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1. Introduction

The theory of impulsive differential equations is emerging as an important area of
investigation since it is richer in problems in comparison with the corresponding theory
of differential equations and many of the mathematical problems encountered in study-
ing the impulsive differential equations cannot be treated with the usual techniques of
ordinary differential equations [7,9,11]. Moreover, impulsive differential systems repre-
sent a natural framework for mathematical modelling of several processes in natural
science. That is why in recent years the study of such systems has been very intensive.
However, the theory of integro-differential equations with impulse actions on surfaces
has not yet been sufficiently elaborated when compared to that of impulsive differential
equations and integro-differential equations. There are also several problems on the con-
trollability problem for impulsive systems which are connected with the results of the
theory of integral and integro-differential equations and have not been well investigated
yet [5,6,8,10].
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In this paper we are concerned with the controllability problem of solutions of
integro-differential equations of the form

dx/dt = A(t)x + / K(t,s)x(s)ds + C()u(t) + f(t) + ug(t,x,u, 1), t# 0; + uti(x, p),

Ax(() = Box(()+ Y Dyx(y) + Qi+ Ji + uWi(x(G)s v ), i = 1,2, p,

a<{<{
(1)
x(a)=a, x(f)=0>, (2)

where p >0 is a small parameter, o, f,0;,{; € R such that « <0; <--- <0, <p,
and {; = 0; + ut;(x({;), 1); A, K, D;; and B; are n x n matrices; C and O; are n X m
matrices; x, f, g, J;, Wi, a, and b are n-vectors; u and v are m-vectors; Ax(¢) denotes
x(t4+)—x(t—), where x(z+)=1limy,_,o+x(t+h) and x(t—)=1lim;,_,o-x(¢+ /). We assume
that solutions are left continuous and therefore write Ax(¢) = x(t+) — x(¢).

The objective of this paper is to find sufficient conditions for controllability of
the boundary value problems for quasilinear impulsive system of integro-differential
equations of the form (1), (2). We obtain our results by comparing solutions of
integro-differential equations having impulse actions at variable moments with solu-
tions of integro-differential equations having impulse actions at fixed moments. The
results of this paper may be considered as a continuation and a generalization of the
results obtained in [3], where the control of boundary value problems for quasilinear
impulsive differential systems was considered. Moreover, for our purpose we have also
proved theorems on existence and uniqueness of solutions of integro-differential equa-
tions with impulse actions at fixed moments and obtained the integral representation
of solutions of such systems.

2. Preliminaries

In what follows we denote by PAC[q, f] the set of all functions x:[a, f] — R"
piecewise absolutely continuous and continuous on the left with discontinuities of the
first kind at points 0;, i=1,2,..., p, by L;[a, f] the set of all square integrable functions
¢ : [0, f] — R and by D'[1, p] the set of all finite sequences {&;},& € R, i=1,..., p,
where p and r are fixed positive integers. Furthermore, we define II"[o, f] = Lj[a, ]
D'[1, p] and identify its elements as {¢, ¢}, and let

B P
(o8 do) = [ @) die Y ()
* i=1

be an inner product in IT"[e, f], where (,) is the Euclidean scalar product in R".
Throughout this paper we need the following conditions:

(c1) the functions g, W;, 1;, i=1,2,..., p, are continuous with respect to their variables
and continuously differentiable with respect to x, u, and v;
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(cz) the elements of matrix K(¢,s) : [, f] x [a, f] — R" X R" are square integrable with
respect to s;

(c3) the columns of matrix A(¢) and the function f(¢): [o, /] — R" are in Lj[o, f];

(cs) {/.J} € T"[a, Bl;

(cs) det( +B;+Dj;) # 0, det(/ +B;) # 0 for j=1,2,..., p.

The process defined by (1) for fixed p and {u,v} operates as follows: the point
P, (t,x(t)), starting at (o, a), moves along the curve defined by the solution x(¢) =
x(t,a,a) of the equation

dx A()x(t) + / K(t,s)x(s)ds + C()u+ f(t) + ug(t,x,u, ). 3)

dr
The motion along this curve terminates at time ¢ = {; when the point P, arrives at the
surfaces of discontinuity so that {; = 6; + ut(x({;), u). At that moment the point P;
performs a jump

Ax|mg, = Bix((1) + Dux(8y) + Qroy + Iy + uWi(x(C1), o1, 1)

and proceeds to move along the curve described by the solution x(z,{;,x({;+)) of
system (3), until it meets the next surface of discontinuity, and so on. We should note
that each solution of (1) is a function from PAC[q, f] provided it is defined on [a, f3].

