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1. INTRODUCTION

Recently, there has been a lot of activity in the investigation of differen-
tial equations with solutions which undertake discontinuities or jumps at
some definite instants [1-4]. At the same time, in the theory of impulsive
differential equations there is a number of problems which are connected
with the results of the theory of integral and integro-differential equations
and which are not well investigated yet [3, 5—8]. The purpose of this paper
is to consider a problem of finding conditions for controllability of the
boundary value problem for a linear impulsive system of integro-differen-
tial equations. The problem of the control of the linear impulse system was
considered in [9]. Moreover, the existence results and the integral repre-
sentation of solutions of the second kind Volterra integro-summary equa-
tion and integro-differential equations are obtained with impulse actions
at fixed moments of time. Necessary and sufficient conditions of the
solvability of the boundary value problem for linear impulsive systems of
integro-differential equations are defined. © 1999 Academic Press

2. PRELIMINARIES
Let « and B be fixed real numbers such that « < g and p and r fixed

positive integers. Denote the set of square integrable functions ¢: [«, 8]
— R” by L[ a, B]land the set of all finite sequences (&}, £ € R, i =1, p,
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by D'[1, p]. We define a space I'[«, B8] = L[ «a, B] X D'[1, p] and de-
note its elements as {¢, £}. Let

(e &) (. v)) = [((e o) di + X (&)

be an inner product in II'[«, B], where (, ) is the euclidean scalar
product in R".

Let (H,) 6, i = 1, p, strictly increasing the interval («, 8) sequence of
real numbers.

We denote by PAC[«, 8] the space of piecewise absolutely continuous,
continuous on the left functions x: [«, 8] = R" with jumps at the points
6., i = 1, p. The two following assertions are analogous to Fubini’s theo-
rem [8].

LEMMA 1. Let D, i,j = 1, p be constant matrices of size n X n, {£} €
D"[1, p]l and the assumption (H,) hold. Then the following equality is valid
foranyt, a <t < B:

Z Z Dij§j= Z [ Z Djz}gi- (1)

a<f;<t a<6;<0, a<@;<t| 6,<0,<t

This statement is proved by a regrouping of addends.

LEMMA 2. Suppose that the matrix K(t,s) of size n X n is square inte-
grable on the interval a <s < B, ¢(t) € U, Bl, i = 1,n, and the as-
sumption (H,) holds.

The following equality is valid for any t, a <t < B:

fa’K(r,s> Y oe(s)ds= Y

a<0;<s a<§;<t

f;K(t, s)ei(s) ds}. (2)

i

Proof. Construct the functions ®,(¢), i = 1, p, which are equal to 0 if
t < 6, and they are equal to ¢,(¢) if ¢ > 0. Then the left hand side of (2) is
equal to

/L:K(t,s)[ Y q)i(s)}ds= Y [1K(t5)®,(s) ds]

a<0;<t a<@;<t @

L [ftK(t's)ﬁ"i(s) ds}.

@< 6;,<t

i

The proof of the lemma is complete.
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We now consider the integral equation having the form

x(t) = fG(t s)x(s)ds+ Y M(t)x(6,)

a<6;<t

+ X N@Ox(6+) +f()+ X L (3)

a<9;<t a<;<t

under the following assumptions:

(H;) M; and N, are function matrices of size n X n, f(t): [a, B] =
R",

(H,) the matrix G(¢,s): [a, B] X [a, B] = R" is square integrable;

(H,) the lines of matrices M,(¢), Ny(¢) and the function f(¢): [«, B]
— R" belong to PAC[«a, 8];

(H,) forall i =1, p the inequality det(/ — N.(6,)) + 0 is valid.

THEOREM 1.  Let the conditions (H,)—(H,) hold. The system (3) has the

unique solution x(t) € PAC[a, B1. The solution x(t) has the following repre-
sentation:

() = [P)f)ds+ B Q0L+ L Pi(1,5)f(6)

a<§;<t a<§;<t

+f()+ X I (4)

a< §;<t

where Q(t), Pi(t,s), i = 1, p, and P|(t, s) are piecewise continuous function
matrices of size n X n.

