ON A COMPARISON METHOD FOR PULSE SYSTEMS IN THE SPACE R"
M. U. Akhmetov and N. A. Perestyuk UDC 517911

A method for the study of differential equations with pulse influence on the surfaces, which was realized
in [1] for a bounded domain in the phase space, is now extended to the entire space R". We prove the-
orems on the existence of integral surfaces in the critical case and justify the reduction principle for
these equations.

Consider the foliowing system of differential equations with pulse influence on the surfaces:

% =A@ + f@,x), t#1+1,0),
Axll=t1~+ti(x) = Bix + ]i(X), (1)

where x € R”, t€ R, A(r) is a continuous matrix-valued function, B; is a bounded sequence of quadratic matrices

of the nth order such that det(E +B;)# 0, i € Z (Z is a set of integer numbers), and f is a function continuous in ¢.
Assume that the Lipschitz condition

e 0-fenI+1L-LmI < 1ix-yl] 2)
is satisfied uniformly with respectto re R and i€ Z for all x,y € R" and that the following relations hold:
sup [l £, O) [+ sup | ;O] = M < +e, ()

sup IAOI = N < +o, 4)

There exists a positive number 6 € R such that the inequality 7,21, +6 holds for all i e Z. In addition, the

surfaces of discontinuity I';: ¢ =1;+1,(x), i € Z, satisfy the following conditions:

L+ L) < f 10, [l 4 as ] e,

(5)
1 (E+B)x + I, 0) < 1,(x).

1. The S-Property in the Space R"

Fix areal number /,>0 and denote h = [ exp (N + [y) ).

We introduce scalar functions v(x) and V(x) defined on the interval 0 < u <+ and satisfying the inequal-
ities
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/(N +lu+M), if M>0, "
V(u) ) imm(l, 1/(N+10)u), if M=0,

_ /1[N + Ip)u + M],  if M >0,
v(u) < : . 7
min (1, 1/lh(N + Lu), if M =0.
It is easy to check that
/M, if M>0, q ) 1/ M, if M>0,
v{u) = an sup v{u) =
SV =1 i M=o, o L if M =0,
Denote K,(xp) = {xe R"|||x-x|| £ h} forevery xy e R". Assume that the inequality
lti(x)( < Zv(ux()“)v l<l()v le Zs (8)
holds for x e Kj(xy) and xqe R”. Inaddition, let the local Lipschitz condition
12,60~ ] < W(xo Dl x -l ®

be satisfied for x,y € K,(x;) and xge R".
The function ¢ = #(x), which satisfies conditions (8) and (%) for arbitrary [y, M, and N, can be represented,

for example, by the mapping #(x) = / Ke'*1 with sufficiently small constant K = K (s M, N).
Further, by using relations (2)—(4), (7), and (9), we find that the inequality

”A(fo)xo + x())“[\-’ (lxlD) < Iy <1 (10)

takes place at any point (£, xo) on the surface of discontimiity I'; (e Z).
By virtue of the corollary of Theorem 9 [3], this inequality and the last relation in (5) imply that, for sufficiently
small [/, each solution of system (1) crosses any surface of discontinuity only once.

Wefix ie Z. Let x4(f) = x(,¢;, x) be a solution of the system of ordinary differential equations

= =A@®x + f¢, 2. (1D
dt

Denote by 7= 0, the time when this solution crosses the surface I';. Assume that x;(1) = x(, 8,, E + B;)x,(6,) +

I;(xy(8,)) is also a solution of Eq. (11). Let us define a mapping J;(x) = x;(¢;) = (E+ B,)x and construct a system
of differential equations with pulse influence at fixed times, which has the form

d
:'l)ti =A@y +f@y), t#21, Ayl = By +J;0) (12)

We say that systems (1) and (12) possess the S-property if, for any solution x(z) of Eq. (1) with the discontinu-
ity points ¢t=1; (i € Z), there exists a solution y(z) of system (12) satisfying the equality x() = y({) everywhere
on R except the intervals (¢, T;] (or @, 1] if 1, <z;).

In particular,
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y@) =x@) if 1,21 or y@) =x@+ if 1, <y

and
ya) =x@+ if 1,z or y&) =x() if T, <y

Conversely, for each solution y of Eq. (12), there exists a solution x of system (1) satisfying all the conditions
stated above. By using the method of constructing the mappings J;, one can easily verify that Egs. (1) and (12)

possess the S-property.
Let us prove the following lemma;

Lemma 1. Assume that system (1) satisfies the conditions presented above. Then there exists a real number
A (O< Ly < lp) such thar the inequality

N7, -Tmll < kDllx-y] (13)
holds for all x,ye R" and 0<I<l;; here k(1) is a function bounded on the ser 0 <1<1.