If for any given bounded set G C R" there exists a positive real number pg, uo =
Uo(G), such that for all arbitrary a,b € G and u < yq there is a control {u,v} € II"
for which system (1) admits a solution x(¢) satisfying (2), then the boundary value
problem (1), (2), which we shall denote by 3, is said to be solvable.

We should note that system (1) considered in this paper belongs to a class of systems
with impulses at non-fixed moments. It is possible for the integral curve of such system
to meet more than one time and even infinitely many times one and the same surface
of discontinuity. This phenomenon is called beating [9,11]. Therefore, the investigation
of such a system needs conditions for the absence of beating.

Let s be a positive real number, and let II; be the subspace of elements (x,u,v)
satisfying the inequality |x| + |u| + |v| <'s, where | - | is the Euclidean norm in R".

For fixed positive real numbers A and y;, define

Gy ={(x,u,v,t,i,p) : (x,u,v) €My, a<t<p i=12,....p, pn <}

If we let
m; = max {s?p \A(Z)\,s?p |C(t)|,Stup |K(t,s)\,mlax IBiI,rrll.jaX Di1‘|} )
m; = max {s?p \f(t)|,mlax |J,|} ,
m3 = max {néix |g\,rrgzx |W|’Héix |‘C}

then it is not difficult to prove that the following lemma holds.
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Lemma 1. If yyms < min{0, —o, f—0,}, and if for any x, u,i € Gy, 0;11 + ptip1(x, 1)
< 0; + pti(x, 1), then every solution of (1) which is in Gy and defined on [a, ff]
intersects each surface t = 0; + uti(x, 1), i=1,2,..., p, at least once.

To obtain conditions for the absence of beating we first observe in view of (c;) that
there is a positive real number L such that uniformly in Gy,

lg(t,x1,u1, 0", 1) — g(t,x2,u0, 0%, )| < L{|xy — x| + [ug — wo| + o' — ?|},
(WiCxr, 0", 1) = Wi, 0%, )] < L1 —xa| + o' = 07|},
|Ti(x1, 1) — Ti(x2, p)| < Ljxy — x2].
If we now define
W) =mH2+ (f— o))+ my + pums

we easily obtain the following result, the proof of which is similar to that of Lemma 5
on p. 22 in [11] and hence is omitted.

Lemma 2. Let system (1) be considered in Gy, and let p < pp, where pp < py is a
positive real number such that Ly(up) < 1. If

i—1
(o) > 1 | (+Bi + Dix + Y Dy + Qg + J; + uWi(x, v, 1),
Jj=1

for |x| < H, x| < H, j=1,2,...,i — 1, and |v| < H, then every solution x(t) of (1)
meets any given surface t = 0; + ut;(x, 1) at most once.

We will also need the following lemmas in the proof of our results. These two
lemmas are analogous to the Fubini’s theorem on changing the order of integration
and may therefore find further applications in other branches of mathematics as well.

Lemma 3. Let Dy, i,j =1,2,..., p, be constant matrices of size n x n and {&;} €
D'[1, p]. Then

Z Z Dijéj = Z Z Djif,‘ fOV eacht € [O(,ﬁ].

o<0;<ta<0;<0; a<0;<t0;<0;<t
Proof. The lemma can be proved simply by grouping the terms. [

Lemma 4. Let K(t,5) be a matrix of size n x n. If K(t,s) is square integrable with
respect to s on [a, ] for each fixed t € [a, ], and ¢;(t) € Li[o, f] for i=1,2,...,n,
then

/IK(t,s) Z $i(s)ds = Z /otK(t,s)d),-(s) ds for eacht €[o,f].  (4)

a<bi<s a<O;<t™ Vi
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Proof. Define ®;(¢) for i=1,2,..., p as follows: ®;(t)=0 if t < 0;, and ®;(¢) = ¢;(¢)
if t > 0,. Then it follows that

/ZK(I,S) Z Di(s) ds = Z /(;K(I,S)CI),'(S)dSZ Z /ZK(t,s)qb,-(s)ds

a<l;<t a<O;<t™ Vi a<b;<t

which clearly proves (4). [

3. Existence of solutions of integro-differential equations

We first consider the integral equation

x(1) = / t G(ts)x(s)ds + Y M(t)x(0;)

a<O;<t
+ O N0+ Y i+ £, (5)
a<0;<t a<0;<t

under the following conditions:

(a;) the columns of matrix G(¢,5) : [0, f] X [o, f] — R" X R" are square integrable with
respect to s;

(a2) the columns of matrices M;(¢) and N;(¢) and the function f(¢) belong to PAC|[a, f];

(az) det( = N;(0;+) + Nj(0;)) #0 for j=1,2,..., p.