Proof. Let R(t,s) be the resolvent of the Volterra integral equation
whose kernel is G(z, s). Then, using Lemmas 1 and 2 we can obtain that
(3) is equivalent to the system

a< §;<t

x(t) = [fR(t sYM,(s) ds +M(t)}x(0)

+ ¥ [ftR(t,s)M(s)ds+Nl-(t)}x(0i+)

@< 6;<t

+ ¥ [/tR(t,s)ds}Ii

a<9;<t

+[R(t $)f(s)ds+f(t) + Y 1. (5)

a<9;<t
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Let

b 0
M, = fe_R(oj,s)Mi(S) ds + M(6,), N, = fevR(oj,s)N,‘(s) ds + N(6),

0.
7= fe.’R(OJ-,s) ds + 1,

i

where [ is the identity n X n matrix. Then from (5) it follows that

x(6)= X [Mijx(ei)+z\@jx(0i+)]+ Y m

a<;<6; a<6;<90;

+ ["R(6,5)f(s) ds + £(8)). (6)
Using (5) and (6) we obtain that

x(6,+) = (1= N(6)) (I - M(6))x(6) + (I - N(6)) "I (7)

Expressions (6) and (7) imply that x(6,) and x(6,+ ) are defined as
solutions of a linear nonhomogeneous algebraic system. A nonhomoge-
neous part of this system is a linear combinations of vectors

[RG$)F(s) ds. F(8), 1 i =Tp. (8)

Consequently, the vectors x(6)ux(6; + ) are also linear combinations of
vectors (8) with matrix coefficients.

Substituting their values in (5) we obtain that the solution of (3) has a
form (4). The proof of the theorem is complete.

3. THE BOUNDARY VALUE PROBLEMS

Consider the impulse system of integro-differential equations

dx/dt = A(t)x + f(t) + flK(t,s)x(s) ds, t # 0;,

Ax(6,) =Bx(6,) + Y D;x(6)+1, ©)

a<6;<0;
where Ax(6,) = x(6,+ ) — x(6;), under the following assumptions:

(C,) A and K are function matrices of size n X n;

(C,) the matrix K(¢,s): [, B] X [a, B] = R" X R" is square inte-
grable;
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(Cy) the lines of the matrix A(¢) and the function f(¢): [a, B] = R"
belong to L[, B];

(C,) Dy, B, i,j=1,p are constant matrices of size n X n;
(Co) {f, 1} €l"[a, Bl
We consider (9) with the boundary condition
x(a)=a, x(B)=b,a,beR". (10)
THEOREM 2. Let conditions (H,) and (C,)~(Cs) hold. Then for any

Xy € R" there exists a unique solution x(t) € PAC[ «, B] of (9) and is defined
on the interval [a, B] such that x(a) = x,.

Proof.  Applying differentiating and checking the conditions of disconti-
nuities one can verify that the following integro-differential equation

x(t) —fA(s)x(s)ds—i—/[f K(o,s)x(s)ds|do+ Y, B.x(6)

a<0;<t

+/f(s)ds+ Y Y Dix(6)+ X I (11)

a<6;<t a<§;<9; a<6;<t

is equivalent to (9).
Let

(1, s)—A(s)+f1<(a s)ydo, ®,=B;+ Y, D,

0<0<t

F(1) =xo + [(s) ds.

Applying Fubini’s theorem and Lemmas 1 and 2 one can rewrite the last
equation as

x(t)—f«lf(t s)x(s)ds+ Y ®x(0)+ Y L +F(1). (12)

a<0;<t a<6;<t

Equation (12) is a system like (3). Therefore, according to Theorem 1, (12)
shows the unique solution x(¢) € PAC[«, B8]. The proof of the theorem is
complete.

We now consider the system of integro-differential equations

oh/ds = =h(1,5)A(s) = ['h(t,0)K(a,s) do, s # 6,

Ah(t,0)) = —h(t,0)B,(I+B;) " = X h(t,6,+)D;(I+B) ",

6;<0;<t

(13)
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where h € R, h is the row vector, ¢ € [a, B], A(1), K(¢,5), D,
defined as in (9), AA(t, 6,) = h(t, 0,+ ) — h(t, ).
Let
(Cy) det(I —D;(I+B) ")+ 0forall j=1,p.

THEOREM 3.  Let conditions (H,), (C)—(C,), and (Cg) hold. Then (13)
has the unique solution h(t, s) such that h(t,t) = hy, hy € R".

B, are

Proof. System (16) is equivalent to the integro-differential equation
t t
h(t,s) =h(t,t) + [ [h(t,a')A(U) +/h(t,u)K(v,o-)dU]da'

+ ¥ [—h(r, 6,)B,(I + B,) "

§<0;<t

+ X h(t,6,+)Dy(I+B)"

0,<6;<t

. (14)

Using the theorem of Fubini and Lemmas 1 and 2 we obtain that (14) is
equivalent to the system

h(t,s) =hy + fsth(t,(r)[A(cr) + fstK(a,v)du}da

+ X h(tlei)Bi(I+Bi)7l

§<0;<t
+ X h(t,6,+)| X Dy(I+B) | (15)
§<0;<t §<6;<0;

Comparing (15) and (3) it is not difficult to see that for (15) we can use all
arguments of Theorem 1. Therefore, (13) has the unique solution A(¢, s),
h(t,t) = h,. The proof is complete.