Proof. Let (1;, x) and (2, y) be points of the plane ¢ =¢; for some fixed i e Z. Without loss of generality, we
can assume that || x|| = || y]l. Let xo() =x@, t;, x) and yo®) =y, 1, y) be the solutions of Eq. (11) and let 7=6;
and r=1; be the times when these solutions cross the surface I';, respectively. Without loss of generality, we can
take 1; < 0; < m;. Denote x* = (E +B)xy(8;) + I, (x¢(6)) and y* = (E + B))yoM;) + I;(yoM;). Assume that
x1(8) = x(t, 6, x*) and y(#) = x(,M; y*) are also the solutions of system (11). Then J;&) = x;(3;) - (E+B;)x
and J;&) = y,(z)) — (E + B;)y. By using these expressions, we obtain

ei
17,6 Tl < NE+B I Al A@li+ Dl xot) - yotw) |l du

!

m;
+ [1E+B:ll [ {1 A@II+ DI yow) I + M) du
'R

H

8; n;
e 1l B+ B QAW+ Dl 550 e+ | (Al Do+ by

L ex

9; n;
+ J@al+dliyn@l+mdu + [AA@I+DIxw@ -yl (14)
9.

N i

Let us find the upper bound of the right-hand side of (14). Since it contains integrals of the same type, it suf-
fices to determine the upper bound of the range of the values for the integrals

6; T,
a = [dla@ll+dllxw-yswlidu and B = [WAawll+Dlyowll+ ) du

; 0,

First, by virtue of the conditions of Lemma 1, we find
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lxo@ -0l < A Nlye®-DIl < & [n®-2D <4 Iy@-yDI < & (15)

We only establi_sh the first relation in (15), since the others can be proved similarly. Assume the contrary. Then
there exists a point fe (z; ;] such that the relations || xo(f) —x|| = 4 and || xy(5) —x]|| < & bold for all re (1, ).
Hence, taking the inequality

t

llxo@ —xIl < [ dlA@Ixll+ 1 f@ D du+ [ GAGI+D lxow) - xll du

14

{

into account and employing the Gronwall-Bellman lemma, we obtain
llx68) —xll < v dlxI) (¥ + ) x|+ p)e ™+ .

This and inequality (6) imply that the relation || x5(z) ~x|| < 4 holds for all e (¢;, 7], but this contradicts the
equality || xo(f) —x|| = A. Hence, inequality (15) is true.

It follows from (15) that 6; — ¢; <Iv{{ix{l) and n, - 1; <Iv(|]y]]). Toestimate 7;—8;, it is necessary (o
consider the following two cases:

1. Let yo(n;) e Ku(xo(6;)). Then

n;
N~ 8 = ;M) — 7, (%(8)) < N(”)’o(ﬂi)”)( J £, yow) du + 139 — 28 | ) (16)
8;
Since the equality

Bolt) = %@ = ¥ - x + [ (AW Gow) — X)) + Ft, yow) ~ f, xo(w))) d

4

holds on the segment [7;, 6;], by employing the Gronwall-Bellman lemma, we obtain

5008 — xo®@)| < [y — x|fe®* % (a7

The validity of the relation

lyo@ll < (vl + Mivdiy[))e®

can be verified in exactly the same way. Thus, we have

n;
| [ st yoy il < -0910 + 1Qsmall + Mav(lsgnpl ¥ 1 as)
9;

Let us estimate the right-hand side of (16) by using relations {(17) and (18). We find that

n;—6; < 19 (o )e™ ¥ x - ]
S =9 (yema )M+ ilyoma ]+ a1 (]yoma ]))e™ ]

(19)



830 M. U. AKEMETOV AND N, A. PERESTYUK
holds. In order that the last expression be meaningful for sufficiently small [, it is sufficient that the function
F) = V) M + 1w+ Miv) e ¥

be bounded, and this is true by virtue of inequalities (6) and (7).
It follows from (19) that there exists a bounded function (/) such that the relation

W — 8 < K OVUHyema D lix - il (20)
holds for sufficiently small /.

