¡�i¡t

Ji (10)

is equivalent to (9) with x(�) = x0.
By letting

T(t; s) = A(s) +
∫ t

s
K(3; s) d3;

Qi = Bi +
∑

�i≤�j¡t

Dji;

F(t) = x0 +
∫ t

�
f(s) ds;

and using the Fubini’s theorem together with Lemma 3, it follows from (10) that

x(t) =
∫ t

�
T(t; s)x(s) ds d3 +

∑
�¡�i¡t

Qix(�i) +
∑

�¡�i¡t

Ji + F(t): (11)

In view of Theorem 1 we may conclude that (11) has a unique solution x(t) ∈
PAC[�; �]: This completes the proof.

Next, we consider the impulsive integro-di'erential equation

@6(t; s)=@s=−6(t; s)A(s)−
∫ t

s
6(t; 3)K(3; s) d3; s �= �i; t ∈ [�; �];

M6(t; �i) =−6(t; �i)Bi(I + Bi)−1 −
∑

�i≤�j¡t

6(t; �j+)Dji(I + Bi)−1; (12)

where 6 ∈ Rn is a row vector, A, K , Dij, and Bi are as before, and M6(t; �i) ≡
6(t; �i+)− 6(t; �i).

Theorem 3. Let conditions (c2)–(c5) hold. Then for a given h0 ∈ Rn the system (12)
has a unique solution 6(t; s) such that 6(t; t) = 60.

Proof. System (12) is equivalent to the integro-di'erential equation

6(t; s) = 6(t; t)−
∫ t

s

[
6(t; 3)A(3) +

∫ t

3
6(t; v)K(v; 3) dv

]
d3

−
∑

s≤�i¡t

6(t; �i)Bi(I + Bi)−1 −
∑

s≤�i¡t

∑
�i≤�j¡t

6(t; �j+)Dji(I + Bi)−1: (13)
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Using slightly di'erent versions of Lemmas 3 and 4 in (13) we get

6(t; s) = 60 −
∫ t

s
6(t; 3)

[
A(3) +

∫ t

s
K(3; v) dv

]
d3

+
∑

s≤�i¡t

6(t; �i)Bi(I + Bi)−1 −
∑

s≤�i¡t

6(t; �i+)
∑

s≤�j≤�i

Dij(I + Bi)−1: (14)

Comparing (5) and (14) it is not di9cult to see that the arguments developed in the
proof of Theorem 1 can be used, and therefore one can conclude that system (12) has
a unique solution 6(t; s) satisfying 6(t; t) = 60:

Now for a ;xed i, let 6i(t; s) be the unique solution of (12) satisfying 6i(t; t) = 7ij,
where 7ij denotes the Kronecker’s delta.
If we de;ne

U(t; s) = col(61; 62; 63; : : : ; 6n); U(t; t) = I;

then the following theorem is obtained.

Theorem 4. Let x(t) = x(t; �; x0) be a solution of the Cauchy problem for (9). Then
x(t) has the representation

x(t) = U(t; �)x0 +
∫ t

�
U(t; s)f(s) ds+

∑
�¡�i¡t

U(t; �j+)Ji: (15)

Proof. Let x(t) = x(t; �; x0) be the solution of (9) and let '(s) = U(t; s)x(s). Clearly,

'(t)− '(�) =
∫ t

�
'′(s) ds+

∑
�¡�i¡t

M'(�i): (16)

Since

M'(�i) = U(t; �i+)x(�i+)− U(t; �i)x(�i) = U(t; �i)Mx(�i) + MU(t; �i)x(�i+);

we have∑
�¡�i¡t

M'(�i) =
∑

�¡�i¡t

[MU(t; �i)(I + Bi) + U(t; �i)Bi] x(�i)

+
∑

�¡�i¡t

∑
�¡�j≤�i

U(t; �i+)Dijx(�j) +
∑

�¡�i¡t

U(t; �i+)Ji

=
∑

�¡�i¡t


MU(t; �i)(I + Bi) + U(t; �i)Bi +

∑
�i≤�j¡t

U(t; �j+)Dji


 x(�i)

+
∑

�¡�i¡t

U(t; �i+)Ji: (17)
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In view of the impulse condition in (12), we obtain from (17) that∑
�¡�i¡t

M'(�i) =
∑

�¡�i¡t

U(t; �i+)Ji: (18)

On the other hand, by di'erentiating the relation '(s) = U(t; s)x(s) we have

'′(s) = @U=@s x(s) + U(t; s)
[
A(s)x(s) +

∫ t

�
K(s; v)x(v) dv+ f(s)