We shall employ a resolvent argument used by Anokhin et al. in [4] in order to write
(5) in a more useful form. So, let R(¢,s) be the resolvent of the Volterra integral
equation with kernel G(z,s). In view of Lemma 4, it is easy to show that (5) is
equivalent to

)= Y [ / | R(t,s)Mi(s)derM,-(t)] x(0;)

a<O;<t i

+ > UtR(t,s)N,-(s) derN,-(t)] x(0:+)

a<O;<t 0;

+ > Uo R(t,s)derl}JiJr/a R(t,s)f(s)ds + £(¢), (6)

a<O;<t i

where [ is the n x n identity matrix.
Introducing the notations

0/
My = / R(0,,5)M(s) ds + Mi(0,),
0.

i

0;
Ny = / R(0,,5)Ni(s) ds + Ni(0)).
0

i
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b;
pij:/ R(Hj,S)dS+[,

i

we obtain from (6) that

0;
(0= 3 [Myx(0) + Npx(0H)] + S pii + / R(0;,5)f(s)ds + £(0)).

%S00, ) ;
(7)
In view of (7) we also obtain from (6) that
X(0;4+) = [ = Nj(0;+) + Ni(0)] ' {(I + M;(0;+) — M;(0,))x(6;)
+ 020 [(Mi(0,+) — Mi(0,))x(6;)
+H(N(O0;4) — N0 (O4)] + £ (0;4) — £(0)) + i} (8)

Expressions (7) and (8) recursively determine x(0;) and x(0,+). Since the non-

homogeneous part of this system is a linear combination of f:’ R(t,s)f(s)ds, f(6;),
and J;, for i = 1,2,..., p, it follows that x(0;) and x(0,4) can be written as linear
combinations of these vectors with certain matrix coefficients. Thus we obtain that the
following theorem is true.

Theorem 1. Let conditions (a;)—(asz) hold. Then system (5) has a unique solution
x(t) € PAC[a, B] which can be represented as

x(t) = / Ps)f@ds+ Y omsi+ S PfO+ fo+ S
o a<b;<t a<b; <t a<b;<t

where Q;(t), Pé(t), i=1,2,..., p, and P\(t,s) are certain piecewise continuous function
matrices of size n X n.

We may now state and prove the theorem on existence and uniqueness of solutions
of the impulsive system of integro-differential equations of the form

dx/dt = A(t)x + /tK(t,s)x(s) ds+ f(z), t#0,

Ax(0:)=Bix(6)+ > Dyx(0;) + J;. 9)

o<0,;<0;

For some related results we refer in particular to [1].

Theorem 2. Let conditions (c;)—(cs) be satisfied. Then for a given xy € R" there
exists a unique solution x(t) € PAC[o, B] of (9) which satisfies x(o) = xo.



M.U. Akhmetov et al. | Nonlinear Analysis 48 (2002) 271-286 277

Proof. It is easy to verify that the integro-differential equation

x(t)=x¢ + /lA(s)x(s)ds + /t /(7 K(o,s)x(s)dsdo + Z Bix(0;)

a<O;<t

" }[tf(S)dS<+- SOY D+ Y g (10)

o<0;<ta<0;<0; a<0;<t

is equivalent to (9) with x(o) = xo.
By letting

U(t,s)=A(s) + /t K(o,s)da,

¢, =B + Z Dj;,
0;<0; <t

t
Foy=v+ [ 1) ds
and using the Fubini’s theorem together with Lemma 3, it follows from (10) that

x(t):/t\I/(t,s)x(s)dsda—é— Z Dx(6;) + Z Ji + F(1). (11)

a<0; <t a<b;<t

In view of Theorem 1 we may conclude that (11) has a unique solution x(¢) €
PAC[a, f]. This completes the proof. [J

Next, we consider the impulsive integro-differential equation
t
0A(t,s)/0s = —(t,5)A(s) — / Mt,0)K(a,s)da, s#0;, teclufl,

AXE0) = =2t 0)B(I +B) " — > i(t,0,4)Du(l + B, (12)

0;<0; <t

where 4 € R" is a row vector, 4, K, D;;, and B; are as before, and AA(t,0;) =
Mt 0;+) — At 0;).