2. Let yo(n;) € K, (xq(8,)). First, we show that this condition is satisfied for sufficiently small !/ only in the
case where ||x—vy]|| € h/2. Infact,

n;
3o =3 1l = | J o sqtnd] < 1501y DD+l e b0yl 1) ),

This and the boundedness of the function F (x) imply that the inequality || yom;) -yl < A/4 holds for suffi-
ciently small /. By analogy, if / is sufficiently small, then the relation || xo(8;) —x|| < #/4 holds. By using these
inequalities, we obtain

lx=y1l = yomd ~ %@ = Hyomd ~ 1l = Hxo®) — x1l = ~/2.
Hence, we have
n; = 6; = ;00M;) — 4000 < Wllyf)I) < v (lydmolD % x -yl 21
Assume that k() = max (2/h, k;) and V = max(v(«), V(u)). Then relations (20) and (21) yield
I =6l < kDY AlyomadIDIIx -yl (22)
We now proceed to estimating o and B. We have
o < 8-+ e Mix—yll < MO &+ D™ M x- il (23)
Thus, by applying (22), we get
B < (- 8)M + (V+ (Il yomo)ll + M) e 0%
< Ik OVl ysm) DM + & + l)(llyoMmadll + Mlp)) exp (N + L) i) 1 x = |,
whence, by virtue of the uniform boundedness of the function

V) (M + (N + Ig)(u + Mg)) exp (N + Ip)lp))
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in >0, wefind that B < Iky(D)||x~y||, where &, is a bounded function.

By analyzing the estimates obtained for ¢ and B, we conclude that similar relations are valid for all the terms
on the right-hand side of (14). This implies the validity of relation (13). Lemma 1 is proved.

2. Integral Surfaces for Systems with Constant Coefficients of Some Variables

n--m

Let us decompose the space R” into the direct product R™ X R and define a norm in it as follows:

If w=(x,y), where xe R” and ye R, then ||wl|| = ||x|| + [|y]l, where ||x]| and ||y]| are the Euclid-
ean norms of the vectors x and y.

On the set R! x R”, we consider the following system of differential equations with pulse influence on the sur-
faces:

% = Ax + fi(t, w),

% =Cy +hAHEw), 1#1+15Ww), 24)

1 2
Ax li=t4 1wy = Bix + I W), AY |imis wowy = I W),

where A is an mx m matrix continuous in ¢, € and B; (e Z) are constant quadratic matrices, and £+ 8; (i e
Z) are nonsingular matrices. Further, denote f=(f},f,) and /; = (1,-l Iiz) and assume that the inequality

fe, w)-fa. W)l + HLm) -L@E) | < lw-w |} (25)
holds uniformly in r€ R and i€ Z forall w,w € R". Let
@0 = 1,0y = 0, (26)

sgpllAll + SgpllBH +||Cl = N < +. (27)

We also assume that the real numbers #; ( € Z) satisfy the condition
0<0) S-S0, < +e0 (28)
and that the functions #;(x) satisfy relations (8) and (9) and the inequalities
i+ ;W) <ty + 5w)  and  ;(w + (Bx, 0) + [w)) < 1, 0w). (29)

It is easy to see that Eq. (24) is a system of type (1). Therefore, by using the results obtained in Section 1, we
can establish some relations for system (24) by analogy with the corresponding results for Eq. (1).

First, we note that conditions (8), (9), and (29) eliminate “beating” of the solutions to system (24) against the
discontinuity surfaces for sufficiently small /.

By setting z = (£, ), we construct the equations
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% = AQE + f1@, 2), -CCZZ—? =Cn + fH(t,z), 1t # L
(30)

Ag'z:ti = B;§ + Jil(z): Anlrzti = Jz‘z(z)’

by analogy with system (12).
System (30) and Eq. (24) possess the S-property in the entire space R". Denote J; = (Jil, J',?'). For the vectors
J; (€ Z), the relations

=0 |le-5oO0 < kdliz-7]
hold uniformly for all z, 7 € R"; here, k is a bounded function. Further, assume that
ReM(C) 20, j=m+1, n, (31)

and the matricant X(, ») of the linear homogeneous system dx/dt=A(x, t# ¢, Ax|,., = B;x, corresponding to
Eq. (30), satisfies the estimate

—A{1-u)

1X¢ wll < ae t > u, (32)

where a and A are positive constants.

The problem of the existence of integral surfaces for the equations of type (30) has already been investigated in
[4]. Therefore, we only formulate Lemmas 2 4.

It is well known that inequality (31) implies the relation [jexp (Co)]| < a(1 +|¢]%) (¢ <0), where k, 0<k<
n—m, is an integer and the coefficient a is taken, without loss of generality, to be equal to the coefficient in (32).

Let us choose an arbitrary ¢ from the interval (0, &) and denote

v = [(Q+the®dr and v, =supy (14 —1f) e,
1 2 : i

0 1<t;

It can be shown that v, and v, are finite numbers.
Fix a positive number € € R and denote

W = la@+e)l(h—0)" + v, + k(DU - e *Py v,

W=l + v, + RO - e

+ V,)).

