
PERIODIC SOLUTIONS OF STRONGLY NONLINEAR SYSTEMS 
WITH NONCLASSICAL RIGHT-HAND SIDE IN THE CASE 
OF A FAMILY OF GENERATING SOLUTIONS 

M. U. Akhmetov UDC 517.911 

The problem of the existence of periodic solutions to differential equations with pulse effects on the sur- 
faces and to differential equations with discontinuous right-hand sides close to arbilxary nonlinear ones 
is studied. The existence of a family of periodic solutions to generating equations is assumed. 

Equations of the type considered below have been investigated in [1--6]. The theorems presented in this paper 
generalize the statements in [7]. We use the results obtained in [8-10]. 

1. Pulse Systems 

Let ~x be a domain in R n having a compact closure, and let Ito be a fixed positive number. On the set 

f~ = { ( x , t , i , ~ t l x  e f~ x, - ~ < t < ~ ,  i = 0 , _ I  ..... - I t o < I t < ~ t o } ,  

we consider the following system of differential equations with pulse effects on the surfaces 

dr, 
- -  = f ( t ,  x) + ~tg (t, x, It), 
dt 

t ~ t i ( x ) + W c i ( x ,  It), 

(1) 

where the functions I i, t i, W i, and "c i have continuous partial derivatives of second order with respect to the 

variables It, x], j = 1,-"-n, f ~ C (~ (f2) i'] C02) (~o), g ~ C(~ (~) N C (1'2'2) (~o), where ~0 is the union of 

certain neighborhoods of the surfaces t = t i (x), i = O, +_ 1 . . . . .  

In whatfollows, for simplicity, the vectors x, f, and I and their derivatives are considered to be column vec- 
tors; the derivatives of the functions t i are considered to be row vectors. We assume that there exist a real number 

> 0 and an integer p > 0 for which following equalities hold uniformly in the domain ~ �9 

f ( t + O , x )  = f ( t , x ) ,  g ( t + O ] , x ,  it) = g ( t , x , ~ l ) ,  

Ii+p = li' Wi+p = Wi' ti+p = t i + o ] '  "~i+p =Zi" 

(2) 

Suppose that the generating system 

dx 
= f ( t , x ) ,  t r t i (x  ), AxL=ti(x  ) = [ i ( x )  (3) 

has an m-parametric family (m <n)  of solutions q) (t, ~), (x = (al ,  %,-. . ,  ~m), periodic with period ~) and such 
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P 

that at least one of the minors of the matrix cpa(0, So) of order m differs from zero for some fixed s = s o. The 

solution cp (t, So) is called generating. 

Suppose that the generating solution intersects the surfaces t = t i (x )  at times 0 i = 0 i (So), 0 < 01 < 02 < ... < 

0p < co and that the following equality holds: 

1 - ~ti(r s t ) )  f ( O  i, fO (Oi, CXo)) ~ O. 
~x 

(4) 

Then it is easy to verify that, by virtue of the continuous dependence of solutions on initial conditions and 

parameters [9], all the solutions of system (1) starting from a sufficiently small neighborhood of the point (0, cp (0, 

So) ) intersect each discontinuity surface just once if I IX I is small. 

We fix i. Let Xo(t ) be a solution of the equation 

dx 
= f ( t ,  x)  +btg (t, x,  IX) (5) 

dt 

with initial conditions xo(O i ) =x, let ~i be a solution of the equation ~ = t i (Xo(~)) + I.t'c i (Xo(~), Ix), and let xl( t  ) 

be a solution of Eq. (5) with initial conditions xl(~i) = Xo(~i) + I i (Xo(~i)) + ~tW i (Xo(~i), Ix). Suppose that the 

solutions x o and x I exist. Let us construct the mapping Ji : (x, ~, s ) ~ xl(Oi). We can check that the sequence -qi 

has period p. In addition, by using the Hadamard lemma and Lemma 1.5 in [8], we can show that the representation 

Ji (x, I.t, s )  = Qi (x, s)  + Ix H i (x, It, s )  holds, where the function Qi (x, ~ = Ji (x, O, a) has continuous second- 

order derivatives with respect to each variable x i, j = l ,  n, s k, k = 1, m; H i is a continuously differentiable 

function, and equalities H i + p = H i and Qi + p = Qi hold uniformly in x, ~ and i .  