Theorem 3. Let conditions (c;)—(cs) hold. Then for a given hy € R" the system (12)
has a unique solution A(t,s) such that A(t,t) = A.

Proof. System (12) is equivalent to the integro-differential equation

At,s) = A(t,t) — /t [/I(t, 0)A(o) + /t Mt,v)K(v,0) dv} do

= > MLOHBU+BYT = > Y M0+ + B (13)

s<0; <t §<0; <1 0,<0; <t
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Using slightly different versions of Lemmas 3 and 4 in (13) we get

Mt,s)= Ao — /t Mt o) {A(a) + /IK(O',U)dU:| do

+ 3 MLO)B(U+B)T = D Me0+) > Dy +B)7. (14)

s<0; <t s<0; <t 5<0;<0;

Comparing (5) and (14) it is not difficult to see that the arguments developed in the
proof of Theorem 1 can be used, and therefore one can conclude that system (12) has
a unique solution A(t,s) satisfying A(t,1) = 4p. [

Now for a fixed i, let 4;(z,s) be the unique solution of (12) satisfying A;,(¢,¢) =0
where J;; denotes the Kronecker’s delta.
If we define

ijs

A(l,s):COI(/AL],/IZ,}.G,...,/ALM), A(t,t)ZI,

then the following theorem is obtained.

Theorem 4. Let x(t) = x(t,0,x0) be a solution of the Cauchy problem for (9). Then
x(t) has the representation

x(t):A(t,oc)xo+/ AL f()ds+ Y A0+ (15)

a<0; <t

Proof. Let x(¢) =x(z,a,x¢) be the solution of (9) and let ¢(s) = A(t,5)x(s). Clearly,
B0 - b= [ Foas 3 A0, (16)
* a<0; <t

Since

AP(0;) = At 0;4)x(0i+) — A2, 0,)x(0;) = Az, 0:)Ax(0;) + AN, 0:)x(0:i+),

we have
> AGO0)= D [AAELONT + B:) + At,0,)B:]x(0;)
a<0;<t a<0;<t
+ 30T AGOAID(0) + > ALO+);
a<0;<ta<0;<0; a<b;<t

= > |AMGOYT +B)+ AMLONBi + Y AOA+)D; | x(0)

a<l;<t 0;<0; <t

+ Y AwO+L (7

a<0;<t
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In view of the impulse condition in (12), we obtain from (17) that

> A¢)= > A0+ (18)

a<0;<t a<O;<t

On the other hand, by differentiating the relation ¢(s) = A(z,5)x(s) we have
¢'(s) = 0M/dsx(s) + A(z,s) |:A(S)X(S) + / K(s,v)x(v)dv + f(s)]
and therefore by the help of Fubini’s theorem it follows that
/t ¢'(s)ds = /[ {[6/\/65 + A(t,5)A(s)]x(s) + A(z,s) /t K(s,v)x(v) dv} ds
+/ A(t,s) f(s)ds
= /t {aA/as + A(t,9)A(s) + /t A(t,v)K(v,5) dv] x(s)ds

t
+/ A(t,5)f(s)ds. (19)
Since A(t,s) is a solution of (12) it is clear from (19) that

/t @'(s)ds = /t A(t,v) f(v)do. (20)
By (16), (18), and (20) we may deduce that
¢(t) = AL, o)xg +/ A(t,s) f(s)ds + Z A(t,0,4)J;.
o a<b;<t

This completes the proof. [

4. A related system with impulses at fixed moments

To investigate problem X, we shall use a comparison method [2]. For this purpose,
we need to construct an integro-differential equation with fixed moments of impulse
actions which is associated with (1). We propose

dy/dt:A(t)y—l—/ K(t,s)y(s)ds+C(u+ f(t)+ Z Fi(t,y,u,p), t#0,

a<0;<t
Ay(0;) = B;y(0;) + Z Dy y(0;) + Owi +J; + Si(y,u, vi, ), (21)
oa<0;<0;