]

and therefore by the help of Fubini’s theorem it follows that∫ t

�
'′(s) ds=

∫ t

�

{
[@U=@s+ U(t; s)A(s)]x(s) + U(t; s)

∫ t

�
K(s; v)x(v) dv

}
ds

+
∫ t

�
U(t; s)f(s) ds

=
∫ t

�

[
@U=@s+ U(t; s)A(s) +

∫ t

�
U(t; v)K(v; s) dv

]
x(s) ds

+
∫ t

�
U(t; s)f(s) ds: (19)

Since U(t; s) is a solution of (12) it is clear from (19) that∫ t

�
'′(s) ds=

∫ t

�
U(t; v)f(v) dv: (20)

By (16), (18), and (20) we may deduce that

'(t) = U(t; �)x0 +
∫ t

�
U(t; s)f(s) ds+

∑
�¡�i¡t

U(t; �j+)Ji:

This completes the proof.

4. A related system with impulses at #xed moments

To investigate problem O� we shall use a comparison method [2]. For this purpose,
we need to construct an integro-di'erential equation with ;xed moments of impulse
actions which is associated with (1). We propose

dy=dt = A(t)y+
∫ t

�
K(t; s)y(s) ds+C(t)u+f(t)+

∑
�¡�i¡t

Fi(t; y; u; �); t �= �i;

My(�i) = Biy(�i) +
∑

�¡�j¡�i

Dijy(�j) + Qivi + Ji + Si(y; u; vi; �); (21)

where Fi and Si are some functionals to be determined.
Without any loss of generality we may assume that �i ≥ 0 in GH .
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De#nition 1 (Akhmetov and Perestyuk [2]; Akhmetov and Zafer [3]). The systems (1)
and (21) are said to be V-equivalent or have property V in GH , if for a ;xed positive
real number h¡H and a su9ciently small � it is true that: given any solution x(t)
of (1), |x(t)|¡h; t ∈ [�; �], there is a solution y(t) of (21), |y(t)|¡H , such that
x(t) = y(t) for all t ∈ [�; �] except possibly at points t ∈ [�i; �i]; i = 1; 2; : : : ; p, and
conversely, given any solution y(t) of (21), |y(t)|¡h; t ∈ [�; �], there is a solution
x(t) of (1), |x(t)|¡H , such that x(t)=y(t) for all t ∈ [�; �] except possibly at points
t ∈ [�i; �i], i = 1; 2; : : : ; p.

We show in this section that it is possible to choose the functionals Si and Fi in
such a way that systems (1) and (21) become V-equivalent in GH .
Fix h and a positive real number �3 ≤ �2 such that m3�3.(�3)¡H − h. Let '(t)

be a solution of (1) satisfying '(�) = a and |'(t)|¡h for t ∈ [�; �]. Denote by �i
a point of discontinuity of '(t) for each ;xed i. Fix k; 1¡k ≤ p, and suppose that
Fi; Si; i=1; 2; : : : ; k−1, are so determined that the solution ;(t) of (21) with ;(�)=a
satis;es

(i) |;(t)|¡H for t ∈ [�; �k ],
(ii) ;(t) = '(t) for t ∈ [�; �k ]\

⋃k−1
i=1 (�i; �i]; and

(iii) ∫ t

�


A(s);(s) + ∫ s

�
K(s; 3);(3) d3 + C(s)u+ f(s) +

∑
�¡�i¡s

Fi(s; ;; u; �)


 ds

=
∫ t

�

[
A(s)'(s)+

∫ s

�
K(s; 3)'(3) d3+C(s)u+f(s)+�g(s; '(s); u(s); �)

]
ds

for t ∈ [�; �k ]:

Since �k ≥ �k we have ;(�k) = '(�k). Let

;(�k+) = (I + Bk);(�k) +
∑

�¡�j≤�k

Dkj;(�j) + Qkvk + Jk + z; (22)

where z is to be determined.
Continue the solution ;(t) for all t ∈ [�k ; �k ] as the solution of the initial value

problem

d(
dt

= F(t); ((�k) = '(�k+); (23)

where

F(t) = A(t)'(t) +
∫ t

�
K(t; 3)'(3) d3 + C(t)u+ f(t) + �g(t; '(t); u(t); �):