Let H(¢,s) = colon(H,, Hy, H, ..., H), H(t,t) =1, H;, j =1,n, are
solutions of (14).

THEOREM 14. Let x(t) = x(¢, @, x,) be a solution of the Cauchy problem
for (9). Then x(t) has the representation

x(1) = H(t, a)xo + [H(t,5)f(s)ds + ¥ H(t,6,+)I. (16)

a< 0j<t
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Proof. Denote ¢(s) = H(z, s)x(s), where x(¢) = x(¢, a, x,) is the solu-
tion of (9). It is known [1] that

o(1) = o(a) = [(¢'(s) ds + L Ae(6). (17)

a<0;<t
Consider each addends in (17).
1. Since
Ae(6;) = H(t,0,+)x(0;,+) — H(t,0,)x(6;)
= H(t,0,)Ax(6;) + AH(t, 6,)x(6,+). (18)

Adding both parts of (18) with respect to i which satisfies o < 6, <t we
obtain that

Z Ae(6;)

a< §;<t

= X [AH(t!Oi)(I+Bi)+H(t'0i)Bi]x(0i)

a<0;<t
+ ) Y H(t,6,+)D,;x(6;) + Y H(t,6,+)]
a<f;<t a<;<0; a<0;<t

= Y |AH(¢,6,)(I+B;) + H(t,0,)B,

a<6;<t
+ ), H(t,6,+)D;|x(96,)
0,<0,<t
+ ), H(t,6,+)I,.
a< §;<t

Since H(t,s) is the solution of (13), from the last expression it follows
that

Z Ap(6;) = Z H(t,0,+)1;. (19)

a<0;<t a<9;<t
2. Differentiating the expression ¢(s) = H(¢, s)x(s) we obtain that

o'(s) = dH/dsx(s) + H(t,s)

x| A(s)x(s) + f(5) +/:K(s,v)x(u)dv .
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By Fubini’s theorem we find that
['(s)ds = [[aH /o5 + H(1,5) A()] x(5) ds
+EH(;,S)[LSK(S,U)X(U) dv] ds + [a’H(t,s)f(s) ds
= fa’[aH/as + H(t,5)A(s) + f;H(t,u)K(u,s)du}
Xx(s) ds + [H(1,5)f(s) ds.
From (13) and the last expression it follows that
[e'(s)ds = [H(t,0)f(v) dv. (20)

In view of (17), by adding (19) and (20) we find the following representa-
tion:

cp(t)—cp(a)=falH(t,s)f(s)ds+ Y H(t, 6,+)1.

Dl<9j<t

Since H(t,t) = I the last equalities implies (16). The proof is complete.
Consider the system (9) and the boundary conditions

x(a) =0, x(B) = 0. (21)

THEOREM 5.  The boundary value problem (9), (21) is solved if and only if
for all j = 1, p, the condition

({(H7(B.5) HT(B.6;+)}. {f(5).1}) =0 (22)

is valid.
Theorem 5 is a simple corollary of Theorem 4.

THEOREM 6. The boundary value problem (9), (10) is solved if and only if
for all j = 1, p the condition

({HT(B.s), HT (B, 6,+)}.{f(s), I}) = H( B, B)b — H{( B, @)a
(23)

is true.



320 AKHMETOV AND SEJILOVA
Proof. Let ¢(¢) be Lagrange’s polynomial such that ¢(a) = a, ¢(8)

=b, ¢(6) =0, j =1, p. Replacing x(¢) by y(t) + ¢(2) in (9), we see that
y(¢) satisfies

dy/dt = A(t)y + f(1) + /;K(t,s)y(s) ds

e —awetn - [kt 5005y as| 15 0, (20

Ay(6;) =B;y(0,) + Z Dijy(ej) + 1,

a<6;<96;
with the boundary condition

y(a) =0, y(B) =0. (25)

According to Theorem 5 the problem (24), (25) is solved if and only if
{r(B.5) HI (B 6,4)} {F(s). 1)) =0, j =Tp, (26)
where
F(1) = —'(1) + A1) (1) + [K(1,5)¢(s) ds.

Integrating by part in (26) we obtain the complete proof of the theorem.