where F; and S; are some functionals to be determined.
Without any loss of generality we may assume that 7; > 0 in Gy.
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Definition 1 (Akhmetov and Perestyuk [2]; Akhmetov and Zafer [3]). The systems (1)
and (21) are said to be Q-equivalent or have property €2 in Gy, if for a fixed positive
real number &2 < H and a sufficiently small u it is true that: given any solution x(¢)
of (1), |x(¢)| <h, t € [a,f], there is a solution y(¢) of (21), |¥(¢)| < H, such that
x(t) = y(¢t) for all ¢ € [a, ] except possibly at points ¢ € [0;,(;], i =1,2,..., p, and
conversely, given any solution y(¢) of (21), |¥(?)| <k, t € [a, 5], there is a solution
x(t) of (1), |x(¢)| < H, such that x(¢)= y(¢) for all ¢ € [o, f] except possibly at points
te [0,-,(,-], = 1,2,...,p.

We show in this section that it is possible to choose the functionals S; and F; in
such a way that systems (1) and (21) become Q-equivalent in Gy.

Fix h and a positive real number pu3 < u, such that msusy(us) < H — h. Let ¢(2)
be a solution of (1) satisfying ¢(x) =a and |¢(¢)| < h for ¢ € [a, f]. Denote by {;
a point of discontinuity of ¢(¢) for each fixed i. Fix k£, 1 <k < p, and suppose that
F;, S;, i=1,2,...,k—1, are so determined that the solution #7(¢) of (21) with n(a)=a
satisfies

(1) ()| <H for t € [o, 0],
(i) n(t)=¢(r) for ¢ € [0, 0,1\ U, (0,,&;], and
(iii)

[ |aner+ [ Koo +con+ s+ 3 R ds

o a<b;<s

- / [A(s)¢><s>+ / K(s,o)¢(o>do+C<s>u+f<s)+ug<s,qs(s),u(s),u)] ds

for ¢ € [a, Ox].
Since {; > 0, we have n(6;) = ¢(6;). Let
n(Oc+) = +BonO) + Y Dgn(0) + Qeve +Ji + 2, (22)
O(<0,'S0k

where z is to be determined.
Continue the solution #(¢) for all ¢+ € [0,(;] as the solution of the initial value
problem

% SF@), )= G, (23)

where
F(t)=A(t)p(t) + / K(t,0)p(a)da + C(t)u + f(t) + pg(t, p(t), u(t), 1.
It is clear that

0t = p(Gt) + / F(s)ds for 1 € [04 Lyl

Sk
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Thus,
t
- <
In(t) — p(l+)| < Jnax, ‘/@ F(s)ds

and hence |n(¢)| < H for ¢ € [0k, {i].
Moreover, letting Sy(n,u, v, ) =z, we see in view of (22) and

Ok
nWH»:¢@H»+[ F(s)ds,

Sk

< pmyy(uz) < H —h,

that

Ok
&mm%m:agﬂ+/ F(s)ds — (I + Bon(0y)

Sk
= Y Dygn(0)) — Qxvi — Ji.
(Z<9j§9k

It is also possible to rewrite S; as

Se(n. 1,06, 1) = Be[(d(G) — (O] + D> Digle (&) — n(6))]
1< <l
FuWie(P(Ck), vis 1) (24)
Finally, we let

Fr(t,n,u, 1)

t
A@D)[P(t) —n(2)] + / K(1,5)[¢p(s) — n(s)]ds + pg(t, ¢(2), u(t), 1), t € [0k, Lk,
- o
0 otherwise.
(25)
Due to the construction of F; and S it follows that (1) and (21) have property {2
in [o, 0;41]. Continuing in the same manner we may conclude that if u < pjz then (1)
and (21) are Q-equivalent in [a, f].
Thus we have proved the following theorem.

Theorem 5. If u is sufficiently small, then systems (1) and (2) are Q-equivalent in

(o, B1.
5. Controllability of impulsive integro-differential equations

We first consider the conrollability problem for (21), (2). This problem is denoted

by 7,
Define

(1) = / t ES)E"(s)ds+ Y PP},

a<0; <t

where E(t) = A(f,1)C(¢) and P; = A(B, 0;+)0;.
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Lemma 5. Let (ci)—(cs) be satisfied. If W(P) be nonsingular, then vy, is a solvable
problem, and the solution of this problem is the limit of a uniformly convergent
sequence obtained by the method of successive approximations.