It is clear that

;(t) = '(�k+) +
∫ t

�k

F(s) ds for t ∈ [�k ; �k ]:
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Thus,

|;(t)− '(�k+)| ≤ max
�k≤t≤�k

∣∣∣∣
∫ t

�k

F(s) ds
∣∣∣∣ ≤ �3m3.(�3)¡H − h;

and hence |;(t)|¡H for t ∈ [�k ; �k ].
Moreover, letting Sk(;; u; vk ; �) = z, we see in view of (22) and

;(�k+) = '(�k+) +
∫ �k

�k

F(s) ds;

that

Sk(;; u; vk ; �) = '(�k+) +
∫ �k

�k

F(s) ds− (I + Bk);(�k)

−
∑

�¡�j≤�k

Dkj;(�j)− Qkvk − Jk :

It is also possible to rewrite Sk as

Sk(;; u; vk ; �) = Bk [('(�k)− ;(�k)] +
∑

�¡�j≤�k

Dkj['(�j)− ;(�j)]

+�Wk('(�k); vk ; �): (24)

Finally, we let

Fk(t; ;; u; �)

=




A(t)['(t)− ;(t)] +
∫ t

�
K(t; s)['(s)− ;(s)]ds+ �g(t; '(t); u(t); �); t ∈ [�k ; �k ];

0 otherwise:

(25)

Due to the construction of Fk and Sk it follows that (1) and (21) have property V
in [�; �k+1]. Continuing in the same manner we may conclude that if � ≤ �3 then (1)
and (21) are V-equivalent in [�; �].
Thus we have proved the following theorem.

Theorem 5. If � is su9ciently small; then systems (1) and (2) are V-equivalent in
[�; �].

5. Controllability of impulsive integro-di�erential equations

We ;rst consider the conrollability problem for (21), (2). This problem is denoted
by .�.

De;ne

T(t) =
∫ t

�
E(s)ET(s) ds+

∑
�¡�i¡t

PiPT
i ;

where E(t) = U(�; t)C(t) and Pi = U(�; �i+)Qi.
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Lemma 5. Let (c1)–(c5) be satis4ed. If T(�) be nonsingular; then .� is a solvable
problem; and the solution of this problem is the limit of a uniformly convergent
sequence obtained by the method of successive approximations.

Proof. We will prove that .� is solvable with a control {u; v} of the following form:

u= ET(t)c + û(t); t ∈ [�; �]; vi = PT
i c + v̂i ; i = 1; 2; : : : ; p; (26)

where c ∈ Rn is a constant vector, and {û; v̂} ∈ Nm[�; �] is such that it is orthogonal
to all columns of [E; PT

i ].
It is clear that problem .� is equivalent to solving

y(t) = U(t; �)a+
∫ t

�
U(t; s)


C(s)u(s) + f(s) +

∑
�¡�i¡s

Fi(s; y; u; �)


 ds

+
∑

�¡�i¡t

U(t; �i+)[Qivi + Ji + Si(y; u; vi; �)]; x(�) = b: (27)

Substituting (26) into (27) we have

c=T−1(�)


b− U(�; �)a−

∫ �

�
U(�; s)


f(s) + ∑

�¡�i¡s

Fi(s; y; u; �)


 ds

−
p∑

i=1

U(�; �i+)[Ji + Si(y; u; vi; �)]

}
: (28)

If we set

K = b− U(�; �)a−
∫ �

�
U(�; s)f(s) ds−

p∑
i=1

U(t; �i+)Ji;

u0(t) = ET(t)T(�)−1K + û(t); v0i = PT
i T(�)−1K + v̂i ;

y0(t) = U(t; �)a+
∫ t

�
U(t; s)[C(s)u0(s) + f(s)]ds+

∑
�¡�i¡t

U(t; �i+)[Qiv0i + Ji];

’= (y(t); u(t); vi); ’0 = (y0(t); u0(t); v0i );

?(t; ’i; �) = �−1
∫ t

�
U(t; s)

∑
�¡�i¡s

Fi(s; y; u; �) ds;

 (t; ’; �) = �−1
∑

�¡�i¡t

U(t; �i+)Si(y; u; vi; �);
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then it follows from (27) and (28) that

’= ’0 + �P(’; �); (29)

where P= (P1;P2;Pi),

P1(t; ’) = ?(t; ’; �) +  (t; ’; �)−T(t)T−1(�)[?(�; ’; �) +  (�; ’; �)];

P2(t; ’) = E(t)TT−1(�)[?(�; ’; �) +  (�; ’; �)];

Pi(’) = PT
i T

−1(�)[?(�; ’; �) +  (�; ’; �)]:

Consider a space B of functions ’ of the form ’= (y(t); u(t); vi) with norm

‖’‖=max
t

|y(t)|+max
t

|u(t)|+max
i

|vi|;

where y(t) ∈ PAC[�; �] and {u; v} ∈ Nm[�; �].
We may assume that the real number h that is ;xed in the previous section also

satis;es ‖’0‖¡h and there is a positive real number �4 ≤ �3 such that

�4 max
‖'‖≤h

0¡�≤�1

‖P(’; �)‖¡h− ‖'0‖:

Let X = {’: ’ ∈ B; ‖’‖ ≤ h}. It is easy to see that if � ≤ �4 then the operator
'0 + �P(’; �) maps X into itself. We will show that if � is su9ciently small then
�P becomes a contraction mapping on X.
We ;rst show that operators ? and  satisfy a Lipshitz condition with respect to ’.

For this purpose let ’j = (;j; uj; v
( j)
i ) ∈ X for j = 1; 2.

Fix k; 1¡k ≤ p, and let 'j; j = 1; 2, be functions de;ned on [�; �k ] such that
'j(t) = ;j(t) for t ∈ [�; �k ]\

⋃k−1
i=1

(
�i; �

( j)
k

]
, where �( j)k is the point of discontinuity of

'j, and that∫ t

�

[
A(s)'j(s) +

∫ s

�
K(s; 3)'j(3) d3 + �g(s; 'j(s); uj(s); �)

]
ds

=
∫ t

�


A(s);j(s) +

∫ s

�
K(s; 3);j(3) d3 +

∑
�¡�i¡s

Fi(s; ;j; uj; �)


 ds (30)

for all t ∈ [�; �k ].
Assume that

‖'1(t)− '2(t)‖ ≤ l1(�)‖’1 − ’2‖ for t ∈ [�; �k ]\
k−1⋃
i=1

(
�(1)i ; �(2)i

]
(31)

and

�(2)i − �(1)i ≤ �l2(�)‖’1 − ’2‖ for i = 1; 2; : : : ; k − 1; (32)

where l1(�) and l1(�) are some bounded functions, and without any loss of generality
�(2)i ≥ �(1)i for i = 1; 2; : : : ; p.
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Now we continue 'j(t) as a solution of the following equation:

d'
dt

= A(t)'(t) +
∫ t

�
K(t; s)'(s) ds+ C(t)uj(t) + f(t) + �g(t; '; uj; �)

with initial condition '(�k) = ;j(�k) until it meets a surface t = �k + ��k(x; �) when
t = �( j)k . It is clear that for t ∈ [

�k ; �
( j)
k

]
,

'j(t) = ;j(�k) +
∫ t

�k

[
A(s)'j(s) +

∫ s

�
K(t; 3)'j(3) d3 + C(t)uj(t) + f(t)

+�g(t; 'j(s); uj(s); �)
]
ds: (33)

Assume that |'j(t)|¡H for all t ∈ [�; �k ]. We claim that this inequality is also valid
for all t ∈ [

�k ; �
( j)
k

]
. If it is not true for the ;rst time at some point t∗ ∈ (

�k ; �
( j)
k

]
, then

using (33) we have |'j(t)| ≤ h+ �3m3.(�3)¡H for all t ∈ [�k ; t∗], and in particular
|'j(t∗)|¡H . This contradiction veri;es our claim.
Now using (31)–(33) we obtain

‖'1(t)− '2(t)| ≤ l3(�)‖’1 − ’2‖ for t ∈ [
�k ; �

(1)
k

]
; (34)

where l3(�)=(1+l1(�)(�−�)+pl2(�).(�)+m1+�L)(1−�m3(m1(1+�m3)+�L))−1.
On the other hand, since

�(2)k − �(1)k = ��k('2
(
�(2)k

)
; �)− ��k('1

(
�(1)k

)
; �)

≤ �L|'2
(
�(2)k

)− '2
(
�(1)k

)− '2
(
�(1)k

)
+ '1

(
�(1)k

)|;
we have

�(2)k − �(1)k ≤ �l4(�)‖’1 − ’2‖; (35)

where l4(�) = �Ll3(�)(1− �L.(�))−1.
Now we may consider Sk given by (24) and write

Sk
(
;1; u1; v

(1)
k ; �

)− Sk
(
;2; u2; v

(2)
k ; �

)
=Bk

(
'1(�

(1)
k )− ;1(�k)− '2(�

(1)
k ) + ;2

(
�k
))