4. THE CONTROLLABILITY OF THE BOUNDARY
VALUE PROBLEM

Consider the nonhomogeneous boundary value problem

de/dt = A(t)x + ['K(t,5)x(s) ds + C(e)u(t) + f(1), ¢ # 0,

(27)
Ax(6,) =Bx(6) + Y D;x(6)+Qu +1I,
a<0;<0;
x(a) =a, x(B)=b,a,beR". (28)

In (27), (28) x € R", the matrices A4, K, B, i = 1, p, the same in (9), the
matrices C(¢) and Q,, i =1, p, of size n X m, m is the fixed natural
number, the columns of C(¢) are functions of L%[«, B, Q;, i =1, p, are
constant matrices, and solutions of (27) are elements of PAC[a, 8].
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If for each {f, I} € IT"[«, B] and every a, b € R" there exists a control
{u,v} € ", B] such that the problem (27) and (28), which we shall
refer to as vy,, has a solution, then we will say that the control problem v,
is solvable.

We also consider the problem vy, in the case a = 0, b = 0. This problem
is to be called the control problem vy,.

LEMMA 3. vy, is solvable if and only if vy, is.

Proof. Let vy, be solvable. Since vy, is a particular case of vy,,y, is
solvable. Suppose that vy, is solvable. Let ¢(¢) be the Lagrange polynomial
such that ¢(a) = a, ¢( 8) = b. Replacing x(¢) by y(z) + ¢(¢) in (27),(28)
we see that y(¢) satisfies

dy/dt = A(1)x + ['K(t,5)y(s) ds + C(t)u(r)

+[f(1) —@'(1) T A() @(D)], t # 6, (29)
Ay(6,) =By(6,) + X Di/)’(ej) +Quw; + [Ii + Bi¢(ej)]’

y(a) =0, y(B) =0.

This problem is solvable due to our assumption. Thus, the lemma is
proved.

THEOREM 7. vy, is solvable if and only if the trivial solution of (13) is the
unique solution of

({Cu, Qv},{h",nT}) =0, Y{u,v} € I"[a, B]. (30)

Proof. Sufficiency. Let h(t,t) = h,h € R" be a solution of (13), then
h(t,s) = hH(t, s). Therefore, according to conditions of the theorem, the
infinite system

({Cu,Qv},{HT(B,s)hT, HT( B, 6;+)h"}) =0, V{u,v} € I"[a, B]
(31)
has only the trivial solution 4 = 0.

We shall show that there are n elements {u*,v*} € I"[«a, B8], k =1, 1,
such that the matrix

N = ({Cu*, Qu<} {H H})y j.ox =T (32)

is nonsingular.



322 AKHMETOV AND SEJILOVA

Suppose the contrary. Without any loss of generality we may assume
that the last row of matrix N can be written as a linear combination of
other rows. Denote by 4° a nontrivial solution of the system

({Cu*,Qu*}, {HThT,HThT}) =0, k = I, n. (33)

It is true that for every {u, v} there are numbers u,, k = 1,n — 1 such
that

n—1
((Cu, Do} (H] 1Y) = X wl{cut, D'y (B H]), j = T,

Therefore (33) implies (31) with 7 = h°.
Really. Let 2° = (K%, hY, hY, ..., h%). Then it is possible to write

h°H = ) h°H(t,s). (34)
j=1

Hence,
({Cu, Qv}, {HTKhT, HTh°T})

= <{Cu Qv}, {ZHT(t s)hoT, ZHT(I s)hOT}>

j=1 j=1

- T up(tca. 00} (a7 7))

j=1

N

- ; Z wl{Cut, oot} {H HY)

= k§1 Mkj§1h?<{cuk’ ov*y, {H/.T, HJT}>
n—1

= ¥ wd{Cut, Q") (HT HTHTY) = 0.
k=1

Thus, 4°H is a nontrivial solution of (13), which satisfies (31). Conse-
guently, the matrix N must be nonsingular.
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We now consider the following boundary value problem:

dx/dt = A(t)x + ftK(t,s)x(s) ds — C(t) i mu* + f(t), t # 6,
a k=1

(35)

Ax(6;) = B;x(6;) + by Dijx(aj) -0 X mkUik + 1,
k=1

x(a) =0, x(B) =0, (36)

where {u*, 0"} € Il"[«a, B], k = 1,n were defined as above. Since the
matrix N is nonsingular, the system

kél <{Cuk, ovt}, {H]T HjT}>mK = <{f [}{I_]]T HJT}> i—Tn

has a solution and therefore according to Theorem 2, (35),(36) is a
solvable problem.