Proof. We will prove that y, is solvable with a control {u,v} of the following form:
u=E"(t)c+i(t), te€[npfl, v=Plct+d, i=12,..p, (26)

where ¢ € R" is a constant vector, and {#,0} € II"[a, f] is such that it is orthogonal
to all columns of [E, P]].
It is clear that problem 7y, is equivalent to solving

y(t) = A(t,0)a + /t A(t,s) | C(s)u(s) + f(s) + Z Fi(s, y,u,p)| ds

a<l;<s

3 AGODOw I+ S o), x(B)=b. (27)

a<O;<t

Substituting (26) into (27) we have

B
=B b A [ MG [ 16)+ Y Fispu | b

o a<l;<s

14
- Z A(ﬁa 01+)['~]1 + Sl'(y’ u, v;, ,Ll)]} . (28)

i=1

If we set
I p
K=b—A(p,0)a — / A(B,s)f(s)ds — Z A(t, 0;+)J;,
* i=1
up(t) =E"(OW(B) 'K +d(r), o) =PV K + b,

»0(t) = At o)a + / ALSIC(shuo(s) + fIds + Y AL O+ + 7]

a<O;<t

@ =((0),u(0),v),  @o=(yo(t),uo(1),0}),

t
K(t,q)i,u)=u_l/ Alt,s) Y Fils, you,p)ds,

a<b<s

Vo) =u"" D A OA)S(y v ),

a<b; <t
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then it follows from (27) and (28) that

® = o + pn2(p, 1), (29)
where 2 = (2, %,,2"),

Pi(t, ) = Kk(t, @, 1) + Y(t, @, 1) — T()T (B)K(B. . 1) + Y(B. @, 1)),
92(1; QD) = E(t)T\Il_l(ﬁ)[K(ﬁs ®, :u) + lﬁ(ﬁ, ®, ,u)]a
P'(¢) =PIU N (B)[K(B, @, 1) + Y(B, @, W].

Consider a space 4 of functions ¢ of the form ¢ = (y(¢), u(t),v;) with norm
[l = max [ ()] + max [u(2)] + max [v,],

where y(t) € PAC[a, f] and {u,v} € TI"[o, f].
We may assume that the real number % that is fixed in the previous section also
satisfies ||@o|| </ and there is a positive real number uy < p3 such that

pa max [ 2o, )] <h—|[¢oll-
lgll<h

O<u<m

Let Z ={¢: ¢ € B, ||p|| < h}. It is easy to see that if p < py then the operator
¢o + u?(@, ) maps Z into itself. We will show that if u is sufficiently small then
1Z becomes a contraction mapping on %.

We first show that operators x and y satisty a Lipshitz condition with respect to ¢.
For this purpose let ¢; = (n_j,u,-,vg")) e % for j=1,2.

Fix £, 1 <k < p, and let (,bj, j = 1,2, be functions defined on [o, ;] such that
¢;(t) =n;(¢) for t € [0, 0,1\ U, (0,6, where £\ is the point of discontinuity of
¢;, and that

/ [A@)qu(s) 4 / " K(5,0)by(0) do + g(s, by(5), uj(s),m} ds

:/ A(S)V]j(s)—i—/ K(s,0)nj(c)do + Z Fi(s,nj,uj, n)| ds (30)

0<0;<s

for all ¢ € [a, O]
Assume that

f1(6) = b < Li(w)llpr — ol for t € uek]\U (RN 31)

and
@ _ (1)<,ul 1% — fori=1,2 k—1 32
C,’ Ci < ulx( )||€01 (02” ri 3Lyeees s (32)

where /;(u) and /{(u) are some bounded functions, and without any loss of generality
ng) > Cz(‘l) fori=1,2,...,p.
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Now we continue ¢;(¢) as a solution of the following equation:

d t
d*(f =A)d(t) + / K(t,5)¢p(s)ds + C(Ouj(1) + [ () + pg(t, b, uj, 1)

with initial condition ¢(0;) = #;(0x) until it meets a surface ¢ = 0, + uti(x, u) when

t= C/Ej)' It is clear that for ¢ € [Qk, ;{j)]’

(1) = (00) + /9 [A(s)¢,-(s>+ / CK(t,0)y(@)do + C(ouy(0) + £(1)

+ug(t, ¢i(s), u;(s), )] ds. (33)
Assume that |¢;(?)| < H for all ¢ € [a, 0;]. We claim that this inequality is also valid

for all t € [0y, ,({j)]. If it is not true for the first time at some point r* € (6, ,((j)}, then
using (33) we have |¢;(?)| < h+ psmyy(uz) < H for all ¢ € [0k, ¢*], and in particular
|¢;(t*)] < H. This contradiction verifies our claim.