+ Bk
(
'2(�

(1)
k )− '2

(
�(2)k

))
+

∑
�¡�j≤�k

[Dkj
(
'1

(
�(1)j

)− ;1(�j)− '2
(
�(1)j

)
+ ;2(�j)]

+Dkj
(
'2

(
�(1)j

)− '2
(
�(2)j

))
]

+�(Wk('1
(
�(1)k ; v(1)k ; �

)−Wk('2
(
�(2)k ; v(2)k ; �

)
): (36)

In view of (33),

'1(�
(1)
j )− ;1(�j)− '2(�

(2)
j ) + ;2(�j)

=
∫ �(1)k

�k

{
A(s)['1(s)− '2(s)] +

∫ s

�
K(s; 3) ['1(3)− '2(3)] d3
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+C(s) [u1(s)− u2(s)] + � [g(s; '1(s); u1(s); �)− g(s; '2(s); u2(s); �)]} ds

+
∫ �(2)k

�(1)k

{
A(t)'2(t) +

∫ t

�
K(t; s)'2(s) ds+ C(t)u2(t) + f(t)

+�g(t; '2(t); u2(t); �)
}
dt

and therefore by using (34) and (35), we have

|'1
(
�(1)j

)− ;1(�j)− '2
(
�(2)j

)
+ ;2(�j)| ≤ �l5(�)‖’1 − ’2‖; (37)

where l5(�) = m3(m1(l3(�) + l1(�)(� − �) + 1) + pl3(�).(�) + �L) + l4(�).(�):
It follows from (34)–(37) that

|Sk(;1; u1; v
(1)
k ; �)− Sk(;2; u2; v

(2)
k ; �)| ≤ �l(1)(�)‖’1 − ’2‖;

where l(1)(�)=m1(p+1)(l5(�)+ l3(�)�l4(�).(�)) is a bounded function. Since there
are only ;nitely many Sj, it is clear that for some constant L1(�)

|Si
(
;1; u1; v

(1)
i ; �

)− Si
(
;2; u2; v

(2)
i ; �

)| ≤ �L(1)(�)‖’1 − ’2‖ (38)

for i = 1; 2; : : : ; p.
Similarly by using the representation of Fi given in (25) one can show that there is

a bounded function L(2)(�) such that∣∣∣∣∣∣
∑

�¡�i¡t

Fi(t; ;2; u2; �)−
∑

�¡�i¡t

Fi(t; ;1; u1; �)

∣∣∣∣∣∣ ≤ �L(2)(�)‖’1 − ’2‖ (39)

uniformly for all t ∈ [�; �].
Let m4 = max

t; s
|U(t; s)|. Using (38) and (39) it follows that

| (t; ’1; �)−  (t; ’2; �)| ≤ pm4L(1)(�)‖’1 − ’2‖
and

|?(t; ’1; �)− ?(t; ’2; �)| ≤ (� − �)m4L(2)(�)‖’1 − ’2‖:
Thus we have

|?(t; ’1; �)− ?(t; ’2; �)|+ | (t; ’1; �)−  (t; ’2; �)| ≤ �L(�)‖’1 − ’2‖;
where L(�) = (� − �)L(2)(�) + pm4L(1)(�):
Finally, letting

m5 = max
{
max

t
‖T(t)T−1(�)‖;max

t
‖ET(t)T−1(�)‖;max

i
‖PT

i T
−1(�)‖}

one can verify that

‖P(’1; �)−P(’2; �)‖ ≤ 2L(�)(1 + 6m5)‖’1 − ’2‖:
Thus, if we choose �0 ≤ �4 su9ciently small so that 2�L(�)(1 + 6m5)¡ 1 for all
�¡�0, then the operator �P becomes contraction. So there is a ;xed point ’0 of the
operator '0 + �P(’; �). It is easy to verify that ’0 solves problem .�, and therefore
the proof is complete.
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Theorem 6. Let (c1)–(c5) be satis4ed. If T(�) be nonsingular; then O� is solvable.

Proof. By Lemma 5, we can make sure that there is a control {û; v̂} for which system
(21) admits a solution y(t) such that y(�) = a and y(�) = b.
Since (1) and (21) have the property V, system (1) with control {û; v̂} has a solution

x(t) such that x(t) = y(t) for all t except for t ∈ [�i; �i], i= 1; 2; : : : ; p. Because � and
� are not in [�i; �i] for any i= 1; 2; : : : ; p, the solution x(t) also satis;es the boundary
condition (2). This completes the proof.
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