Necessity. Suppose on the contrary that y, is a solvable problem and
there is a nontrivial solution 4 of (13) which satisfies (30). It is easy to
show that there exists {f, I} € II"[«, B], satisfying {{f, I},{h", h"}) # 0.
We fix this element. By adding the last inequality and expression (30) we
obtain the pair {f, I} € II"[ «, B], which satisfies the relation {{Cu + f, Qu
+ I},{n", h"}) # 0 for all {u,v}. Since this contradicts Theorem 2 the
proof is complete.

The last theorem implies that problems y, and vy, are solvable if and
only if the system

({Cu, Qu} (H(B.s) h", H(B.6,+) h"}) = 0, V{u,v} € N"[a, B]
(37)

has only a trivial solution with respect to 4 € R".
Moreover, problems vy, and vy, are solvable if and only if for any
t €[a,B] i =1, p, the relations

det(H( B,t)C(t)) # 0, det(H( B,6,)Q;) # 0 (38)

are true.
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Let I' be the Gram matrix of elements {H,C, H( B, 6;+)Q}}, j = 1, n,
ie.,

= ["H(B.1)C(1)CT (1) HT (B, 1) dr

p
+ Y H(B, 6, +)Q,0/H" (B, 6,+).
k=1

THEOREM 8. vy, is solvable if and only if Gram’s matrix I is nonsingular.

Proof. By Theorem 7 the system (30) has only the trivial solution
h = 0. Setting {u,v} = {CT(O)HT(B,)h", QTHT( B, 6,)h"} in this equa-
tion we find that the system AI' = 0 has also only a trivial solution. If the
equation AT = 0 has only a trivial solution then system (30) has only the
solution # = 0. The proof is complete.

THEOREM 9. The control {u,v} € ™[ «, B] solves vy, if and only if the
condition

[PH(B.OIC(t)u(t) +f(0)] de + X H( B, 0,+)[Qw, + 1]
a k=1

= H(B.B)b — H( B, a)a (39)
holds.
Let

K = Fl{H(B. BYb —H(B,a)a ~ [PH(B.0)f(1) di

- i H(B, 9i+)1i}v
k=1
S(t) =H(B,1)C(t) and P, = H( B, 6, +)Q,;.

THEOREM 10.  Suppose that vy, is solvable. Then the control {U, V'}, where
U= ST(K, V, = PK, solves vy,.

Proof. Let ¢(t) be the Lagrange polynomial such that ¢(6,) =0, i
=1, p. Replacing x(¢) by z(t) + ¢(¢) in y,, we see that z satisfies

dz/dt = A(1)z + ['K(1,5)2(s) ds + C(t)u(t) +[(1)

+le'(1) —A() e(1)], t # 6, (40)
Az(6,) =B,z(6,) + Y, D;z(6)+ Qu, +1,

z(a) =z(B) =0. (41)
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According to Theorem 5 the problem (40), (41) is solvable if and only if
p
JPH(B OLC(yu(r) + f(1)] dr + X H(B, 6)[Qu; + 1]
o k=1

= ["H(B.O[e'(1) AW e()] di, Y{u,v) € 1" a, B].

Integration by part of the last expression we can rewrite it as

14
[PH(B.OLC(u(r) + f(1)] de + ¥ H(B,6)[Qu, +1]
« k=1

— H(B, )b — H(B, a)a. (42)
Substituting expressions
U= CT()HT( B, 1)h", W, = QTHT( B, 0,) " (43)

in (42) we obtain the system of linear equations with respect to 4. Using
the solution of this system in (43) we obtain the expression for {U, V}. The
proof is complete.

The control {U, '} lets us describe the set of all controls solving v,.

THEOREM 11. The control {u, v} solves vy, if and only if it is of the form
u=U+¢, v,=W, + v, where {£, vy € ™[, B] is orthogonal in
™[, B1 to all columns of matrix {S™(¢), P'}.

Proof. Indeed, let {u, v} be a control for y,. Then
B p
[7s)[u(t) = U] dt + ¥ P, - V] =0.
a k=1

If we set &=u(t) — U(t), v, =v; — V,, then we obtain the necessary
part of the theorem.

Conversely, suppose that u = U + £, v; = W, + v,. Then (42) is valid
and therefore the control {u, v} solves v;,.

Introducing in ”[a, B] the norm lu, v, = {u, v}, {u, v})"?. As in
[10], one can show that {U, V'} has the smallest norm in TI"[«, 8] among
all controls solving vy,.
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