Let us construct the following system of differential equations with pulse effects at fixed times'. 

dy ffi f (t, y)  + Ixg (t, y, ].t), t r 0 i, 
dt 

A y l , _-o = Q i (y , s ) + ~t H i (y, ~t, s ) �9 

(6) 

The following property takes place [10]: 

(A) If x (t)  and y (t-) are solutions of Eqs. (1) and (6), respectively, which have the same initial conditions 

and the same domain of definition, and ~i are points of discontinuity of the solution x (t), then for any i, we have 

x (0 i ) = y (0 i ) when ~i > 0i or x (0 i) = y (0 i + ) when ~i < 0i. 

In what follows, the values of functions and their derivatives at the points (0 i, cp (0i, s0), (3) and (0 i, ~p (0 i + ,  

r 0) will be written without indication of values of the arguments, and the first case will be distinguished from 
the second one by the superscript +. 

We define products of vectors and matrices according to the rule of multiplication of rectangular matrices. 

The system of equations in variations with respect to the solution cp (t, s 0) has the form 

du 
= A (t, S 0) u, t ~ 0i, A u  = Pi (~ u, (7) 

dt 

where 
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~f(t,tp(t,(ZO)) 
A (t, %) = Ox ' 

OtilOx ~4 (e ~t~l~x . 
P,(%) = (f-f+)l_(Otj~x) +-g~x +f-:_(Ot~/~x)i.jf, det(E+PigZo)) : :  O; 

E is the unit n x n matrix. 
# 

It follows from the assumption concerning the minors of the matrix cpc~(0, r that Eq. (7) admits m linearly 

independent to-periodic solutions btp (t, r %, k = 1"7"~. This implies, in turn, that the system conjugate with 

respect to (7) possesses m o~-periodic solutions ~k, k = 1, m, as well. Let us represent these solutions in the 

form of a matrix ~t'(t, % )  of dimensionality m x n. 
Consider the linear irdaomogeneous system 

dx 
= A ( t ,  t X , ) X + e ( t ,  fD(t , (~,) ,Ol ,  t Oi, 

dt 

Ax I,--ol = Pi (%) x + I-I i (~ (0 i, %), 0, %).  

(8) 

As is known [3], this equation may have an ~-periodic solution if and only if the equality 

where 

co. p 

v ((x) = }~F(t , (x)g( t ,q)( t , ix) ,O) dt + ~__. V(ei,COHi (q:)(O/,cO, O,(:x ). 
0 i=1 

v (%)  = 0 takes place, 

In this case, an o)-periodic solution of system (8) has the form 

6 (t, "It) = ):1 a ~  + . . .  + '~/m 0(p + ~(t), 

where y = (Y1,)'2 .... .  y,,,) is a real-valued vector, ~ is a special o~-periodic solution of system (8). 

Theorem 1. Assume that the above-mentioned conditions for system (1) are satisfied. Let also r = o~ o be a 

root of  the equation r = O, where 

~ If, ) 
<'~<~ : I ~'~" '~"q>(" <'~' ~ + X*~~  <'~ o ,~ : c <" ~ :+~  <,,< ): - / +  l ~-(~,,~'/~): ~ 

satisfies the inequality 

, O. 

system (1) admits an o)-periodic solution of  the form x = q) (t, (zo) + ~t ~, Then, for  sufficiently small I It l, 

where the function ~ tends in B-topology to one of  the solutions 8 (t, 7) as I~ ~ 0; the vector y in this so- 
lution is determined from the nondegenerate linear system. 
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Proof. The initial value of the co-periodic solution x (t, 11, Ix, o0, x (0, il, It, ct) 
completely defined by the equation 

D (rI, B,t~) - x(co, rl, It, tx)-r l  -- 0. 

= rl of the system (6) is 

(9) 

Arguing as in the proof of the corresponding statement in [7], analyzing Eq. (9) and using the theorems on linear 

pulse systems [3] and on the dependence of solutions on initial conditions, we find that if the solution ~ = % of the 

equation v (a) = 0 is such that 

then, for sufficiently small I Ix I, 

as Ix ---> 0. 
Further, by using the relation 

we obtain 

i.e., v (~o) = o(Oto)- 

d / ~v(%) "x e t k ~ ]  ~ 0, 

system (6) admits a unique co-periodic solution approaching the generating solution 

where 

Denote 

H; (~0 (0;, %), 0, %)  = aY;(cp(0;, ao),O, ao) 
Olx 

"fi + Wi ' Hi(~P(Oi,%),O, CCO) = [(E+ ) f - f + ] ' l _ ( b t i / ~ x )  f 

The statement concerning the existence of an co-periodic solution of system (1) follows from the property (A). 