Lemma 2. Assume that system (30) satisfies the conditions given above. Let z(1), z(ty) = &g, Mg), be the
solution of this equation satisfying the relation ||z()|| € c,exp (0@ ~ 1), 1 2 15, where ¢, is a positive con-
stant. Then the function z(t) satisfies the following system of integral equations:

!
= X016y + [XGwhwDdu + Y XEuV0),
7 <<t

(33)

n= - [ fu du - Y, L),

t 1<y
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and

M = - [ SO0 f 2w du — Y, ST 1,). (34)

P o<t

If u, <1, then the vector m, is determined by expression (34) uniquely for a given &-
Assume that

FEgty) = _f eSO f u, z(u)) du ~ Y T 72 (2 (1Y),

1) 5 <t;
By using Lemma 2, we can prove the following lemma:

Lemma 3. Assume that the conditions imposed on system (30) are satisfied and a constant | is chosen suf-
ficiently small 1o guarantee the validity of the inequalities {1; < ¢ and |1, < 1. Then the equation n = F,1)
determines an m-dimensional integral manifold ¥, of system (30). Every solution z(t)= z(, 3‘,0), z{ty) =
z(&p, Ng)» whose integral curve lies on Y., satisfies the inequality

=zl < (@a+e)l|& |l exp (—o@—1p).
Moreover, the function F satisfies the relations
FO.0=0 ad (F&.0-FG 0l < 2a||& &l

uniformly in te R.
All the solutions z (t, &,) continuously depend on &y inthe B-topology [1].

By virtue of the S-property, Lemma 3 implies the following theorem:

Theorem 1. Assume that relations (8), (9), (25)-(29), and (32) hold, Uu,<e, and W,<1. Then there

exists an m-dimensional integral surface ©. of system (24) such that each solution x(t, ), whose integral
curve belongs to @, for t 2 1, satisfies the inequality

lx. &)l < d(IEID) e, dw) = Ow.

If ©; are the discontinuity points of the solution x(t,§), then |0,~1;—t(0)} = 0 as i~ +oco.
If Eq.(24) is periodic in t with period ®, then the integral set ©, is also w-periodic.

Consider the problem of the existence of the integral surface of Eq. (24) connected with the matrix C.
First, we formulate the following lemma:

Lemma 4. Assume that system (30) satisfies the above-mentioned conditions. Then, for sufficiently small
constant | in the Lipschitz condition, there exists an (n — m)-dimensional integral surface ¥Y_ of this system

defined by the equation &= Q(M, 1), where Q is an m-dimensional function piecewise continuous in t and
satisfying the conditions

00,0 =0 and [[QM,D-0M, 0l < xk®OlIn, -,
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where X is a positive constant depending only on the matrices A, B;, and C, and k isa bounded Jfunction.
Every solution z(t) located on Y_ satisfies the estimate ||z(0)|] € c,exp Bt), 1< 0, where ¢, > 0

and B > O are constanis; moreover, B is arbitrarily small for sufficiently small 1.

Lemma 4 implies the validity of the following theorem:

Theorem 2. Assume that relations (8), (9), (25)—(29), (32), and (35) hold for system (24). Then, for suffi-

ciently small 1, this system possesses an (n —m)-dimensional integral surface ®_, on which all the solutions
satisfy the estimate

Iwdll < cexpBr)., <0,
where B >0 isan arbitrarily small constant for sufficiently small 1.
3. The Reducing Principle for Weakly Linear Pulse Systems

We proceed with the study of system (24) and assume that the conditions of Theorems 1 and 2 are satisfied.
Hence, the surfaces ®_ and &, exist. Denote by x = —Q_(y, t) the equation determining the integral surface ®_.
Then Eq. (24), on the surface ®_, can be written in the form

-j% = Cy+ £ TG, 1% 4+ @00,

AY |r=tp (oo = Izz(g(}’, 1), y). (35)

By using the reducing principle developed for ordinary differential equations [5], we can study the problem of
stability of the trivial solution to Eq. (24) dependently on the stability of the trivial solution to system (35). By virtue
of the S-property established for systems (24) and (30), it suffices to consider Eq. (30). Thus, our principal goal is to
establish the direct dependence between the stability of the trivial solution to Eq. (30) and the stability of the trivial
solution to the system

%Ttl = G:n +f2(t’ Q(T]?t)’n)s r# ti’
(36)

AN |y, = T2 (QM, 1), M),

(Equation (30) reduces to this system on the surface ¥_.)