Now using (31)—(33) we obtain

[h1(2) — pa(0)] < L) @1 — 2| for £ € [04, 1], (34)

where I3(u)=(1+ 1L (u)(f—a)+ pla(u)y(u)+my +pL)(1 — pwms(mi (14 pm3 )+ pL)) ="
On the other hand, since

(2 )= e (12)o) — iy ().

SUIBE) 02 4) ) + ()

we have
2 1
@ (D < byl o1 — palls (35)

where 14(p) = pLl3(p)(1 — puLy(p))~".
Now we may consider S; given by (24) and write

Si(ms w1, 0, 1) = Si (12, 12,07, 1)
:Bk ((lsl(cl(cl)) - 771(0k) - ¢2(C;c])) 4 7 (gk)) +Bk(¢)2(€/((1)) . ¢2( 5{2)))
£ (@)~ ) — 92(8) + 120

o <{i<{x
+Di (42 (L) = 2 ()]
+ 11 (ED, 00, 1) — Wi 2 (2,02, 1)) (36)

In view of (33),
D1 () = m(0)) — () + ma(0))

(1)

_ /9 {A(s)[¢1(S)¢2(S)]+ / K(s.0) [h1(0) — ba(o)] do
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+ C() [ur(s) = ua ()] + lg(s, d1(s),ur(s), 1) — g(s, p2(s), ua(s), )1} ds

+/:j {A(t)¢2(t)+/ K(t,5)a(s) ds + C(t)ua(t) + f(1)

Sk

g (t, a(t), us(), u)} ar

and therefore by using (34) and (35), we have
161(87) = m(0) = $2(&7) +n2(0)] < wls(w)l o1 — o2, (37)

where Is(p) = m3(mi(l3(0) + LB — o) + 1) + pla(p)y(w) + ul) + La()y(p)-
It follows from (34)—(37) that

[SeCm 1,07, 1) = S, 12,07, 10| < WD)l p1 = o
where /D (u)=m(p+ 1)(Is(p) + l(u)uls(1)y(r)) is a bounded function. Since there
are only finitely many S;, it is clear that for some constant L;()
18 (m1. 01,0 1) = 83 (2o, 07, ) | < WL Do)l g1 — 2] (38)
fori=1,2,..., p.
Similarly by using the representation of F; given in (25) one can show that there is
a bounded function L3)(u) such that

> Fltmu,p)— > Fltquun,p)| < pL®(wler — ool (39)

a<b;<t a<b;<t
uniformly for all ¢ € [a, 5]
Let my = max |A(#,5)|. Using (38) and (39) it follows that
W, @1, 1) = Y(t, 02, 10)| < pral V()| @1 — o
and
|K(ta 9019,11) - K(ta (P2>.u)| S (ﬁ - oc)m4L(2)(u)Hq)1 - QDZH
Thus we have
|K(t> (/)1,,[1) - K(t> (PZ,,U)| + |¢(t> (pl’:u) - lﬁ(l‘, ?2, :u)| < uL(,u)H(p] - (PZH,
where L(u) = (f — o)L (u) + pmaLl(p).
Finally, letting
ms = max {max [[() ¥~ (§)] max [IE7()% (B max AT (5]}
one can verify that

12(p1, 1) — P(@2, )| < 2L(p)(1 + 6ms)|| o1 — @2

Thus, if we choose py < py sufficiently small so that 2ul(u)(1 + 6ms) < 1 for all
U < g, then the operator uZ becomes contraction. So there is a fixed point @° of the
operator ¢ + (@, ). It is easy to verify that @° solves problem y,, and therefore
the proof is complete. [J
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Theorem 6. Let (ci)—(cs) be satisfied. If W(f) be nonsingular, then ¥, is solvable.

Proof. By Lemma 5, we can make sure that there is a control {i, 0} for which system
(21) admits a solution y(z) such that y(a) =a and y(f)=>.

Since (1) and (21) have the property §2, system (1) with control {i, 7} has a solution
x(t) such that x(¢) = y(¢) for all ¢ except for ¢ € [0;,(;], i=1,2,..., p. Because o and
f are not in [0;,{;] for any i =1,2,..., p, the solution x(¢) also satisfies the boundary
condition (2). This completes the proof. [
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