We now change the variables y = tp (t, tx o) + Itz in Eq. (6) and pass to the system 

dz 
m = A(t ,  f f . o ) z + h ( t , % ) + i x F ( t , z ,  ix, O~o) , t ~ 0 i, 
dt 

z I r = e; = Pi (%) z + 0 i (%) + IXV i (z, IX, %), 

h (t, % )  = g (t, cp(t, if'o), 0), 0 i (or O) = H i (fp (0 i, %),  O, 0~0), 

F (t, z, Ix, ot o) = -~2{f( t ,  r %)  + Ixz) - f ( t ,  cp(t, %)) -BA  (t, %) z 

+ Itg (t, q~(t, %)  + ~z, ~t) - i t g  (t, cp(t, %),  0)} ,  

= ~2{ai(r %)  + laz, ot o) - ai  ({P(Oi, %)'  %)  -IxPi (%)z Vi(z, ~t, ~o) 

+ laI-1 i (~(0 i, %) + ~ ,  IX, %)  - ItHi(qJ(O v %), O, % } .  

00)  
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l |  
(o p 

f W(t,O~o)F(t,8(t,T),O,o~o)dt + ~ V(Oi,(zo)V/(8(Oi,T),O,(Zo). 
0 i=1 

By the theorem on the existence of periodic solutions of quasilinear systems [8], the necessary and sufficient condi- 

tion for the existence of an e-periodic solution to system (10), which tends to the solution 8 (t, T0) of Eq. (8) as 

~t ~ 0, is the relation det (al(To)/al'D r o, where T= To is the solution of the equation 1 (y) = 0. 
Let us show that the last equation is linear. 
First, we note that 

1 + a2 4 n ~gj agj; 
Fj(t'8(t'T)'O'O~O) = 2"k,r=IZ'~ ax-axk r 8kfr+ k=lZ--=--Sk + d x k  

V/j((~(Oi,T),O,O~O) = ~k,~r=laXk'aX r 8k8 r + Z_---"--Sk 4 Onij 
- k=l  Oxk a ~  " 

This implies that 

1 co t, 

t,(T) : 7T T,[j'vj, aq,  a+, dt +Zv , a,p  oq,, ] 
axkax r a(zq aa v axkax, aa~ 0% 

- 0 i = l  . 

0 OXkOXr k q i=1 OXkOXr 
(11) 

where s = 1, m, and the omitted terms do not depend on Tq. 

By differentiating the expression 

t 

(p (t, a) = (p (0, (Z) + f f ( t ,  (p (t, a))dt + Z li((P (Oi, (z)) 
0 o<ei<~' 

twice, we can find that the function a2(l ) / a(xqa(x r for (~ = a 0 is an e-periodic solution of the equation 

k.r~ ' a2f  &pk ~q~, t r du = A (t, O~o) u + 
dt , = l a ~ k  axr aaq aa~ 

oi, 

z~ Ul'=Oi : Pi (C~o) U + k,~r=l aXkaXr aO~ q a(~) " 

(12) 

However, it is known [3] that for system (12) to have an e-periodic solution, it is necessary and sufficient that the 
following condition be satisfied: 

" a2f a~k a~, dt + ~ v(e~, ~ ,  a2Q~ a~, a~, = 0 .  

This implies that the coefficient by the term 7qTr is equal to zero~ Thus, the vector T is a solution of the linear 
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system, and the nondegeneracy of its matrix of coefficients is guaranteed by the uniqueness of the co-periodic solu- 
tion to system (6) proved above. This completes the proof. 

2. Equations with Discontinuous Right-Hand Sides 

On the set f2 which was defined in Section 1, we consider a system of differential equations of the type 

dx 
- -  = f q, x) +i g (t ,x,  03) 
dt 

Let S i be the sequence of surfaces determined by the equations t = t i (x)  + Wc i (x, IX), in which the functions t i 

and x i are defined for x r ~x and Ix r (-ixo; !1o); ti +1 (x) - t i  (x)  > y> 0 for all x G ~x and i = 0, -+ 1 . . . . .  