Before studying this problem, let us investigate the stability of the surface ¥_. We introduce the necessary de-
finitions.
Consider the following system of differential equations with pulse influence on the surfaces:

%"t— = P(x), t#40), A|oe = W0 37)

Let U be the integral surface of this equation and 7 € R. Denote U, = {xe R"|(t,x)e A}

Definition 1. A solution x(r) of Eq. (37) lies in the ¢-neighborhood of the set A on the interval J if



On a Comparison Method for Pulse Systems in the Space R n 835

x(t) is defined on this interval and, for all T e J lying outside the e-neighborhoods of the discontinuity points of
the solution x(7), the point x(T) belongs to the €-neighborhood of the set U, i.e., the following inequality

holds: m?g Hx@) —x|] <e.

xed,

Definition 2. The integral surface U is B-stable if, for any real number ¢ > 0, one can find a real
number 8> 0 such that any solution x(t) = x(2, ty, Xo), for which 1=ty is not a discontinuity point and xg
belongs to the &-neighborhood of the set 31,0. is situated in the e-neighborhood of the set U for J = {1e R |

tz [0}.

Definition 3. The integral surface U is B-asymptotically stable if there exists a positive number Ae R
such that, for every real number € >0 and a solution x(t) = x@t, ty, xp), for which t= 1ty is not a discontinuity
point and xg belongs to the A-neighborhood of the set 1[%, one can find a real number O > ty such that the

solution x(t) belongs to the e-neighborhood of the set U for J={re Rt > 8}.

Definition 4. The integral surface U is called totally B-stable if the number A > 0 in Definition 3 can
be chosen arbitrarily.

Assume that z(r) = (€, M), z(tp) = (&g, No)» is an arbitrary solution of system (30) and that z(¢, [) = (&(;, 7).
M, M)) is a solution of this system satisfying the initial condition &(ty, M) = Q(TW, 1p), N, M) = 7N and, there-
fore, lying on the surface ¥_. In Eq. (30), we change the variables as follows: x = £~&(@¢, M) and y = -1, 7).
Denote w = (x, y). As aresult, we obtain the following system of equations for w:

fdﬁ =A{Ox + Fi@¢,w, M), _d_y = Cy + Fptt,w, M), t#1,
dt dt

(38)
Ax[y = Bix + Viw, ) Ay, = VW, ), '

where the functions F = (F|, F,) and V; = (V,-l, Viz) satisfy the relations

lFe.w. W) - Fe,w, )l < llw-wl and [[Vieo, ) -V, DI < k@ llw-w ||

uniformly inall e R, te Z, and w, w € R".
According to Lemma 3, system (38) admits a piecewise continuous integral surface ‘E determined by equa-
tion of the form y = F(x,t, T]), where the function F is continuous in the parameter T and satisfies the relations

FO.,M) =0, teR |FExm) - F&. .M < xiljx-3|],
where K is a constant satisfying the inequality X > 2/a? (v; + V).

On the basis of the properties of the functions Q and F, we now establish that the surface ¥ _ is totally
stable.

Lemma 5. For each solution z(t) of system (30), one can find a solution z(t, ) of the same system such
that
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& - & I < 2all&y - &ap, M) | €70,

In® - ne W < 2axil|&y - &G M) || 0, 121,

The proof of Lemma 5 mostly coincides with the proof of the theorem in [4].
In exactly the same way (to within constants), one can establish the validity of the next lemma by using Lem-
ma 5 and the argument in [4].

Lemma 6. Suppose that the conditions imposed on Eq. (30) are satisfied and the constant | in (8), (9), and

(25) is such that 1 =0 as ||z{|+ ||z || = 0. Then the trivial solution of this system is stable, asymptotically
stable, or unstable provided thar the trivial solution of the corresponding system (36) is stable, asymptotically
. stable, or unstable, respectively.

By virtue of the S-property established for systems (24) and (30), we can formulate Theorems 3 and 4, which
follow from Lemmas 5 and 6, respectively.

Theorem 3. For sufficiently small I, the integral surface ®_ of system (24) is totally B-stable.

Theorem 4. Assume that the system of equations (24} is critical, conditions (31) and (32) are satisfied, and

the constant | in relations (8), (9), and (25) is such that 1 =0 as ||wl+||w || — 0.
Then the trivial solution of system (24) is stable, asymptotically stable, or unstable if and only if the trivial
solution of system (35) is stable, asymptotically stable, or unstable, respectively.

One can easily verify that Theorem 4 is local. Therefore, it is also valid in the case where the discontinuity sur-
faces satisfy the weaker conditions given in {1].
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