Denote by f~i the domain situated between the surfaces S i and Si+ a. Let  A i and A i+t be open subsets of f2 i 

for which the surfaces Si and Si+ 1, respectively, are parts of their boundaries. We assume that 

f r C (0,2) (f~i) N C (12) (A i UA i+1), g r C O,1,1) (f~i) I"1 C (1'2'2) (A i [.JA i+1)' 

for any i. The  functions f and g and their derivatives are continuous up to the sets S i and Si+ 1 on which they 

have discontinuities of the first kind. Assume also that there exist a real number co > 0 and an integer p > 0 such 
that the equalities 

f ( t + o 3 , x )  = f ( t , x ) ,  g(t+co, x,l.t) = g ( t , x ,  ix), ti+p = ti+co, "ci+p ="ci 

hold uniformly in the domain ft. 
Suppose that the generating system 

dx 
- -  = f ( t ,  x )  (14) 
dt 

has an m-parameter (m < n) family of o)-periodic solutions (p(t, 5), {z = (r 1 ..... o~m). For a certain value a = a o, 

there exists a nonzero minor of the matrix bop (0, a 0) / Oa.  Suppose that the generating solution is such that 

0x 

where the signs + and - are used to denote the limit values of functions as t ---> 0 i +_, x = r (0i, ~o), a = ot 0. 

For any i, we realize the following construction. Let Xo(t ), xo(O i) =x be a solution of Eq. (13), and let ~i be 

a solution of the equation ~ = t i (Xo(~)) + II'fi (Xo(~), IX). For definiteness, we assume that ~i > 0i- Preserving 

smoothness, we extend the functions f and g from the domain f2 i to the set f~xx (0 i, 0 i + 1)x ( -  ~o, Ix0) under the 

condition that these functions and their derivatives should be continuous up to planes t = 0 i and t = 0i+ 1. Denote the 

extensions obtained by fl  and gl and construct the system of differential equations 

dx 

dt 
= f l ( t ,  X) + ~tgl(t, X, It). 

Let x1(t ), xl(~ i) =Xo(~ i) be a solution of this system. We define a mapping J i ' ( x ,  ~ ,  a)  -o  Xl(Oi). By using 
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the Hadamard lemma and the differentiability of the solutions to system (I3) with respect to the initial data and 

parameter, we find that fli (x, Ix, ~ )  = Qi (x, ~) + pJ-I i (x, la, o0. 

Let us construct a system of equations with pulse effects at fixed times: 

= fl( t ,  y) + ~tgl(t, y, ~t), t ~ • 
dt 

Ay It =3 = Qi (Y, or) + ~I-I i (y, IX, o0. 

Systems (13) and (15) satisfy the condition (A) defined above for pulse systems (1) and (6). 

The system of equations in variations for the solution ep (t, %) has the form 

where 

(15) 

A (t, ot o) = 

11.6] 
-...7." = A (t, C~ o) u, t ~ 0 i, A ult=o i = Pi (0~o) u, (16) 
dt 

~f(t, cp(t, O~ 0)) Pi (OCo) (f _ + ~t i/~x 
~X ' = --f ) l - (Ot i l~x) f  L' 

det (E  + Pi (So)) ~ 0, i = 1,p. 

Let us construct an c0-periodic solution of the equation 

dx 
- -  = A { t , r  cr~),OL t ;e Oi, 
dt 

of the form 

zXxi,=o ~ = p~ (C~o)x + n~ (~ (e. ~) ,  o) 

6(t, 7) = Y1 ~ +. .-  +Y,,, ~3--~- + ~(t), 

where ~(t) is a special co-periodic solution of this equation. 

Assume that Wk, k = 1, m, are c0-periodic linearly independent solutions of the equation conjugatezl to (16). 

We compose from these solutions a matrix ~P(t, o~0) of dimensional/ty m x n. By analogy with The~grem 1, by 
virtue of the condition (A), we can prove the following statement. 

Theorem 2. Assume  that system (13) satisfies the conditions given above. Let  the root  ~ = 0% o f  the 

equation ~(~)  = 0 with 

"c i o( o = f v(.. o. .p <,. o) ,t + v(o.. (:-- 
O i=I 

satisfy the condition 
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* o. 

Then system (13), f o r  sufficiently small ] g 1, admits an co-periodic solution of  the fo rm x = (p (t, IXo) + ~t~ 

where the funct ion ~ tends in B-topology to one o f  the solutions ~(t, 7), as ~t --, O. The vector y is defined 
as a solution o f  the nondegenerate linear system. 
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